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Abstract. For higher-order strongly singular differential equations with
deviating arguments, the estimates for solutions of two-point conjugated
and right-focal boundary value problems are established.
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1. STATEMENT OF THE MAIN RESULTS

Consider the differential equation with deviating arguments
u™(t) = " pi(t)ul =V (r(t)) +q(t) for a <t <b (1.1)
j=1

with the two-point conjugated and right-focal boundary conditions

W a)=0 (i=1,...,m), WV Vb)) =0 (G=1...,n—m), (1.2
and

uDa)=0(i=1,....m), w9 D0B)=0 (j=m+1,...,n). (13)

Here n > 2, m is the integer part of n/2, —oco < a < b < +00, pj,q €
Lipe(Ja,b]) (j = 1,...,m), and 7; :]a,b[— |a,b] are measurable functions.
By v~V (a) (u¥=D (b)) we mean the right (the left) limit of the function
ul=1) at the point a (at the point b).

Following R. P. Agarwal and 1. Kiguradze [1], we say that the equation
(1.1) is strongly singular if f: P(s)ds = +oo, where

P(t) = (t—a)™ (b=t [(—1)™py (0], +3 (=)™ (b—t) " |pi (1)
i=2
If the equation (1.1) is strongly singular, then we say that the problem
(1.1),(1.2) (the problem (1.1),(1.3)) is also strongly singular.

In the case, where 7;(¢t) =t (j = 1,...,m), the strongly singular prob-
lems (1.1), (1.2) and (1.1), (1.3) are investigated in detail by I. Kiguradze and
R. P. Agarwal [1], [2]. In particular, unimprovable in a certain sense condi-
tions are established by them for the unique solvability of those problems in
the spaces C"~ 5™ (]a,b[) and C"~1™(]a,b]). For i) £t (G=1,...,m),
the analogous results are obtained in [5], [6]. In the present paper, on the
basis of the results of [6], the estimates for solutions of the strongly singular
problems (1.1), (1.2) and (1.1), (1.3) are established.

Throughout the paper we use the following notations.

Ry = [07 —I-OO[ )

[x]+ is the positive part of a number z, i.e., [z]; = %lml ;

Lioc(Ja, b)) (Lioe(Ja,b])) is the space of functions y :]a,b[ — R, which are
integrable on [a +¢,b — €] ([a + ¢, b]) for an arbitrarily small € > 0;

Lag(la,b]) (L2 5(Ja,0])) is the space of integrable (square integrable)
with the weight (t — a)*(b — t)? functions y :]a, b[— R, with the norm

b

Wi, = / (s — a)*(b— 5)°ly(s)| ds

a
b

lollez , = ( [ (s = )"0~ )%y (s) ds ).
(e = (f )

a



68 Sulkhan Mukhigulashvili and Nino Partsvania

L([a,B]) = Loo(Ja, bD), L([a,b]) = L3 o(Ja, b

M(]a, b]) is the set of measurable functions 7 :]a, b[ — ]a, b[;

L2, 5(Ja, ) (L2 (Ja,b]) is the Banach space of functions y € Lo (]a, b])
(Lioc(]a, b])) such that

i :max{[/t<s—a>a(/ty(5>ds)2dsr/2: a<t< “2“’}+

a s
b

+max{{ (b—s)ﬁ(/sy(f)dé)zds]l/2: a;b <t<b}<+oo,

t t

yg—max{[/t(sa)a(/ty(f)df)stT/Z: agtgb} < +o0.

Norms in this spaces are defined by the equalities ||-||7. = p1 (||-[72 = p2)-
a,B a

Cn=1m(la,b[) (C™~1™(Ja,b])) is the space of functions y € C™~*(]a, b])

loc

(y € C"~*(]a,b])) such that

loc
b
/|u(m)(s)|2 ds < +00. (1.4)

When the problem (1.1),(1.2) is discussed, we assume that for n = 2m
the conditions

p; € Lioc(la,b) (j=1,...,m) (1.5)
are fulfilled, and for n = 2m + 1, along with (1.5), the condition
t
b
limsup |(b — ¢)2m! /pl(s) ds| < 400 (t1 _ o ) (1.6)
t—b

t1
is fulfilled. The problem (1.1), (1.3) is discussed under the assumptions
P € Lioella,B) (= 1,...,m). (1.7)

A solution of the problem (1.1),(1.2) ((1.1),(1.3)) is sought in the space
cr=tm(Ja, b)) (C"H(Ja, b))

By hj :]a,b[x]a,b[— Ry and f; : R x M(]a,b[) — Cioc(la,b] x ]a,b])
(j = 1,...,m) we denote, respectively, functions and operators defined by
the equalities

ha(t,s) = ‘ /t(é —a)" P (=) (9] df',
3 (1.8)

hj(t,s) = ’/t(i —a)" 2" p;(€) d&‘ (J=2,...,m),
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and
75 (§) /2
file,m;)(t,s) ’/ —a)" "2 |p;(€) |‘ / (& —¢)?(m= ])dﬁl‘ dﬁ‘. (1.9)

Suppose also that

1 for m <0
m!!l =
1-3-5--m for m>1"

ifm=2k+1.
In [6] (see, Theorems 1.4 and 1.5), the following two theorems are proved.

