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Abstract. We study conditions for the LP-dissipativity of the classical
linear elasticity operator. In the two-dimensional case we show that LP-
dissipativity is equivalent to the inequality

1 1\ _2(-D(v-1)
(2 p) = (3 —4v)? '

Previously [2] this result has been obtained as a consequence of general
criteria for elliptic systems, but here we give a direct and simpler proof.
We show that this inequality is necessary for the LP-dissipativity of the
three-dimensional elasticity operator with variable Poisson ratio. We give
also a more strict sufficient condition for the LP-dissipativity of this oper-
ator. Finally we find a criterion for the n-dimensional Lamé operator to
be LP-negative with respect to the weight ||~ in the class of rotationally
invariant vector functions.
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1. INTRODUCTION

It is well known that Victor Kupradze has made seminal contributions
to the theory of elasticity, in particular, to the study of BVPs of statics and
steady state oscillations, as well as initial BVPs of general dynamics.

His monographs in the field of elasticity testify the great work he made
(see, for instance, [6-9]). In particular, his book Three-dimensional Prob-
lems of the Mathematical Theory of Elasticity and Thermoelasticity [10-12])
became a must for every mathematician working in this field.

The present paper concerning elasticity theory is dedicated to him.

Let us consider the classical operator of linear elasticity

Eu=Au+(1-2v)"'Vdivu, (1)

where v is the Poisson ratio. Throughout this paper, we assume that either
v>1orv<1/2 Ttis well known that E is strongly elliptic if and only if
this condition is satisfied (see, for instance, Gurtin [5, p. 86]).

Let % be the bilinear form associated with operator (1), i.e.

ZL(u,v) = — /((Vu, Vo) + (1 —2v) ' divu dive) de, (2)
Q

where (-, -) denotes the scalar product in R™. Here €2 is a domain of R"™.
Following [1], we say that the form & is LP-dissipative in €2 if

—/ (<Vu, V(|ulP7u)) + (1 —2v) " divu div(|u|p_2u)) dz <0 (3)
" if p>2,

—/ ((vu,vqu|p’—2u)> +(1—2v) " divu div(\uw’—?u)) dr <0 (4)
Q

if p<2,

for all u € (C3())? (p’ = p/(p—1)). We use here that |u|?7"?u € C§(Q) for
q>2and u e CHQ).

In [1,2] necessary and sufficient conditions for the LP-dissipativity of
the forms related to partial differential operators have been obtained. In
particular, for the planar elasticity it was proved in [2] that the form & is
LP-dissipative if and only if

<1 1>2 _2v—1@ev-1)
2 p/ = (B-4w)?2

Let us now suppose that (Q is a sufficiently smooth bounded domain and
consider the operator (1) defined on D(E) = (W2P(Q) N W12(Q))". As
usual WHP(Q) denotes the Sobolev space of functions which distributional
derivatives of order [ are in LP(€2). We also use the notation W1?(€) for
the completion of C§°(Q) in the Sobolev W1?(Q) norm. The operator E is

(5)
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said to be LP-dissipative (1 < p < 00) in the domain 2 C R™ if

/ (Au+ (1—2v) ' Vdivu)|ufP?ude <0 (6)
Q

for any real vector-valued function v € D(E). Here and in the sequel the
integrand is extended by zero on the set where u vanishes.

The equivalence between the LP-dissipativity of the form and the dissi-
pativity of the operator was discussed in [1, Section 5, p. 1086-1093]. It
turns out that, if n = 2 and a certain smoothness assumption on Q C R? is
fulfilled, the operator of planar elasticity is LP-dissipative (i.e. (6) holds for
any u € D(E)) if and only if condition (5) is satisfied.

In [2] these facts have been established as a consequence of results con-
cerning general systems of partial differential equations, but in the present
paper we give a direct and simpler proof just for the Lamé system. The
result is followed by two Corollaries (obtained for the first time in [2]) con-
cerning the comparison between the Lamé operator and the Laplacian from
the point of view of the LP-dissipativity.

In Section 3 we show that condition (5) is necessary for the LP-dissipati-
vity of operator (1), even when the Poisson ratio is not constant. For
the time being it is not known if condition (5) is also sufficient for the
LP-dissipativity of elasticity operator for n > 2, in particular, for n = 3.
Nevertheless in the same section we give a more strict explicit condition
which is sufficient for the LP-dissipativity of (1).

In Section 4 we give necessary and sufficient conditions for a weighted
LP-negativity of the Dirichlet-Lamé operator, i.e. for the validity of the
inequality

/ (Au+ (1 —2v) ' Vdivu)|uf?u Tl <0 (7)
Q
under the condition that the vector u is rotationally invariant, i.e. u depends

only on ¢ = |z| and u, is the only nonzero spherical component of u. Namely
we show that (7) holds if and only if

—(p—-1D(n+p —-2)<a<<n+p-—2.

