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Abstract. We introduce a Weierstrass type transform associated with
the Whittaker integral transform, which we refer to as Weierstrass—Whitta-
ker integral transform. We examine some properties of the transform and
show, in particular, that it is helpful in solving of a generalized non-statio-
nary heat equation with an initial condition.
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1. INTRODUCTION

The Whittaker functions M, , and W, , of first and second order have
acquired an increasing significance due to their frequent use in applications
of mathematics to physical and technical problems (cf., e.g., [2]). Moreover,
they are closely related to the confluent hypergeometric functions which play
an important role in various branches of applied mathematics and theoreti-
cal physics. For instance, this is the case in fluid mechanics, electromagnetic
diffraction theory and atomic structure theory. This justifies a continuous
effort in studying properties of these functions and in gathering information
about them, as well as the integral equations and transforms generated by
them.

For a somehow much more detailed account of several significant re-
sults on the Whittaker and Weierstrass type transforms, over the last half-
century, we refer to [1,3-7,11-14].

Let us consider the integral transform

+oo

wilr = [ e

0

zT

FWoo(2r) f(a)e”CFDa%dz, 7>0, (11

where a > 0. The main purpose of this work is to define an integral trans-
form associated with the Whittaker integral transform (1.1) — which will be
called Weierstrass—Whittaker transform — and to study some of its proper-
ties and possible applications. We define such integral transform by

—+o0

[mmm:/mmwmmﬂﬁw@7 (1.2)
0

where KC;(z,y) is the heat kernel associated with the Whittaker transform
(to be also studied later) and which is defined as

+oo
Ki(z,y) = / 674V2Tte*%WH7U(yT)e*%W#’V(:ET)e*(TJF%)TO‘ dr
0

for t,x,y > 0.
The integral transform W, f is a variant of the usual Weierstrass trans-
form [9] and solves the heat type problem
Wi fl(x) = —La Wi fl(),
t,x >0,
lim (W f] () = f(2),

where

5 o d? d .
L, = 47322 e + 4742 e +7322(7% — 1) + dpr’e + 7.
x x
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2. THE WHITTAKER INTEGRAL TRANSFORM

In this section, we study some of the mapping properties of the integral
transform (1.1) which may, in fact, be viewed as an operator acting from
L2(RT, e~ @+ D)z dz) into L2(RT, e~ ()7 d7).

So, we consider the weighted Hilbert spaces L2(Rt,e~@+3)2 dz) en-
dowed with the inner product

<f7 g>L2(R+,e—(w+%)

R A

+oo
= [T )
0

which generates the associated norm

0 . 1/2
10 g o gy = ( / (@) Pe- @tz dz> L 22
0
In order to prove the convergence of the integral transform (1.1), we have
the following auxiliary result.
Theorem 2.1. Let f € L2(RT, e~ t2)z* dz) and
o > max {2|v] — 2,0}.

The integral transform (1.1) is absolutely convergent and the following uni-
form estimate

WA < Con DN g o

z)pe dr)’

(2.3)
holds.

Proof. Invoking the Cauchy—Schwarz inequality and relation (2.19.24.7) in
[8], we have

+oo
WA < [ e F Waslariflore=+Da] do <
0

1/2
< (/e_z’;Wu,l,(xr)e_?Wu,y(xr)e_(“';)ma d:v) X

0
o ) 1/2
<( [ 1repeerhanas) <
0

IN

1/2
( / T2 Wy (zr)e” T W, (27)2® dm) Hf||L2(R+’e,(m+%)za o =
0
C

+oo
e
“w

7D(T) Hf”Lz(RJr’ef(:H»%)za d.’t)’ (24)
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where

_ e (T(=20)T(a+ 20+ 2)T(2 + @)
Cu,u(T)—T (F(éuv)r(gu+a+l/)x

><3F2(1

5
2 7+a+1/—/¢;1)+

2
(o =20 +2)I'(2 + )

(2v
L(z —p+v)0(§ —p+a+v)

+pu+rv,2+a+2v,24+a;1+ 2y,

1 5 1/2
><3F2<2—u+u,2—|—a,2+o¢—2y;1—2y,2—|—oz—1/—,u;—1)> ,

with 7 > 0, and where 372 denotes the generalized hypergeometric function.
Hence, besides the estimation in question, the convergence of the integral
transform (1.1) is also obtained. O

We now concentrate on the image of the integral transform for the ele-
ments considered above. Namely, for that elements, in the next result we
obtain that W f € L2(R*, e~ ("+2) 7 dr).