Theorem 1.1. Let there exist numbers t* €a,b[, lx; > 0, ly; > 0, and
Y >0 (k=0,1; j =1,...,m) such that along with

m )22m j+1lo
_z_:< 2m — )(2m — 25 + 1)1 i

22771 j_l(t* _ a)’YDjZOj

T am =2~ Di@m - 3)!!%) <

_ i (2m — j)22m—itl]y; N
_: 2m—1”2m 27+ 1!

1
5 (1.10)

i S T

! (2m — 2j — 1)!1(2m — 3)!1\ /2y, (1.11)

1
27
the conditions
(t—a)®Ihi(t,s) <loj, (t—a)™ 9 V2fa,m)(ts) <lo; (1.12)
for a<t<s<th
(b — t)Qm_jhj (t, S) S llj, (b — t)m_'ylj_l/ij(b, Tj)(t, 8) S le (1.13)

for t*<s<t<b

hold. Then for every q € L2, _2m—2,2m— 5(Ja, b]) the problem (1.1),(1.2) is
uniquely solvable in the space C"~ 1™ (Ja, b[).

Theorem 1.2. Let there exist numbers t* €]a,b[, lo; > 0, €y; > 0, and
Y0; >0 (j =1,...,m) such that the conditions

(t—a)®™Th(t,s) < loj, (t—a)™ Y2 f(a,7)(t,s) <lo;  (1.14)
for a<t<s<b,
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and

B zm': 2m ])22771 J+llo N
7: 2m—1”2m 25+ 1!

22m,—j—1(t* _ a)fyojioj
+
(2m — 25 — DHI(2m — 3)1\ /2,

hold. Then for every q € L2, 9, _o(la,b]), the problem (1.1), (1.3) is uniquely
solvable in the space C"~ ™ (Ja,b]).

) <1 (1.15)

In the paper, we prove the following two theorems on the estimates of
solutions of the problems (1.1), (1.2) and (1.1), (1.3), the existence of which
is guaranteed by Theorems 1.1 and 1.2.

Theorem 1.3. Let all the conditions of Theorem 1.1 be satisfied. Then
the wunique solution w of the problem (1.1),(1.2) for every q €
Z%n_gm_2,2m_2(]a,b[) admits the estimate

e < rlallzs, (1.16)
where
(I+b—a)(2n—2m—1)2™ 2m+1

- =1 =
(v, — 2max{ By, B1})(2m — 1)II”’ Vom = 1, Vomia 5

and thus the constant v > 0 depends only on the numbers lyj, lpj, Vr;
(k=1,2;7=1,...,m), and a, b, t*, n

Theorem 1.4. Let all the conditions of Theorem 1.2 be satisfied. Then
the unique solution u of the problem (1.1), (1.3) for every q € L2, 5, 5(Ja,b])
admits the estimate

[ut™ |2 < rllgllzs ; (1.17)

2n—2m—2
where
2m=1(2p — 2m — 1) 2m +1

= m:17 m = bl
" n By m 11 Vamt 2

end thus the constant r > 0 depends only on the numbers lg;, Zoj, Yo;
(j=1,...,m), and a, b, n.
2. AUXILIARY PROPOSITIONS
To prove Theorems 1.3 and 1.4, we need Lemmas 2.1-2.6 below.

Lemma 2.1. Let € C""(]to, t1]) and

loc

W0 D(to) =0 (j=1,...,m), /|u(’”)(s)|2 ds < oo (21)
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Then

](WW”@P e

5 — to)2m—2i+2 =

to
t
2m7j+1 2
<({— (m) 2 <t <t .
<(Grzgyrm) [ @R frai<n, (22
to

Lemma 2.2. Let u € C" 7 (Jto, t1]), and

loc
t1
WD) =0 (G =1,....m), /|u(m)(s)|2ds <400, (23)
to

Then
ty .
(u=1(s))?
el
t

t1
2m7j+1 2
<\ —77n (m) (s)[2 <t<t. 2.4
_((2m_2j+1)”) /\u (s)2ds for to <t<ti.  (2.4)
t

loc

Then we define the functions u; : [a, (a+b)/2] X [(a+b)/2,b] X [a,
pr: ltovt] = R (k= 0,1), A, : [a,b]x Ja, (a+b)/2] x [(a+b)/2,b
R, by the equalities