2. LP-DISSIPATIVITY OF PLANAR ELASTICITY

In this section we give a necessary and sufficient condition for the LP-
dissipativity of operator (1) in the case n = 2.
First we consider the LP-dissipativity of form (2).

Lemma 1. Let Q be a domain of R%2. Form (2) is LP-dissipative if and
only if
2
/ {cp\wf — V2 + 4 Cp o] 2 |onnlol|* — [ divel?| de <0 (8)
Q i=1
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for any v € (C3(Q))?, where

Cp=01-2/p) ~y=QQ-2v)7" (9)

Proof. Sufficiency. First suppose p > 2. Let u € (C3(Q2))? and set v =
|u[P~2u. We have v € (C}(Q))? and u = |v|?~?)/Py. One checks directly
that

(Vu, V([uP~?u)) + (1 — 2v) " divu div(|ulPu) =

— Z \ij|2 - Cp|V\v||2 — ’yC'p|vh8h|v||2 + 7| div ol
J

The left-hand side of (3) being equal to the left-hand side of (8), inequality
(3) is satisfied for any u € C}(Q).
If1 <p<2we find

(Vu, V([u” "2u)) + (1 — 20) "L divu div(|u[P ~2u) =
2 2 .
= Z V| — Cpr | VI0l|™ = v Cpr [0nn|v]|” + 7] divv|?
J
and since 1 —2/p’ = —1 4 2/p (which implies C), = C}/), we get the result

also in this case.
Necessity. Let p > 2 and set

ge = (|U|2 + 52)1/27 Ue = gg/p_lvv
where v € C§(£2). We have

(Vue, V(|ue[P~?u.)) =
= |u€|p72<8hu€, Onue) + (p — 2)|u5|p73<3hu5, ) Oplue|.

A direct computation shows that
(Vuue, V(ucl ™)) = [ (1 = 2/p)?gz o] -
= 2(1 = 2/p)g "ol 2] 3 sk P+ g2 ol (0h0, 0),
k
|ue|p_3<8hu€,u5> Onlue| =

—{ =2/ [ - 2z Dl = gzl
+ [927 PP = (1= 2/p)g P |vfP ] } > vokv;)?
k

on the set £ = {z € Q| |v(x)| > 0}. The inequality g% < |v|* for a < 0,
shows that the right-hand sides are dominated by L' functions. Since g. —
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|v| pointwise as e — 07, we find

sl_i>%1+ <vu€’ V(|u5|p72u5)> =
= (Ohv, Opv) + |(1 —2/p)* —2(1 —2/p) + 4(p — 2)/1?2} 0] 72 Jv; ok |* =
k

2
=—(1=2/p)*|VIol|” + > [V,
J
and dominated convergence gives

lim /<VUE,V(|U5|p72UE)> dx = / [f C’p|V|v||2 + Z |ij|2} dz. (10)
e—0t -
E E J
Similar arguments show that
lim [ divue div(|ue|?2u.) de =

e—ot
E

:/[_cp|u|*2|vhah|u||2+|dm|2] dr. (11)
E
Formulas (10) and (11) lead to

lim+ (Vue, V(ueP~%ue)) + v div(|ue [P~ ?u.) do =
E—O0 P
— [(= oIV + 2 19— Cylol 2 endnol [+ | divol?) o (12)
a J

The function u. being in (C(€2))?, the left-hand side is greater than or
equal to zero and (8) follows.
If 1 < p <2, we can write, in view of (12),

lim [ (Vue, V(Juel? ~2ue)) +~ div([ue [P "2ue ) dx =

ot ]
:/(7(119,

V|v\|2 + Z |V11j|2 — ’yC’p/\v|72|vh3h|v||2 + 7] divv|2) dx.
Q J

Since Cp = Cp, (4) implies (8). O

Remark 1. The previous Lemma holds in any dimension with the same
proof.

The next Lemma provides a necessary algebraic condition for the LP-dis-
sipativity of form (2).