Theorem 2.2. Let o > max{2|v| — 2,0}.
If f € LR, e~@t2)g>dx), then the Whittaker integral transform
[W f](1) belongs to the space L2(RT, e~ (Tt)7 dr).

Proof. From the definition of the norm in L2(R*, e~ ("+%) 7% d7), taking into
account that f € L2(R*, e~ (#+3) 2 dz) and using (2.4), we obtain

WS, s sty = ‘/]mq JPemthira gr <
+oo
1) _«
< [ CosPII, oty 7 =
0
+oo
—(x —\T 1 «
V||fH2 R+ 7(I+I)I"‘d ) /7— (+1)€ (+7)T dTS
0
< (PO +2) Ol g e (2.5)
where
C*__F(2)Ha+2y+%F@+a)x
YT =03 —ptaty)
1
X3F2<§+u+u 24+ a+2v,24+ a;1 + 2y, 5+o¢+1/ u;1>+

r2v)I'(a—2v +2)T'(2 + a)
TG -+ lG —ptaty)
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1 5
><3F2(§—,u—&—l/,2—|—oz,2—|—a—2u;1—21/,§—|—oz—u—/,t;—1>, (2.6)

and
+oo
/ (et e—(T+3) e g —
0
1 +o0
= /Tf(aJrl)e*(TJr%)To‘ dr + / r(@t)=(r+3) o gr <
0 1
1 +o0
< /7_16_%6_T dr + / r%e= (T3 e gy <
0 1
1 +o0
< /T‘le_% dr + / et dr <
0 1
1 +00
< /T_le_% dr + / e Tdr =T(0,1) + E , (2.7)
0 1 ‘
with I'(a, z) denoting the incomplete Gamma function. O

3. THE HEAT KERNEL RELATED TO THE WHITTAKER INTEGRAL
TRANSFORM

In order to introduce in a formal way the Weierstrass—Whittaker trans-
form (1.2), we need first to study the heat kernel associated with the Whit-
taker transform. Therefore, we will introduce in this section the heat kernel
associated with the Whittaker integral transform. Moreover, we will define
and examine some of its properties.

Let us introduce the Hilbert space Hx (RT), defined as the subspace of
L2(R*, e~ @+2) 2% dz) formed by all functions f such that

Wfe L*(RT, e~ TH7) 7% dr).
Hg (R™) is endowed with the inner product

—+oo

. g = / W f(r) gl (n)e T+ )7 dr (3.1)

0

and, consequently, the norm of Hx (RT) is given by

1/2
1l = /U P ( / W F)(r) P+ D)r dT> G2
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Proposition 3.1. Let o > max{2|v| —2,0}. Fort > 0, we introduce
Ki(z,y) defined on )0, +oo[ X ]0, +o0[ by

+oo
Ki(z,y) = /6_41/2#6_%WM’V(xT)e_%WN’V(yT)e_(T—F%)TO‘dT. (3.3)
0

For all y €]0,+o0[, the function
T +— Kt(xa y)
belongs to Hy (RT).

Proof. Invoking the Cauchy—Schwarz inequality and the relation (2.19.24.7)
in [8], we will be able to prove first the fact that the kernel belongs to

L2(RY, e~ @+ 2% dz). Indeed,

— 1
||’Ct||i2(]R+,e*(z+%)za dx) - / |]Ct(.’l,',y)|2€ ($+m)xa dr =
0

+oo oo 2
:/</e_4” Tte _*W# v(xT)e” y;WH’V(yT)e_(TJ'_i)TQdT) e~ Tt pody <

0 0

< / </(€m;Wu (.’ET))QQ(T+1)TQdT>X

Wy, v(yT))zef(T+%)Ta dT) e~ @) g 4y <
7% W, (7)) dr) e~ @) 2 dox

W, (y7)) 0 dT) =

+oo

= (C;, )2y / g =) ge gy <
0
< (PO + )€y, (3.4)

where C}; , is given by (2.6).
In order to prove that K; € Hx (R™), we still need to prove that WK, €
L2(RY, e~ T+3) 7 dr),
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For @ > max{2|v| — 2,0}, we obtain the following estimate by using the
Cauchy—Schwarz inequality:
+oo
/e_%Wu,u(xT)Kt(xay)e_(ﬁé)xadﬂ@
0
+oo