Let to,t; €]a,b[, u € C" " (Jto, t1]), and 7, € M(Ja,b]) (j = 1,...,m).
]

Tj(t) for Tj(t) S [to,h]
pito ti,t) = Qo for 75(t) <to
t for Tj (t) > 1

ty
pr(t) = ‘/|u(m)(s)2ds , (2.5)
t
pj(to,t1,t) | 12
)\j (07 t07 t17 t) = ‘ / (S — 6)2(7”_3) ds

t

Moreover, we define the functions «; : Ri x [0,1[— Ry and §; € Ry x
[0,1[— R+ (j =1,...,m) as follows
2m7jy27
(2m —25 — 1)1V’
22m—j—1 y'y
(2m — 25 — DHI(2m —3)! /2y

O[j($,y,2:,’y) =+

Bi(y,7) =
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Lemma 2.3. Let ag €a,b[, to €a, a0, t1 €]ag,b[, and a function u €
C;Zc Y(Jto, t1]) be such that the conditions (2.1) hold. Moreover, let constants

loj >0, loj > 0, v0; > 0, and functions p; € Lioc(Jto, t1]), 75 € M(Ja, b[) be
such that the inequalities

ao

(t _ tO)Qm—l/ [ﬁl(s)]Jr ds < lp1, (27)

t
ao

/ ds‘ <l (j=2,...,m), (28)

t

(t —to)*™J

ao

(t*to)mi%i’yoj /pj(S)Aj(to,to,tl,S) dS S ZOj (] = 1,...,m), (29)
t

hold for tg <t < ag. Then

ao

/ B, (8)u(s)uli= (3 (to, 11, 5)) ds <

t
<a;(loj, loj, ao—a, 70;‘)/)(1)/2(7'*)/)(1)/2(75) +1ojB;(ao—a, ’YOJ‘)P(l)/2(T*)P(1J/2(a0)+

(2m — jy22m=i+1
Gm — i2m —gj £ 1n Pola0) for to <t < a0, (210)

+ loj

where T* = sup {uj(to,tl,t) g <t<ag, j= 1,...,m} <t.

Lemma 2.4. Let by €a, b, t1 €]by,b[, to €]a,bo|, and a function u €
C’lrgc Y(Jto, t1]) be such that the conditions (2.3) hold. Moreover, let constants

lij >0, li; >0, v1; > 0, and functions p; € Lioc(Jto, t1]), 75 € M(Ja,b]) be
such that the inequalities

t

(tl _ t)mel/ [ﬁl(s)]Jr ds < llla (211)
bo
(t; —t)*m—J / (s)ds| <ly; (j=2,...,m), (2.12)

bo
t

/ t15t05t17 )dS §71

(ty — )™~
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hold for bg <t <ti. Then

t

[ B o, . 5)) ds <

bo

<a;(laj, Ty b—bo, 101 2 (1) oy > () +11; 85 (b—bo, m;) 1> () py > (o) +
(2m — j)22m—It1

(2m —DN(2m — 25 + 1)

where 7, = inf {1 (to, t1,t) 1 bo <t <t1, j=1,...,m} > to.

+l1j T pl(bO) fO’f’ bo <t <ty (2.14)

Lemma 2.5. If u € C"~"(Ja,b]), then for any s,t €a,b| the equality

loc

t

(—1)nm / (€ — )" 2™ (€)u(g) dé =

= () — wn(5) + v / ™ ()2 de (2.15)

is valid, where

2m + 1 - . .
vam =1, vamyr = o, wan(t) = Y (=1 Cm I @),
j=1
Woma1(t) = Z(_l)m+j |:(t _ a)u(2m+1—j)(t) _ ju(2m_j)(t) u(j—l)(t)_
j=1
t—a, o,
S
Lemma 2.6. Let
n—mmn— )
w(t) = Z Z cie ("R ()ulD (1),
i=1 k=i

where C"=1™(Ja, b]), and each c;y, : [a,b] — R is an (n—k—i+1)-times con-
tinuously differentiable function. If, moreover, u="(a) =0 (i =1,...,m),

. [cia(t)]
limsup & ~o—am

then lirtninf|w(t)| =0, and if uV(b) = 0 (i = 1,...,n —m), then

llltrilglf lw(t)] = 0.