Lemma 2. Let Q be a domain of R?. If form (2) is LP-dissipative, we
have

Cpl 1617 +7 (& w)?[ (A, w)? = [P — 7 (£, 1) <0 (13)
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for any £, \,w € R?, |w| =1 (the constants C,, and ~y being given by (9)).
Proof. Assume first that Q = R2. Let us fix w € R? with |w| = 1 and take
v(z) = w(z) n(log|z|/log R), where

w(z) = pw + (),

p, ReRY ¢ e (CE(R?))2, ne C®(R?), n(t) =1if t <1/2 and n(t) =0
ift>1.
On the set where v # 0 one has

(V]v], Vv]) = (V|wl], V|w|) n*(log |z|/ log R)+
+2 (log R)_1|w| <V|w|,x> |x\_2n(10g |z|/log R) 0’ (log ||/ log R)+
+(log R)~?w|*|2[~(n/ (log |2/ log R))".

Choose d such that spti) C Bs(0) and R > §2. If |x| > § one has
w(z) = pw and then V]w| = 0, while if || < §, then n(log |z|/log R) = 1,
7 (log ||/ log R) = 0. Therefore

[ (910l 9ol dr =

RQ
= / (V|wl], V|w]) da + % / wl* (n'(log ||/ log R))? da.
log” R ||
Bs(0) Br(0)\B 57(0)
Since
1 d
Rt Tog? R E
Br(O)\B.7(0)
we find

REIEOO/<V\U|,V|U|>dx: / (Vw], V}wl) dz.
R? B;(0)

By similar arguments we obtain
2 o 2
lim [CP|V|U|| —Z [V;1?+7 Cp o] 72| vn0n|v]|” — 7| divvﬂ dx =

R—+oc0o 2
R2 Jj=1

2
2 _ 2 .
= / [CP|V|w|| =3 Vw45 Cp [w] 2 wpdn|w]] ’y|d1vw2} dz.
B;(0) =1

In view of Lemma 1, (8) holds. Putting v in this formula and letting
R — +o00, we find

2
[ |10l P32 19 4 € a2 annlcl [ | iv ol aa<o. (12
B (0) J=1



118 A. Cialdea and V. Maz’ya

From the identities

8hw = 8hw, divw = div ¢7

2
VIl |* = lpw+ 9|72 (uw + 9, 0n1)2,

2
w2 feondnwl? = law + 1| (uwn +vn) (aw + v, )|
we infer, letting p— 400 in (14),

/[ pzw o) —Z V45 7y C|wn (w, )| "= | div )| ]dx<o (15)

R2 h=1
Putting in (15)
P(x) = Ap(x) cos(p(€, z)) and ¥(x) = Xp(z) sin(u(€, ),

where A\ € R?, ¢ € C5°(R?) and p is a real parameter, by standard argu-
ments (see, e.g, Fichera [4, p. 107-108]) we find (13).
If Q #R? fix 29 € Q and 0 < e < dist(zg, Q). Given ¢ € (CF(Q)?, put
the function
v(z) = ¥((z - z0)/¢)
in (8). By a change of variables we find

2
2 _ 2 .
G901 = 31903+ Gyt unauntol]” vl vl| s < 0
R2 j=1
The arbitrariness of ¢ € (C3(£2)? and what we have proved for R? gives
the result. ]

We are now in a position to give a necessary and sufficient condition for
the LP-dissipativity of form (2).
Theorem 1. Form (2) is LP-dissipative if and only if
(1 1)2<2(V—1)(2V—1)
2 p/ T (B-4w)?2
Proof. Necessity. In view of Lemma 2, the LP-dissipativity of % implies
the algebraic inequality (13) for any &, \,w € R?, |w| = 1.

Without loss of generality we may suppose £ = (1,0) and (13) can be
written as

(16)

Gyl + 742 gi0y)? — A2 =722 <0 (17)
for any \,w € R?, |w| = 1.
Condition (17) holds if and only if

Cp(1 +qwiw? —1-v<0,
[Cp(1+ ’7&]%)&)1&)2]2 <[-Co(l+wiwi +1+7] [ - Cp(1 +ywi)ws + 1]
for any w € R?, |w| = 1.
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In particular, the second condition has to be satisfied. This can be written
in the form
L4y = Cp(1+7wi)(1+7w3) >0 (18)
for any w € R?, |w| = 1. The minimum of the left-hand side of (18) on the
unit sphere is given by
L4+ —Cp(1+7/2)%

Hence (18) is satisfied if and only if 1+~ — C,(1 +v/2)* > 0. The last
2(1-v) (p - 2)
p
/

inequality means
2 _ 2
( 3 —4v ) >0,
1-2v 2(1—2v)

i.e. (16). From the identity 4/(pp’) = 1— (1—2/p)? it follows that (16) can
be written also as
4t
pp T (3—4v)?’
Sufficiency. In view of Lemma 1, & is LP-dissipative if and only if (8)
holds for any v € (C3(€2))2. Choose v € (C4())? and define

