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ON THE CONTI-OPIAL TYPE EXISTENCE AND
UNIQUENESS THEOREMS FOR GENERAL NONLINEAR
BOUNDARY VALUE PROBLEMS FOR SYSTEMS OF
IMPULSIVE EQUATIONS WITH FINITE AND
FIXED POINTS OF IMPULSES ACTIONS

Abstract. The general nonlocal boundary value problem is considered
for systems of impulsive equations with finite and fixed points of impulses
actions. Sufficient conditions are given for the solvability and unique solv-
ability of the problem.
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In the present paper, we consider the system of nonlinear impulsive equa-
tions with a finite number of impulses points

2—? = f(t,x) almost everywhere on [a,b]\ {71,...,Tm,}, (1)
z(n+) —x(n—) = L(z(n)) (I=1,...,mg), (2)

with the general boundary value condition
h(z) =0, (3)

where a < 71 < -+ < Ty < b (we will assume 79 = a and Ty, 1 = b, if nec-
essary), —oo < a < b < 400, mg is a natural number, f = (f;)"_; belongs
to Carathéodory class Car([a,b] x R",R™), [; = (I;;), : R* — R" (I =
1,...,mg) are continuous operators, and h : Cs([a, b, R™; 71, ..., Tim,) — R”
is a continuous, nonlinear, in general, vector-functional.

In the paper, the sufficient (among them the effective sufficient) condi-
tions are given for solvability and unique solvability of the general nonlinear
impulsive boundary value problem (1),(2);(3). We have established the
Conti—Opial type theorems for the solvability and unique solvability of this
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problem. Analogous problems investigated in [8]- [11], [13] (see also the ref-
erences therein) deal with the general nonlinear boundary value problems
for ordinary differential and functional-differential systems.

Certain results obtained in the paper are more general than those already
known even for ordinary differential case.

Quite a number of issues of the theory of systems of differential equa-
tions with impulsive effect (both linear and nonlinear) have been studied
sufficiently well (for a survey of the results on impulsive systems see e.g. [1]—
[7], [12], [14] and the references therein). But the above-mentioned works,
as we know, do not contain the results obtained in the present paper.

Throughout the paper, the following notation and definitions will be used.

R =] — 00, +0o0[, Ry = [0,400[; [a,b] (a,b € R) is a closed segment.

R™*™ is the space of all real n x m-matrices X = (z;);;, with the
norm

IX]| = max Z |55
i=1
X+ X
=5
R™ = {(zw)?’]ﬁl cxy; >006=1,...,n; j= 1,...,m)};

R(rXn)Xm _ pnxn o ROX7N (m-times).

1X] = (i iy X+

R™ = R™*! is the space of all real column n-vectors z = (z;)I_; R} =
RnXl
gk
If X € R™" then X!, det X and 7(X) are, respectively, the matrix,
inverse to X, the determinant of X and the spectral radius of X; I,,xn is
the identity n x n-matrix.
b
V(X) is the total variation of the matrix-function X : [a,b] — R™*™,
a

i.e., the sum of total variations of the latter components;
V(X)(t) = (v(zij) ()52,

where v(z;;)(a) =0, v(zi;)(t) = \t/(xw) for a < t < b;

X (t—) and X (t+4) are, respectively, the left and the right limit of the
matrix-function X : [a,b] — R™*™ at the point ¢ (we will assume X (t) =
X(a) for t < a and X(t) = X (b) for t > b, if necessary);

1Xls = sup {|I X (O)[| = ¢ € [a, 0]}
BV ([a,b], R™*™) is the set of all matrix-functions of bounded variation
b
X :la,b] = R™™ (i.e., such that V(X) < +00);

C([a,b], D), where D C R™ ™ is the set of all continuous matrix-functi-
ons X : [a,b] — D;

C([a,b], D;71,...,Tm,) is the set of all matrix-functions X : [a,b] —
D, having the one-sided limits X(n,—) (I = 1,...,mq) and X(n+) (I =
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1,...,mp), whose restrictions to an arbitrary closed interval [¢, d] from [a, b]\
{71,y Tmyl} belong to C([c,d], D);

Cs([a,b],R™ ™ 7y ..., Tsm,) 18 the Banach space of all X €
C(la, b, R™ ™1, ..., Tmy) with the norm || X]||s.

C(la,b], D), where D C R™ ™, is the set of all absolutely continuous
matrix-functions X : [a,b] — D;

C(la,b], D;T1,...,Tm,) is the set of all matrix-functions X : [a,b] —
D, having the one-sided limits X(r,—) (I = 1,...,mp) and X(n+) (I =
1,...,mg), whose restrictions to an arbitrary closed interval [c,d] from

[a,b] \ {7%}}, belong to C([e,d], D).

If By and By are the normed spaces, then the operator g : By — Bs
(nonlinear, in general) is positive homogeneous if g(Az) = Ag(z) for every
A€ Ry and z € By.

The operator ¢ : C([a, b], R"*™; 11, ...,Tm,) — R" is called nondecreas-
ing if for every z,y € C([a,b],R™*™;7y,...,Tm,) such that z(t) < y(t) for
t € [a,b] the inequality p(x)(t) < ¢(y)(t) holds for ¢ € [a, b].