<400 (i=1,...,n—m),

Lemmas 2.1, 2.2 are proved in [1], Lemmas 2.3, 2.4 are proved in [6]. The
proof of Lemma 2.6 can be found in [4]. As for Lemma 2.5, it is a particular
case of Lemma 4.1 from [3].
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3. PROOFS

Proof of Theorem 1.3. Let u be a solution of the problem (1.1), (1.2). Then
in view of Theorem 1.1, the inclusion u € C"™~1(]a, b]) holds, i.e.,

p= / [u(™(5)|? ds < +o0. (3.1)

Multiplying the equation (1.1) by (—=1)"~"(t — a)" 2™ u(t) and then inte-
grating from tg to ¢1, by Lemma 2.5 we obtain
¢
W (t) 1w (5)+ / W OF d= (1" [(s-a) *g(suls) ds+

- mz / =) (©ub D ((€)u(€) dE (3:2)

for a < s <t < b. Hence by Lemma 2.6 it is evident that
lim inf |wy,(s)| = 0, lirtn iglf |wn ()] = 0. (3.3)
s—a _

Moreover, due to the conditions (1.10) and (1.11), a number v €10, 1] can
be chosen so that the inequalities

m

_ (2m — j)22m—I+1 - )

j=1
= _2:1)/2 )22m—i+1 (3.4)
Z( m— 1 H(j2m—2]—|—1) H“ﬂj(bt*’%j)> <
< (vn - )2,
would be satisfied, and then
0 <v<v, —2max{By, B }. (3.5)

It is obvious that the maximum of v depends only on the numbers I, ij,
v (k=1,2;j=1,...,m), and a, b, t*, n. Now, if we put ¢ = (a + b)/2,
then by virtue of Lemmas 2.1, 2.2, and Young’s inequality we get

] / =2 g(ap)u() dw‘ <

< ‘ / (b — a2y dw] \ / yr-2ma()u() | =

S
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] / [0 = 2m)u(w) + (= @) 2" ()] w/ q(f)df)dw‘Jr

+‘/ {(n = 2m)u(y) + (¥ — a)"iQmu’(w)} (/wq(f) dg) dw‘ <

<[l [ 52 + ([ i)

+(14+b—a) [(an)(/@u_i(;gjgm d¢>1/2+(/(bizgi,)l_2 dd’)l/ﬂ X

(& C
1/2

x ( j (b—wy>=2( /w al€) de)’ dw) <

C C

< (14+b—a)(2n—2m —1)2m"!
- (2m — 1!

/2
[ /\u(m) |2ds /|u(m) \st } g/|u(m) ()| ds+

L(Abman=2m-D2My2 e

Y (2m — 1)!!

lallz2 x
L3 _2m —2,2m—2

for a<s < t* <t < b. Due to Lemmas 2.3 and 2.4 with ag = t*, tg = a,
bo = t*, ty = b, p;(t) = (t—a)" 2™ (=1)"""p,(t), and the equalities po(a) =
p1(b) =0, pj(a, b, t) = 7;(t), we have

(=p™ /(5 = )" ()u ™ (7;(€))u(€) dé <

S

< lo;Bi(t* — aﬁo;‘)fo(l)/z(b)/)ép(t*)'f‘

Qm_] 22m7j+1 * 7 * *
(275_1)”(;%_2 Ty o)+ (b=t )1 2 (@) P () +

+ loj

2m — j)22m=i+1 .
(2m(— 1)1!(32371 o) G0

+ llj
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for a < s <¢* <t < b. Thus according to (3.3)—(3.7), and the inequalities

pé/z(b)pém(t*) <p, pi/2(a)p}/2(t*) < p, we have the estimate

14
Unp < (Vn —V)p+ o pt

2
1 ((14+4b—a)2n—2m—1)2"\2
2v ( (2m — 1)” ) ||q||z’gn72m72,27n—2 (38)
From (3.5) and (3.8) it immediately follows that
[ul™)] 12 < rollalzs , ., for 0<v <wy—2max{B, B}, (3.9)

where 7, = [(1 +b—a)(2n — 2m — 1)2™]/[v(2m — 1)!]. Thus from (3.9) we
obtain
™z < rllglz; 7 (3.10)

—2m—2,2m—2
where

(14 b—a)2n—2m—1)2"

~ (vn —2max{By, B1})(2m — 1)’
Hence, by the definition of the numbers v,,, By, By, it is clear that r depends
only on the numbers l;, Ik, v; (k=1,2; j=1,...,m),and a, b, t*, n. O

The proof of Theorem 1.4 is analogous to that of Theorem 1.3. The only
difference is that instead of Theorem 1.1, Theorem 1.2 is applied, and we
put t =c=nb.
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