X1 = o] w101 |v] + v202|v]), X = |v| (w20 |v] — v1a|v]),
Vi = [o[[D1(Jo] " or) + Ba(jo| " w2)], Yo = [wl[B(Jo] T wz) = Da([v] T on)]
on the set E = {z € Q| v # 0}. From the identities
VIvl|* = X7 + X3,
Yi = (O1v1 + O0p02) — X1, Y2 = (O1vg — Opv1) — X2

(19)

it follows
Y2+ Y2 = |V]o||* + (0101 + D209)? + (Drv2 — Dy01)°—
— 2(01v1 + D2v9) X1 — 2(D1vg — Dav1) Xa.
Keeping in mind that 9y|v| = [v|~'v;0,v;, one can check that
(O1v1 + Bav2) (v101 V] + v202|v]) + (Drv2 — Davr) (V201 |v] — v182|v]) =
= [o] [V]ol[* + [o](@r0102v2 — Dyv10102),

which implies
> VP = X7+ X3+ Y2+ Y5 (20)

J
Thus (8) can be written as

4
/[ﬁ (XP+ XD+ Y2+ YE —yCpXP + (X1 + Y1) de 2 0. (21)

Let us prove that

/X1Y1 dr = — /X2Y2 dz. (22)
E E
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Since X1 +Y; = dive and Xo 4+ Y5 = 01v9 — 0av1, keeping in mind (20),
we may write

2/(X1Y1 —|—X2}/2) dx =
E
— [+ (o ¥ = (XF + X5 4 VP + YD) do =
E

= / [(divv)2 + (D12 — Byv1)? — Z |ij2} dr,
) J

i.e.
/(X1Y1 + XQ}/Q) dr = /(811)1821;2 — 61’[)2821)1) dz.

E B
The set {x € Q\ E|Vv(z) # 0} has zero measure and then

/(X1Y1 + X2}/2) dr = /(81’[)1821)2 — 811}282’01) dz.
E Q

There exists a sequence {v(™} € C§°(Q) such that v — v, Vo — Vo
uniformly in  and hence

n—oo

/811115‘2112 dr = lim 5‘11)§n)821)§") dr =
Q Q

n—oo

= lim 81v§")82v§n) dxr = /617)2821)1 dx
Q Q

and (22) is proved. In view of this, (21) can be written as
4
/ (p—p/ (1+7)X2 + 207 XY, + (1 + 7)Y12) do+
4
+/ (—,Xg — (1 — )y Xa Yo +Y22) dz >0
bp

for any fixed ¢ € R.
If we choose

_2(1-v)

V= 3—4v
we find .
_ ! 2.2 _ (1+7)°
=Dr=3—g V" =Gg-aue

Inequality (19) leads to

4
Py < — (1+9)% 1-9<—.
pp pp
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Observing that (16) implies 1+~ = 2(1 — v)(1 — 2v)~! > 0, we get

4
o (L+7)z? + 20y 1y + (1 + )yt >0,

4
?963—2(1—?9)73323;2—1-3/% >0

for any x1,x2,y1,y2 € R. This shows that (21) holds. Then (8) is true for
any v € (C}(2))? and the proof is complete. O

The results we have obtained so far hold for any domain . For the
rest of the present section we suppose that 2 is a bounded domain whose
boundary is in the class C2. We could consider more general domains, in
the spirit of Maz’ya and Shaposhnikova [14, Ch. 14], but here we prefer to
avoid the related technicalities.

Theorem 2. Let E be the two-dimensional elasticity operator (1) with
domain (W2P(Q)NWLP(Q))2. The operator E is LP-dissipative if and only
if condition (16) holds.

Proof. By means of the same arguments as in [1, Section 5, p. 1086-1093],
we have the equivalence between the LP-dissipativity of form (2) and the
LP-dissipativity of the elasticity operator (1). The result follows from The-
orem 1. O

We shall now give two corollaries of this result. They concerns the com-
parison between E and A from the point of view of the LP-dissipativity.

Corollary 1. There exists k > 0 such that E — kA is LP-dissipative if
and only if

1 1N2 2(v—1)(2v—1)
- — = _ 2
(2 p) < (3 —4v)? (23)
Proof. Necessity. We remark that if £ — kA is LP-dissipative, then
k<1 if p=2,
L (24)
k<1l if p#2.

