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VARIATION FORMULAS OF SOLUTION FOR A
CONTROLLED DELAY FUNCTIONAL-DIFFERENTIAL
EQUATION TAKING INTO ACCOUNT DELAYS
PERTURBATIONS AND THE MIXED INITIAL CONDITION

Abstract. Variation formulas of solution are obtained for a nonlinear
controlled delay functional-differential equation with respect to perturba-
tions of initial moment, constant delays, initial vector, initial functions and
control function. The effects of delay perturbations and the mixed initial
condition are discovered in the variation formulas.
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1. INTRODUCTION

In the present paper, variation formulas of solution (variation formulas)
are obtained for a nonlinear controlled delay functional-differential equa-
tion under perturbations of initial moment, constant delays, initial vector,
initial functions and control function. The effects of delays perturbations
and the mixed initial condition are discovered in the variation formulas.
The mixed initial condition means that at the initial moment, some coordi-
nates of the trajectory do not coincide with the corresponding coordinates
of the initial function, whereas the others coincide. The variation formula
allows one to construct an approximate solution of the perturbed equation
in an analytical form on the one hand, and in the theory of optimal con-
trol it plays the basic role in proving the necessary conditions of optimality
[1]-[11], on the other. Variation formulas for various classes of functional-
differential equations without perturbation of delay are given in [2], [6], [7]
and [9]-[13]. Variation formulas for delay functional-differential equations
with the continuous and discontinuous initial condition taking into account
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constant delay perturbation are proved in [14] and [15], respectively. Varia-
tion formulas for controlled delay functional-differential equations with the
continuous initial condition taking into account constant delay perturbation
are proved in [16].

2. FORMULATION OF THE MAIN RESULTS

Let R” be the n-dimensional vector space of points z = (z!,...,2™)7,
where T denotes transposition; suppose P C R’;, Z C R and W C R,
are open sets and O = (P, Z)T = {z = (p,2)T € R : p € P,z € Z}, with
k+m = n. Let the n-dimensional function f(t, z, p, z, u) satisfy the following
conditions: for almost all ¢ € I = [a, b], the function f(t, ) : OXPXZxW —
R is continuously differentiable; for any (z,p,z,u) € O X P x Z x W,
the functions f(t,z,p, z,u), fz(-), fp(:), f2(:) fu(-) are measurable on I; for
arbitrary compacts K C O, U C W there exists a function mg () €
L(I,[0,00)), such that for any = € K, (p,2)” € K, u € U and for almost all
t € I the inequality

[f(tz,p,zu)| + [fo ()l + [fp O+ [ LO]+ [ fu()] < mgu(t)
is fulfilled.

Let 0 < 71 < 72, 0 < 01 < 03 be the given numbers and E, = E, (I, R’;)
be the space of continuous functions ¢ : I; — R’;7 where I = [7,0],7 =
a — max{7y, 0a}. Further,

d={peE,: p(t)e P} and G={ge Ey=E,(I1,R}"): g(t) € Z}
are the sets of initial functions. Let E, be the space of bounded measurable
functions w : I — R, and Q = {u € E, : u(t) e W, t €I, clu(l) Cc W}
be a set of control functions, where u(I) = {u(t) : t € I} and clu(I) is the

closure of the set u(I).
To any element

= (t0,7,0'7p0,S0,g,u) EA= ((l,b) X (7_1;7_2) X (01702) X Px®xGx Qv
we assign the controlled delay functional-differential equation

I(t) = (p(t)? Z(t))T = f(t7x<t)7p(t - T),Z(t - U)a u(t)) (2'1)

with a mixed initial condition

a(t) = (p(t),9(1)", t € [F.to), z(to) = (po.g(to))". (2.2)
The condition (2.2) is said to be a mixed initial condition; it consists of two
parts: the first part is p(t) = (t), t € [T, o), p(to) = po, the discontinuous
part, since generally p(to) # ¢(to); the second part is z(t) = ¢(t), t € [T, to],
the continuous part, since always z(tg) = g(to).

Definition 2.1. Let u = (to,7,0,p0,9,9,u) € A. A function z(t) =
x(t;pu) € O, t € [T,t1], t1 € (to,b), is called a solution of equation (2.1)
with the initial condition (2.2) or a solution corresponding to the element
w and defined on the interval [7,¢;] if it satisfies the condition (2.2) and is
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absolutely continuous on the interval [tg, 1] and satisfies the equation (2.1)
almost everywhere on [tg, t1].