A matrix-function is said to be continuous, nondecreasing, integrable,
etc., if each of its components is such.

L([a,b], D), where D C R™*™  is the set of all measurable and integrable
matrix-functions X : [a,b] — D.

If D; ¢ R™ and Dy C R™*™, then Car([a,b] x Dy, Ds) is the Carathé-
odory class, i.e., the set of all mappings F' = (fi;).j2, : [a,b] x D1 — Dy
such that for each i € {1,...,{}, j € {l,...,m}and k € {1,...,n}:

(a) the function fi;(-, ) : [a,b] — D5 is measurable for every « € Dy;

(b) the function fy;(t,-) : D1 — D5 is continuous for almost all t € [a, b],
and

sup {|fi;(-,z)| : @ € Do} € L([a,b], R; gi) for every compact Dy C D.

Car®([a,b] x Dy, Dy) is the set of all mappings F' = (fi;),7% © [a,b] x
Dy — Ds such that the functions fi;(-,z(-)) (i=1,...,5; k=1,...,n) are
measurable for every vector-function z : [a,b] — R™ with a bounded total
variation.

By a solution of the impulsive system (1), (2) we understand a continuous
from the left vector-function # € C([a,b],R™;71,...,7Tm,) satisfying both
the system (1) a.e. on [a,b] \ {71...,Tm,} and the relation (2) for every
ke {1,...,7’710}.

Definition 1. Let ¢ : Cs([a, b, R™; 71, ..., Tm,) — R™ be a linear con-
tinuous operator, and let £y : Cy([a, b], R™;71,...,Tpm,) — RY be a positive
homogeneous operator. We say that a pair (P,{J;};"%), consisting of a
matrix-function P € Car([a,b] x R™,R™*™) and a finite sequence of contin-
uous operators J; = (Ji;)P; : R® — R"™ (I = 1,...,myg), satisfy the Opial
condition with respect to the pair (¢, {o) if:
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(a) there exist a matrix-function ® € L([a, b],R"}) and constant matri-
ces ¥, € R™*™(l =1,...,myp) such that

|P(t,z)| < ®(t) a.e. on [a,b], x € R"
and

[Ji(z)| < ¥, for z e R™ (I=1,...,mp);

det(Inxn +Gi1) 0 (I=1,...,mp) (4)
and the problem
d
di; = A(t)z ae. on [a,b]\ {71, ., Ty} (5)
z(n+) —z(n—) =Gaz(n) (=1,...,mp), (6)
[€(x)] < Lo(x) (7)
has only the trivial solution for every matrix-function A €
L([a,b],R™"*™) and constant matrices G; (I = 1,...,mg) for which
there exists a sequence yi € C([a,b],R™;71,...,Tm,) (k=1,2,...)
such that

t

t
khlf P(r,yi(7)) dr = /A(T) dr uniformly on [a, b

and

kEIJ,I-loo Jl(yk(n)) = Gl (l = 1, N ,mo).

Remark 1. In particular, the condition (4) holds if
]| <1 (I=1,...,mp).
Below, we will assume that f = (f;)", € Car([a,b] x R",R"*™) and, in
addition, f(7,z) is arbitrary for x € R™ (I =1,...,mq).
Theorem 1. Let the conditions
| f(t,z)—P(t,2)z|| <at, ||z]]) ae on [a,b]\{71,...,Tm,}, TER", (8)

|1i(z) = Ji(z)z|| < Bi(||]]) for z € R™ (I=1,...,mg) (9)
and

|h(x) — 6(:10)‘ < Llo(x) + l1(||z||ls) for x € BV([a,b],R™) (10)
hold, where
0:Cs([a,b,R™; 71, .., Timo) = R"™ and £y : Cs([a, ], R™; 71, ..., T ) = RY

are, respectively, linear continuous and positive homogeneous continuous
mo

operators, the pair (P,{J;}]2%) satisfies the Opial condition with respect to
the pair (€,4p); o € Car([a,b] x Ry, Ry) is a function, nondecreasing in the
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second variable, and 5 € C([a,b],Ry) (I =1,...,mg) and {1 € C(R,R7})
are nondecreasing, respectively, functions and vector-function such that

b

1 e
limsup = ( |1 (p)|| + [ alt,p)dt+ > Bi(p) ) < 1. (11)
p ( 1(p a/ p ; zP)

p—+oo P

Then the problem (1), (2);(3) is solvable.
Theorem 2. Let the conditions (8)—(10),
Pi(t) < P(t,z) < Po(t) a.e. on [a,b)\{m1,...,Tmo}, = €R",

and
Ju < Ip(x) < Jo for x € R™ (I=1,...,mg)

hold, where P € Car®([a,b] x R",R"*"), P; € L([a,b],R"*") (i = 1,2),
Jiu € R™™ (4 =1,2; 1 =1,...,mg), £ : Cs([a,b],R™";71,...,Tm,) — R"
and Ly : Cy([a, b], R™; 71, ..., Ty, ) — R} are, respectively, linear continuous
and positive homogeneous continuous operators; o € Car([a,b] x Ry, Ry)
is a function, nondecreasing in the second variable, and p; € C([a,b],R;)
(I=1,...,mg) and {; € C(R,R") are nondecreasing, respectively, functions
and vector-function such that the condition (11) holds. Let, moreover, the
condition (4) hold and the problem (5), (6); (7) have only the trivial solution
for every matriz-function A € L([a,b],R™*™) and constant matrices G; €
R™*™ (I =1,...,mg) such that