In fact, in view of Theorem 1, we have the necessary condition

— (1 =2/p)*[(L = k)€ + (1 = 20) 71 (&wy)?] (Njw; )2+
+ (L= R)EPIAP + (1 —20) 71 (&A)? =0 (25)
(

for any &, \,w € R?, |w| = 1. If we take £ = (1,0), A = w = (0,1) in (25) we
find

4 (1-k)=0

Py g
and then k£ < 1 for any p. If p # 2 and k = 1, taking £ = (1,0), A = (0, 1),
w=(1/v2,1/v/2) in (25), we find —(1—2/p)?(1 —2v)~! > 0. On the other
hand, taking £ = A = (1,0), w = (0,1) we find (1 —2v)~! > 0. This is a
contradiction and (24) is proved.
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It is clear that if & — kA is LP-dissipative, then F — k' A is LP-dissipative
for any k' < k. Therefore it is not restrictive to suppose that £ — kA is
LP-dissipative for some 0 < k < 1. Moreover, E is also LP-dissipative.

The LP-dissipativity of F — kA (0 < k < 1) is equivalent to the LP-
dissipativity of the operator

E'u=Au+(1—-k) " 1-2v)"'Vdivu. (26)
Setting
vV =v(l—-k)+k/2, (27)
we have (1 — k)(1 — 2v) =1 — 2v/. Theorem 1 shows that
4 1

— > 2
pp ~ (3—4)? 2

Since 3 —4v' = 3 —4v — 2k(1 — 2v), condition (28) means |3 —4v —2k(1 —
V)| = Vpp'/2, ie.

3—4v ‘> Vpp
2(1 —2v)1 7 41 —2v|"

Note that the LP-dissipativity of E implies that (16) holds. In particular,
we have (3 —4v)/(1 —2v) > 0. Hence (29) is satisfied if either

’k - (29)

1 rr
be (- 1] Y2F)
o \B =5 (30)
or
1 vpp'
1@7(3—4 —) 31
i B+ (31)
Since
|3—4V| 1= 3 —4v 1= 1 S \/pp/
21 — 2 C2(1—2v) 21 —-2v) T 41 -2
we have
1 vy
—— (13-4 7)21
2|1—2y|<| v+

and (31) is impossible. Then (30) holds. Since k& > 0, we have the strict
inequality in (19) and (23) is proved.
Sufficiency. Suppose (23). Since
4.
pp T (3—4v)?’
we can take k£ such that

1 vpp
0<k 7(3—4 — 7) 32
<k<gimgB-#-=5 (32)
Note that
|3 — 4v| 34w B 1 < Vo

21 —2v] 21 —-20)  2(1—2v) “41—2]"
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This means i
o (|3—4u|—@><1
2[1 — 20 2
and then k < 1. Let v/ be given by (27). The LP-dissipativity of E — kA is
equivalent to the LP-dissipativity of the operator E’ defined by (26).
Condition (29) (i.e. (28)) follows from (32) and Theorem 1 gives the
result. O

Corollary 2. There exists k < 2 such that kA — E is LP-dissipative if

and only if
(1 B 1)2 2v(2v — 1)
2 p (1—4v)2 "~
Proof. We may write kA — E = E — kA, where k = 2 — k, E:A—i—(l—

20)"1Vdiv, 7 = 1 — v. Theorem 1 shows that E — kA is LP-dissipative if
and only if

(33)

1 1\2 2w-1)(2v—-1)
e e 34
(2 p) ST Bo4)p (34)
Condition (34) coincides with (33) and the corollary is proved. O

3. LP-DISSIPATIVITY OF THREE-DIMENSIONAL ELASTICITY

As far as the three-dimensional Lamé system is concerned, necessary
and sufficient conditions for the LP-dissipativity are not known. The next
Theorem shows that condition (16) is necessary, even in the case of a non-
constant Poisson ratio. Here 2 is a bounded domain in R? whose boundary
is in the class C2.

Theorem 3. Suppose v = v(x) is a continuos function defined in Q such
that
inf |2v(z) — 1] > 0.
zeQ

If (1) is LP-dissipative in 2, then

1 1N2 L 2(w(z) — 1) 2u(x) — 1)
(- 5) R S I S IR (35)

Proof. We have

/ (Au+(1— 21/(1:))_1V div u|ulP"2udr <0 (36)
Q
for any uw € (W2P(Q) N WLr(Q))3, in particular, for any u € (C§°(Q))3.
Take v € (C§°(R?))?, ¢ € C°(R), ¢ > 0 and 20 € ; define v. (71, 22) =
v((z1 — 29)/e, (22 — 23) /e),
u(xy, X9, x3) = (’Us’l(l’l,xz),vg’g(fﬁl,1’2),0) o(x3).
We suppose that the support of v is contained in the unit ball, 0 < & <

dist(2%,09Q) and the support of ¢ is contained in (—¢,¢). In this way the
function u belongs to (C§°(Q2))3.
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Setting (21, 72, 23) = (1 — 2v(x1, 22, 73)) !, we have
Au+yVdivu = (Av, + vy Vdive.) ¢ +v.¢”
and then
(Au 4y Vdivu)|ulP?u = (Ave + v Vdive.) [ve [P 2v0P + 02" P L.