Let o = (too, 70, 005 P00, P0, go, uo) € A be a fixed element. In the space
E, = R}, X RL x RL x R x E, x Eg x E, we introduce the set of variations

to

V= {5# = (6t0767-7 6Ua 6p0a6(p76.g75u) € EM — Ho - I(St()‘ < a,

|07] < @, 00| <, |0po] < @, dp = Z)\idgoi,
i=1

59 = ZAZ(SQH du = Z)‘i(su’ia ‘)‘1| < a, 1= 171/}5
=1 =1

where dp; € E, — o, 6g; € Eq — go, 0u; € E, — ug, i = 1,v, are the fixed
functions; a > 0 is a fixed number.

Let 2(t) = (po(t), 20(t))T be the solution corresponding to the element
o and defined on the interval [T, t10], with t19 < b. There exist numbers
91 > 0 and 1 > 0 such that for arbitrary (e,du) € [0,e1] x V' we have
to + € € A. In addition, to this element there corresponds the solution
x(t; po + €op) defined on the interval [T, t19 + d1] C I1 (see Theorem 5.3 in
17, p. 111)).

Due to the uniqueness, the solution x(¢; uo) is a continuation of the so-
lution zo(¢t) on the interval [7,¢19 + 01]. Therefore, the solution xo(t) is
assumed to be defined on the interval [7,t19 + 1].

Let us define the increment of the solution zo(t) = x(¢; wo):

Ax(t;edpn) = x(t; uo +edp) — xo(t), (t,e,0p) € [T,t10+ 1] x [0,e1] x V.

Theorem 2.1. Let the following conditions hold:
2.1. too + 710 < t10;

2.2. the functions @o(t), go(t), t € I1, are absolutely continuous and
®o(t), go(t) are bounded; there exist compact sets Ko C O and Uy C
W containing neighborhoods of sets (¢o(11), go(11))T U xo([too, t10])
and clug(I), respectively, such that the function f(t,x,p,z,u),
(t,z) € I x Ky, (p,2)T € Ko, u € Uy, is bounded;

2.3. there exist the limits

lim go(t) = 67

t—too—

g
lim f(w,uo(t)) = fO_’ we(too — To,too]XOXP XZ,
0

lim [f(wi,u0(t)) = fwa,uo(t)] = for,

(w1, w2)—(wo1,wo2)

w1, wy € (too, too + 7o) X O X P x Z,



142

where
= (t,z,p,2),
= (to0, T00, Po(too — 70), go(too — 00)),
200 = (P00 9o(teo)) ",
(too + 70, Zo(too + 70), Poo, Zo(too + To — 00)),

too + 7o, To(too + 70), ©o(tao), 20(too + 70 — 00))-
Then there exist numbers g2 € (0,£1] and 02 € (0,81] such that

Ax(t;edp) = edx(t; du) + o(t;edn) (2.3)
for arbitrary
(t,E,(S,LL)G [tlo — 0o, t10 + 52] 0 62 {6# eV :dtg <0, 67 <0, do < O}

where

a(t: 6) = {¥ (t00: ) [(Oux1,95)" = £ ] = ¥ (too + 05 8) f fSto—
— Y (too + 70;t) f0,07 + B(t;€dp), (2.4)
B(t; e6) = Y (too; t)(dpo, dg(too)) " —

—{/Y@mnmm@—mm§&—

t

{ [ vensigante— o) de oot

too

too

+ / Y (€ + 703 0f,[€ + ol (€) det

too—To

too

v j/ V(€ + 00: ) f- [ + 00l0g(€) de+

too—0o0
t

+/Y@wnmmama (2.5)

too

lim o(t;edp)

e—0 £

=0
uniformly for

(t,0u) € [t1p — 02, t10 + d2] X {(5u eV:dtg <0, 61 <0, do < O};
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Opkx1 is the k x 1 zero matriz, Y (s;t) is the n X n matriz function satisfying
on the interval [too,t] the equation

V(&) = =Y (§ 01206 — (Y (€ + most)fylé + 7o), Y (€ + 00 ) -[6 + ],

and the condition

H,xn for £=1t,
Onxn for& >t.