1/2
< ( /(e_%Wu,y(JcT))Qe—(I+%)x(" da:) X

0
o 1/2

g ( / |’Ct<w,y>|2e‘(”+i’wad””) =
0

"

WK = <

o0

-

1/2
_zT 2
< ( / (e™ T Wyp(2r)) 2” dgc> ||/Ct||L2(R+’e,(m+%>za i =
0

= (C: )3 K|

L? (R+,67(m+%)za dz)’

Taking into account the previous inequality, we have

“+oo
2 B 2 it
T / WK y) e =) dr <
0
+oo
* 2 —(a+1 _(T+% o
SCH’U”’Ct||L2(R+,ei(l+%>zadw) /T )6 )T dTS
0
N . )
< (PO +2)OLMKR, o ety gy (35)

Therefore, we have just proved that, for y > 0, the function = — K;(x,y)
belongs to Hx (RT). O

In order to obtain some important results related to the heat kernel
and the Weierstrass transform, we need to introduce a new Hilbert space
which we denote by Hj (R*). Towards this end, we need first to guarantee
the following result (which will ensure that the above-mentioned new space
definition will be coherent with our purposes).

Lemma 3.2. If f € Hix(RT), then
+o0
/ (W fl(r)e™ T W, (zr)e” T2 dr (3.6)
0
belongs to Hy (RT).

Proof. Having in mind the definition of Hy (R™), under the above hypoth-
esis, we realize that we have to prove that both the element in (3.6) and its
image under W must belong to L2(RT, e~ () o dx).
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For start, we will directly prove that for all elements f € Hgx(R') we
have
400
/ [Wﬂ(7)6_%Wu,u($7)6_(7+%)70‘ dr € L* (R+, e~ (@+3) g da:).
0
Indeed,
+00  +0o0 2

/‘/[W.ﬂ(T)eIJW#W(IT)e(TJFi)TadT
0 0

e~ @) 2o dy <

too 400
< (/ ([Wf](T))%(TJri)TadT)x
0

0
“+oo

X ( / (engu,u(xr))Qe(TH)T‘*dT)e(”i)m“da:S

+oo +oo

< / (/ ([Wf](7>)26—<f+1>7ad7>x
+o0

(6_%WM7,}($7‘))27'& dT) e~ @+ D) dg <

o

X(
—+oo

—a—1 _—(x+L
SC;;l/||Wf||L2(R+’e*(T+%)TadT) /x : ¢ (x T)xadxg
0
+oo

—a—1 —
< C:;,V||Wf||L2(R+,e*(T+%)Ta dr) / = e e du <
0

<o+ D)l (37)

L2 (IRJr,ef(TJr%)TCY dr)’
From the previous inequality, taking into account the definition of the
Whittaker integral transform (1.1), we have the following inequality related

with the Whittaker transform:
+o0 2

‘W{ / (W fl(r)e™F Wy (ar)e (TF7)re dT}

’ +oo ) +oo
= ‘ /ex;Wu,V(acT’)< /[Wf](T)e*%W#’V(xT)x
0 0

2

x e~ (T+3) o dT) et da| <
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2
< / (6_25 WW,(xT’)e_(Hi)ma) X

0

oo ) 2
X < (W fl(T)e™ 2 W, (x7)e” THo)r dT) dx <
+oo
. et 2 el

< O;,L,V||WfHL2(]R+,e*(T+%)TQd_r) / (6 2 WM,V(-'I?T/)) xQoz:E @ 1d.’17 <

0

+

o

< ChPE WA gy (3.8)
Therefore, for f € Hy, we have

400

W( / [Wf](7)6_%Wu,u(l’7')€_(7—+%)7'a dT) crL? (R+,e_(7/+%)(7')a dT/)
0

ie.,

400 400

/e_m;/Wu,V(l’T/)( / (W (r)e™ T Wy (ar)e (TH)re dT) e~ g dy

0 0

eL? (R+, e_(T/'*'%)(T’)O‘ dT’).