We can write, in view of (36),

/SDp drs //(Ave + v Vdivo.) |ve [P0, doy dao+
R R2
+ /cpp_lap” dzs // |ve|? dxy dzo < 0.
R R2

Ave +yVdive, =

0 0 0

1 1 —20 1 —x . T4 —x] T1—X
) |:A’U( - 17 - 1>+’Y("E1,x2,$3)Vd1VU( - 17 ! 1):|7
€ € € 5 €

Noting that

a change of variables in the double integral gives
/(pp(.’L'3> d$3// (Av(tl, t2)+”y(x(f+5 tl, $g+€ tg, {L‘3)V div ’U(thtg)) X
R R2

X ”U(tl,tg)‘p_Q’U(tl,tg) dtl dt2+

+€2/<pp‘1<p” dx3 //Iv(tl,tz)l” dty dt2 < 0.
R R2
Letting g — OJF’ we get
/w”(xs)dxs // (Av(tlﬂh)+’y(x(f,xg,xg)Vdivv(tl,tg))><
R R2

X !U(tl,t2)|p72’l}(t1,t2) dtl dtg < 0.

For the arbitrariness of ¢, this implies
// (Av(tl, t2) + (29, 29, 23)V divu(ty, tg)) X
]RQ

x [v(ts, t) [P 20(tr, t2) dity dts < 0

for any v € (C§°(B))?, B being the unit ball in R2.
Suppose p > 2. Integrating by parts, we get

(v, [o]P ) <0 (37)
for any v € (C§°(B))2.
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Given v € (C§°(B))?, define u. = gg/p_lv. Since u. € (C§°(B))?, in

view of (37) we write
L (ue, [ue|P2u.) 0.

By means of the computations we made in the Necessity of Lemma 1,
letting ¢ — 07, we find inequality (8) for any v € (C§°(B))?. This implies
that (8) holds for any v € (C3(B))?.

In fact, let v, € (C§°(B))? such that v, — v in Cl-norm. Let us show
that

XE, [Vm| 0 VU, — xelv| Ve in L2(B), (38)

where E, = {z € B | v,,(z) #0}, E={x € Q| v(z) # 0}. We see that
XE, [Vm| 0 Vo, — xelv] vV (39)

on the set EU{x € B | Vu(z) = 0}. The set {x € B\ E | Vu(x) # 0}
having zero measure, (39) holds almost everywhere. Moreover, since

/XEn|vm|_2|vvam\2dm< /|va\2dx
G G

for any measurable set G C Q and {Vv,,} is convergent in L?(2), the se-
quence {|x g, [Vm| " vm Vom — xe|v| " 1vVo|?} has uniformly absolutely con-
tinuous integrals. Now we may appeal to Vitali’s Theorem to obtain (38).

Inequality (8) holding for any v € (C3(B))?, the result follows from
Theorem 1.

Let now 1 < p < 2. From the L? dissipativity of E it follows that the
operator E — AI (A > 0) is invertible on LP(€2). This means that for any
f € LP(Q) there exists one and only one u € W2P(Q) N W1(Q) such that
(E — A)u = f. Because of well known regularity results for solutions of
elliptic systems [3], we have also that, if f belongs to L (2), the solution
u belongs to W2P () N W' (Q) and there exists the bounded resolvent
(E* —XI)™1: L' (Q) — W22 (Q) n W' (Q).

Since E is LP-dissipative and |(E* — AI)7!|| = ||(E — M)7!||, we may
write

* —1 l
(B - a0 < &

for any A > 0, i.e. we have the Lp/-dissipativity of E*, p’ > 2. We have
reduced the proof to the previous case. Therefore (35) holds with p replaced

by p’. Since
1 1\2 /1 132
G-2-G-3y
the proof is complete. O

We do not know if condition (16) is sufficient for the LP-dissipativity of
the three-dimensional elasticity. The next theorem provides a more strict
sufficient condition.
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Theorem 4. Let Q be a domain in R3. If

1-2v
—— = ifu<1/2,
2(1 —v)
-2/ <350 0 (40)
ISR

operator (1) is LP-dissipative.