Y(&t) = {
Here, H,,«y, s the n X n identity matriz,

fal€l=Fz (E,wo(«i),po(ﬁ—m), zO(f—Uo)’UO(f))’ Po(§—T0) =D0o(5)._c_., >

under po(s) is assumed derivative of the function po(s) on the set [T,tp0) U
(too, t1o0 + d2].

Some comments. The function dx(¢;du) is called the variation of the
solution x((t) on the interval [t19 — d2,t10 + d2] and the expression (2.4) is
called the variation formula.

c1) Theorem 2.1 corresponds to the case where the variations at the
points tgg, 79, 0¢ are performed simultaneously on the left.

¢2) The addend

t

- {Y(too + 705 t) for +/Y(€;t)fp[f]150(€ — 7o) d§}57

too

= { /tY(f;t)fz[E]Z'o(S - 00)d§}50

is the effect of perturbations of the delays 79 and og (see (2.4) and
(2.5)).
¢3) The expression
Y (to0; t)(6po, 89 (too))” +
+ {Y(too;t) [(Okx1.90)" — fo] = Y(too + To;t)f()_l}5to

is the effect of the mixed initial condition (2.2) under perturbations
of initial moment tgg, initial vector pgg and function go(t).
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c4) The expression

too

Y (& + 7105 t) fpl€ + T0]0p(§) dE+

too—To
too t
+ / Y€ + 00 )12 [€ + 00]0g(€) de + / V(&) fullSu(e) de
t(]o—o'o tOO

in the formula (2.5) is the effect of perturbations of the initial func-
tions pq(t), go(t) and the control function wug(t).

¢5) The variation formula allows one to obtain an approximate solution
of the perturbed functional-differential equation

i(t) = f(t, 2(t), p(t — 0 — €67), 2(t — o — £60), up(t) + 5(5u(t))
with the perturbed initial condition
z(t) = (po(t) + 6p(t), go(t) + €6g(t)) ", t € [F,too + £bto),
(too + €dto) = (poo + €0po, go(too) + Eég(too))T.
In fact, for a sufficiently small e € (0, 3] from (2.3) it follows that
x(t; po + edp) = xo(t) + edx(t; dp).

Theorem 2.2. Let the conditions 2.1 and 2.2 of Theorem 2.1 hold.
Moreover, there exist the limits

1. . t _ .+
(Jim  go(t) = 9o
lim f(’LU7UQ(t)) = f;7 w e [too,tlo) X O x P x Z,
w—wo

lim [f (w1, u(t)) — folwz,uo(t)] = foh,

(w1,w2)—(wo1,wo2)
w1, Ws € [too +T07t10) x O x PxZ.

Then there exist numbers eo € (0,e1] and 62 € (0,1] such that for arbitrary
(t,e,é,u) S [tlo — 0o, t10 +(52] X [0762] X {(SM eV:tg >0, 67 >0, do > O}

the formula (2.3) holds, where

dx(t;op) = {Y(too;t)[(@kxl’g'ar)T — fo] = Y(too + To;t)f$} dtg—
— Y (too + 705 t) fr 07 + B(t; €6 ).

Theorem 2.2 corresponds to the case where the variations at the points
too, To, 0o are performed simultaneously on the right.
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Theorem 2.3. Let the conditions of Theorems 2.1 and 2.2 hold. More-
over,

(Okx1,95)" = fo = Orx1, )T = fif = for fo1 = [ = for.

Then there exist numbers eo € (0,e1] and 62 € (0,1] such that for arbitrary
(t,e,0u) € [tio — 02, t10 + 2] X [0,e2] X V' the formula (2.3) holds, where

S (t; p) = {Y(too;t)fo ~ Y (too + To;t)fm}éto—
=Y (too + 70; t)fmér + B(t;edp).

Theorem 2.3 corresponds to the case where at the points tog, 79, 0o the
two-sided variations are simultaneously performed. Theorems 2.1-2.3 are
proved by the method given in [10]. If 99 + 70 > t10, then Theorems 2.1-
2.3 are also valid. In this case the number J, is so small that tg9 + 79 >
t10 + d2, therefore in the variation formulas we have Y (too + 70;t) = Opnxn,
t € [ti0 — 02,110 + O2]. If too + To = t10, then Theorem 2.1 is valid on the
interval [t19,t10 + d2] and Theorem 2.2 is valid on the interval [t;9 — d2, t10]-
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