Indeed, from (3.8), we get

oo +00
/ HW( / W f](r)e™ F W, (ar)e T+ 7o dTﬂ(T')

x e (T'+77) (> dr' <

2
X

+oo
* —(r+3 a —a
< (Cu,u)2HWf“LQ(RJr,e*(**%)TadT) / e~ T (e () dr <
0

* 2
S (Cp,u) HWfHL?(]RJr,e*(T*%)TQ dT)' 0

Having in mind Lemma 3.2, we are now in a position to define Hj, (R™) as
the space of elements f € Hy (RT) which admit the integral representation

+oo

f(z) = / (W f](r)e™F W, (zr)e” T+ )7 dr, (3.9)
0

We will now exhibit a significative result based on the representation of
the elements of the space Hj,(R™) and the definition of the heat kernel.
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Lemma 3.3. Let K, € Hj(R"). Then, the Whittaker type transform
(1.1) of the heat kernel is given by

t,ﬂ

WE(r,z) =e —4’r > W, (xT). (3.10)

Proof. From Proposition 3.1, we find that K; € Hy(RT). Taking into
account the definition of heat kernel (3.3) and since K; € Hj(RT), we get

(WIK](r,x) = e~ Tt =5 W (2T). O

4. PROPERTIES OF THE WEIERSTRASS—WHITTAKER TRANSFORM

In this section, we shall define the above-mentioned Weierstrass—Whitta-
ker transform in a formal way, and derive some of its properties.

Definition 4.1. The Weierstrass transform associated with the Whit-
taker integral transform and called Weierstrass—Whittaker transform, is de-
fined in L2(R*, e~ ¥ v)y dy) by

) = / Ke(z,y)f(y)e” )y dy. (4.1)

For the classical Weierstrass transform, one can see [9].

Proposition 4.2. Let o > max{0,2v—2}. For allt > 0, the Weierstrass
type transform Wy f is a bounded operator from L*(R*, ef(er%)yo‘ dy) into
L2(R+,67(I+%)xa dz) and, for all f € LQ(RJF,G_(ZH'%)yO‘ dy), we have

et

<
L2(Rt, e~ @) ga dz) —

<@ PO+ UR, | er o (42)

L2(Rt,e vy dy)

Proof. The absolutely convergence of the integral (4.1) follows from the
Cauchy—Schwarz inequality and Proposition 3.1. Indeed,

VeI / Ke(w, )| 1 £ (y)le™ @y dy <

oo . 1/2 ) 1/2
< ( [ Kt ety a ) ( / 5 —<y+y>yady) <
0

—+oo

1/2
< ( [ @ty <y+v>yady) V£l
0

—(+d)

L2(RT,e viyedy) T

a+1

. 1 % _at1
<G, (o) + ) a1 f) i (4.3)

L2(R+,e” YTy dy)”
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Then, for all f € L?(R™*, ef(er%)ya dy) and using the relation (4.3), we
have

”Wtf||L2(R+ @+ P gady) / [Wef)(@)e (@+2) g dy <

400

£ )2 2 —(a+1) ,—(z+1) .
<@L PO+ IR, L gy, [ 5@ e @ D <
0
<(c: )Q(F(o 1)+1)2|\f||2 . . O
- HoV ’ e LQ(R"‘,e_(?H'E)ya dy)

Proposition 4.3. Let a>max{0,2v—2}. For allt > 0, the Weierstrass—
Whittaker transform W, f belongs to the space Hy (R™).

Proof. From the previous proposition we have
Wi f e L? (R+, e~ (@+a)ge dx).

Now, in order to prove that W, f belongs to the space H (R™), we need to
show that W[W,f] € L2(R*, e~ (T+3) 7o dr),
From the definition of the Whittaker type transform, we obtain

+oo
[[WVef]) (n)| < / e T\ W (27)| Wi f(2)|e” @) 2 da
0

and by using (4.3) and taking into account the Cauchy—Schwarz inequality,
we have

1\32
< — * 1
VIO < (DO + ) Crall g by
+oo
< [ e FWlerle e et do <

0
1

N
< (P(o, 1)+ f) CWIIfIILQ(]R+ ) ya gy <

2 1 1/2
< Ww(a7)) e~ (@Fa) g dm) X

dt

+ o~

(oo}

1/2
g (@t g=(@+3) po da:) <

o\

1IN, o .8
(PO )@ b

ST*
vye dy)