Proof. In view of Remark 1, the operator E is LP-dissipative if and only if
inequality (8) holds for any v € (C}(£2))3. This can be written as

C’p/ {|V|v||2+7|v|72|vh8h|v||2} dr <
Q

3
g/[2|wj|2+7|divv|2} do. (41)

Q J=1
Note that the integral on the left-hand side of (41) is nonnegative. In
fact, setting &,; = Opvj, w; = |v|~tv;, we have
2 _ 2
[VIol]™ + 5 [o] 72 [ondn|vl|” = wiw; (Onk + Ywnwr)Enikr;-
Then we can write
2 _ 2
[VI0l]™ 4+ [o] 2 ondhlv]]” = AP +9(A - w)?, (42)

where A is the vector whose h-th component is w;&p;. Since w is a unit
vector and v > —1 we have

|V|U||2 +7 |U|72|Uh5h|v||2 >0.

Also the right-hand side of (41) is nonengative. In fact, denoting by v;
the Fourier transform of v;

0;(y) = /Uj(yc)e_“"'”C dz,
RB

we have

3
/ [Z |ij‘2 + | diVU|2} dr = /(6hvj8hvj + wahvhajvj) dr =

o =1 Q
= (QF)_S/(ahvjahvj+ YORvR0;v;) dy:(zw)—g/(|y‘2m2+ Y|y - mz) dy >
R3 R?
. _3 2152 g
> winf1, 14} [ ly?o dy =
RS

3
:min{171+’y}/Z|ij|2 dz. (43)
o J=1
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This implies that (41) holds for any v such that the left-hand side vanishes
and that F is LP-dissipative if and only if

3
[ > [Vo;[2 4 | divol?] do
Cp <in =1

d T ) 44
T IV + 7 1o Zlondn o] do *9
Q

where the infimum is taken over all v € (C§(£2))? such that the denominator
is positive.
From (42) we get

V1ol |* + 7 [0] 2 ondnlo]|” <

3
<max{1,14+~}|A? < max{1,1+~} Z |Vv,)2.
j=1
Keeping in mind also (43) we find that
3 2 c ]2
1|V |2 + | dive]?| dz
S{[Z]—l' J| 7‘ ‘ ] mln{l,l—k’y}
S 1IV[][? + 7 [v]~2|vpdp|v]?] d ~ max{1,1+~}"
Q
Therefore condition (44) is satisfied if
min{1,1+ ~}
P max{1,1 +4} "
This inequality being equivalent to (40), the proof is complete. O

Remark 2. The Theorems of this section hold in any dimension n > 3
with the same proof.

4. WEIGHTED LP-NEGATIVITY OF ELASTICITY SYSTEM DEFINED ON
ROTATIONALLY SYMMETRIC VECTOR FUNCTIONS

Let ® be a point on the (n — 2)-dimensional unit sphere S™~2 with spher-
ical coordinates {¥;};=1,... n—3 and ¢, where ¥; € (0,7) and ¢ € [0,2m).
A point z € R"™ is represented as a triple (o,d, ®), where o > 0 and
¥ € [0,7]. Correspondingly, a vector u can be written as u = (up, Uy, Us)
with ue = (uy, 5,..., Uy, uy). We call uy, ug, us the spherical components
of the vector wu.

Theorem 5. Let the spherical components uy and ug of the vector u
vanish, i.e. u = (u,,0,0), and let u, depend only on the variable p. Then,
if a >n—2, we have

dz.

|

/ (Au + (1 —2v)"'Vdiv u) |u|P~2u <0 (45)

Rn
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for any u € (C5°(R™\ {0}))™ satisfying the aforesaid symmetric conditions,
if and only if

—(p-D(n+p —-2)<a<<n+p-—2. (46)
If « < n—2 the same result holds replacing (C°(R™\{0}))™ by (C§°(R™))™.
Proof. Setting
ge(s) _ (82 +82)1/2,

and denoting by w,_1 the (n — 1)-dimensional measure of the unit sphere

in R™, we have
/AugE |ul)P~ |$|a =

R”L
—+o0
1 _ n—1 _ 1
= Wn-1 / (F 0p(0" la@ue)_7“9)96<|ug|)p 2“99n '~ dp.
0

An integration by parts gives

—+oo

[ 000" )2l g0 e =

0

+oo
= — / Qn_lagugag(g€(|ug|)p_2u09_a) do =

- / D0 (ge (|ug])"~?u,) 0" ™1~ do+
0

400
o [ ol udpune e (D)
0
Since
59(95 (‘U‘QDP) = pg€(|u9\)p72u95‘gug, (48)
we have, by means of another integration by parts in the last integral of (47),
+00
o [ gellul) 0, do = / 00 92 (o)) 0"~ do =
0

__on-2-0) /ga )P 0™ do + O(£P),
K

where K is the support of u,.
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This proves the identity