/\
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Having in mind the previous inequality, we obtain the following estimate:
+oo
2 —(T—&-l) «@
’W[Wtf](r)‘ e rrdr <
0

HW[Wtf]HiQ(R+,5’(T+%)7—a dr) =
+oo

< (rO.0+3) (€I / et =+ ra gy <
= ) e 8% LQ(R S

_ 1
+e (vt >y” dy)

113

< - * \3 2
< (O + ) CuPITIZ, o wede (4.4)
Hence, it follows that the composition of the Whittaker type transform
(1.1) with the Weierstrass—Whittaker transform (4.1) belongs to the space

L2(R*, e~ "+3)79 d7) and therefore W, f € Hg (R1). 0

The just used composition of integral transformations can be described
in an even more detailed way if we invoke the representation of the elements
of the space Hj;(R") and the definition of the Weierstrass—Whittaker trans-
form, as we shall see in the next result.

Lemma 4.4. Let W, f € Hj.(R"). For all t > 0, we have
(W) (r) = e 7 W £]()- (4.5)

Proof. From the definition of Weierstrass—Whittaker transform, the defi-
nition of inner product in Hg (R™), Proposition 3.1, Proposition 4.3 and
Lemma 3.3, we deduce

+oo

Wifl(z) = | Kz, y)fly)e” W9y dy =

oo

(WEK(T)W[f](r)e” T+ 7o dr =

oo

S+ O+ O

Wt W (z7)[W f] (7)67(T+%)7’a dr.

Since W, f € Hj,(R*), invoking (3.9), we find
— u27‘
(W] () = e T W £](7). (4.6)
O
5. THE WEIERSTRASS—WHITTAKER TRANSFORM AS A SOLUTION
OF A HEAT TYPE EQUATION

In this last section we will show that the Weierstrass—Whittaker trans-
form W, f solves a non-stationary heat type equation (cf. (5.2)). To this
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end, first of all, we need to prove that the kernel K;(z,y) is a solution of a
variant of the heat equation.

We start by recalling that the Whittaker function is an eigenfunction of
a second order differential operator. More precisely,

AW, .(2) = 4V2W“,V(Z),
where

d2
A, :422@ — 22+ dpz+ 1. (5.1)
From the differential properties of the Whittaker function, the absolute
and uniform convergence of the integral (1.3) and its derivatives with respect
to t and x, we directly arrive at the following result.

Corollary 5.1. The kernel K:(x,y) satisfies the non-stationary heat type
equation

atu(tax7y) = 7Lzu(t,1'7y)a t,l’,y > Oa (52)
where
L, = 4T3x2d—2 + 47’43U2i +7322(7% = 1) + dpric + 1 (5.3)
v dz? dx ' ’

is a second order differential operator which satisfies
Lo(e” T Wy, (a71)) = d’re” 2 W, (27). (5.4)

Furthermore, the kernel Ki(x,y) is also a solution of the non-stationary
heat type equation

Owu(t,z,y) = —Lyu(t,z,y), t,z,y >0, (5.5)

where

. d? d
L,= 4732 din + 474y? d—y + 73y2(72 -1+ Adury + 1 (5.6)

is a second order differential operator which satisfies
L, (e*%Wuyy(yT)) = 41/2767%1/(/,‘71,(347). (5.7)

Theorem 5.2. Let f € Hg(RT). For all t > 0 and for all Wi f €
Hi(RY), the function W, f solves the generalized heat equation (5.2), with
the initial condition thrr(l)[Wtf](x) = f(z) in Hg(RT).

Proof. Propositions 3.1 and 4.2 guarantee the necessary differential proper-
ties of W, f, and from the differential properties of the Whittaker function
we deduce that the function W, f is a solution of (5.2).
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We will now prove the initial condition. From the definition of the norm
of Hi(RT) (cf. (3.2)) and using Lemma 4.4, we have

W f = £112

1 =
L2(]R+,e_(m+5)w“ dx)
400

[ [ - i e pre i =

et 1w f)(r) Pe T e (5.8)

|
O\§ S

Since 4v%7t > 0, we realize that the right-hand side of (5.8) is estimated by
+oo

Ik |[Wf](7')\26_(7+%)7'0‘ dr. Then, we can pass to the limit — 0 through
0

equation (5.8) and the desired result is obtained. O
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