/Aug&‘ |u| | |a = —Wnp-1 |:(7’l— 1)/96(|u9|)17*2u§gn737a dQ+
R’Vl K
an—2—« 3
+¥/96(|ugl)pa 5= do+

K
+/89“989(96(|u9|)p_2u9)Qn_l_a dQ:| +O(€p)- (49)

‘We have also

[ taiv g (a2 fﬁl — [ v div (g ful~2ulel =) ds =

R”L R”L
“+o0 1

::wwg/ﬁj@@“wwa*a (g 2up) do. (50)

0

Moreover,

1 n— n— —Q
o1 9,(0 1“9) a@(@ - e (|uo])"™ UQ) =

=(n—-1)(n—1-0a)0" > “ge(luo)’2uj+
+(n— 1)Qn_2_augag (g€(|u9|)p_2ug) +(n_1_a)9n_2 g€(|ug|)p_2ugagug+
+ Qniliaaauaa (98(|“9D ug) (51)

In view of (48) we may write

+o0 —+o0
—2—a — 1 n—2—o
/Qn 2 ge(|ugl)? 2“939%‘19:5/9 2 ag(gs(|u9|)p) do =
0 0
n—2—a« o
= I [t () do+ O, (52)
K
Since

2P (96(‘“9|)p_2uz) = updy (ga(|u9|)p_2ug) + 95<‘U9|)p_2u989“9
and using again (48), we find

—+oo

/ o2y 00 (ga [uel)P™ ug) do =

0
+oo +oo

B / Qn_2_aae(9€(‘ug|)p_2u2g) do — / Qn_Q_agf“UgDp_Zugagug do=

0 0
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— (n-2-a) / 0" g ([P 2u2 do—
K

+oo
1
- / 0"2720, (g (|u))?) do + O(e?) =

0

- (n-2-a) / 0" g (ug P22 dot
K

n—2—a«a 3
# B2 20 [rg (ulr de +OE). (5)
K

By (50), (51), (52) and (53) we obtain

[ wtvaguy ﬁ -
€T «
Rﬂ,
e [m ) / 0" g (g2 do+
K
aln—2—a)

# S [y do
K

K

From (49) and (54) it follows that

dr_

EE

1
. p—2
/(Aqu 1_2VVd1vu)gE(\u|) u
]Rn
2(1 —v) n—3—a _
T TWn-1m o [(”1)/9 ? 9 (lugl)” 2U5d9+
K

an—2—a«a 35—
I Ea
K
+ [ a0 (a: (s )" do| + OFeP)
K

Seeing that, given a € R, there exists a constant C, such that (g.(s))* <
Co(s"+¢) (s = 0), we may apply the dominated convergence theorem and
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find

1 dz
i p=2,, 7 _
/ (Au +1 5 V div u) [ulP~%u PR

R™
2(1 - -2
R e e

K
+ /89u989(|u9|p_2“9)9n_1_a dQ}
K

Keeping in mind that either v > 1 or v < 1/2, the last equality shows
that (45) holds if and only if

—9_
n_1+oz(n p Oé)}/gn—3—a|ug|pdg+

K

+ [ o0l e dg > 0. (59)
K

Setting v, = |u,|P~2)/2u,, we see that (55) is equivalent to

+oo
an—2—«
n71+ %] / |,UQ|29n737a dQ+
0

oo

(0p0,)%0" '™ *do > 0. (56)

+

4

+ /
pp

o

If &« = n — 2 the inequality (56) is obviously satisfied. For o #£ n — 2, we
recall the Hardy inequality (see, for instance, Maz’ya [13, p. 40])

T ) 4 T (@p(0)?
v*(e ov(o
do < do,
0/@“‘“3 ¢ (a—n+2)20/ ot 57

which holds for any v € C§°(R) provided o # n — 2, under the condition
v(0) = 0 when a > n — 2.
Inequality (56) can be written as

/

+oo
an—2—«
A A b )] )} / |vo[?0" %" do <
4 p
0

—+o0

< /(5@")9)2@%170‘6@- (58)
0
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Now we see that (58) holds if and only if

_pp’ a(n—2—a)}<(a—n+2)2

4 h 4 '

In fact, if (59) holds, then (58) is true, because of (57). Viceversa, if (58)

holds, thanks to the arbitrariness of v, and to the sharpness of the constant
in (57), we get (59).

A simple manipulation shows that the latter inequality is equivalent to

(a—(n+p-2))G5 +(n+p -2)

pp'

which in turn is equivalent to (46). The theorem is proved. O

-1+ (59)

WV

We remark that the inequalities
—(p-1(n+p -2)<0<n+p—2

are always satisfied and therefore condition (46) is never empty.
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