Pi(t) < A(t) < Pa(t) a.e. on [a,b]\{m1,...,7mo}, z€R"

and
Ju<G <Jy for zeR™ (I=1,...,mp).
Then the problem (1), (2);(3) is solvable.
Remark 2. Theorem 1.2 is of interest only in the case where P ¢

Car([a,b] x R™, R"*™), because the theorem follows immediately from The-
orem 1.1 in the case where P € Car(]a,b] x R™,R™*™).

Theorem 3. Let the conditions (10),

|f(t,z) — Po(t)z| <
< Q)|x| + qt, [|z|]) a.e. on [a,b]\ {11, ,Tme}, = €R",
and
\Li(z) = Jor - x| < Hilz| + ly(||z]]) for z € R* (I=1,...,mq)

hold, where Py € L([a,b],R"*™), Q € L([a,b],R*™), Jo and H; € R"*"
(I =1,...,mo) are the constant matrices, £ : Cs([a,b],R™;711,...,Tmy) —
R"™ and ly : Cs([a,b],R";71,...,Tm,) — R are, respectively, the linear
continuous and positive homogeneous continuous operators; q € Car([a,b] X
Ry, R%) is a vector-function, nondecreasing in the second variable, and
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hy € C(la,b],Ry) (I = 1,...,mg) and {1 € C(R,R7}) are nondecreasing,
respectively, functions and vector-function such that

det(Lyxn + Jor) #0 (I=1,...,mp) (12)
and
VHL| - | (Tnxn + Jo) M <1 (=1,2; 1=1,...,mg) (13)
hold, and the system of impulsive inequalities

dxr

o Po(t)x) < Qt)x ae. on [a,b)\ {71, ,Tmo} (14)

’{L‘(Tl—‘r) — {L‘(Tl—) — Jle(Tl)’ < H; -LL’(TZ) (l =1,... 7m0) (15)

have only the trivial solution under the condition (7). Then the problem
(1), (2);(3) is solvable.

Corollary 1. Let the conditions (12)

‘f(t,x) - Po(t)x‘ <q(t,||z]]) a.e. on [a,b]\{71,...,Tme}, * €R", (16)

and

|1i(x) — Jor - | < W(||z]]) for  €R™ (I=1,...,mq) (17)
hold, where Py € L([a,b],R™™™), Joyy € R™™ (I = 1,...,myg) are the
constant matrices, € : Cs([a,b],R™;7,...,7m,) — R" and &
Cs([a, b, R™ ™ 11, Timy) — R are, respectively, linear continuous and

positive homogeneous continuous operators; q € Car(la,b] x Ry, R") is a
vector-function, nondecreasing in the second variable, and h; € C([a,b],Ry)
(I=1,...,mg) and ly; € C(R,R"}) are nondecreasing, respectively, functions
and vector-function such that the condition (11) holds. Let, moreover,

’h(x) — E(m)’ <t (J|z|ls) for = € BV([a,b],R™) (18)
and the impulsive system

dzx

dt
z(n+) —xz(n—) = Joz(n) ((=1,...,mp)

= Py(t)r a.e. on [a,b]\ {71, .-, Tmo }s

have only the trivial solution under the condition
£(x) = 0.

Then the problem (1), (2);(3) is solvable.
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For every matrix-function X € L([a, b], R™*™) and a sequence of constant

matrices Y, € R™*™ (k =1,...,mg) we introduce the operators
[(nyl, , mo)(t] =1, for a <t<b,
(X Y1, Yoo )(@)], = Onsen (i =1,2,...),
¢
(XY Yo (D], /X (X, Y1y, Yoo ) ()], drt

+ ) V(XY Y ) ()], for a<t<b (i=1,2,...). (19)

a<lT<t
Corollary 2. Let the conditions (12), (16)—(18) hold, where
b
(x) = /dL(t) - z(t),
Py € L([a,b],R™*™), Joy € R™™(1 = 1,...,mg) are constant matrices,

L € L([a,b],R"*™), £y : Cs([a,b], R™;71,...,Tim,) — R is a positive homo-
geneous continuous operator; q € Car([a,b] x Ry, R") is a vector-function,
nondecreasing in the second variable, and h; € C([a,b],Ry) (I=1,...,mq)
and £, € C(R,RY) are nondecreasing, respectively, functions and vector-
function such that the condition (11) holds. Let, moreover, there exist nat-
ural numbers k and m such that the matriz

Z/dL (P, G, G ) (1),

is monsingular and
r(Mim) <1, (20)

where the operators [(Po, G1,...,Gmy)(t)]; (i =0,1,...) are defined by (19),
and

My = (IR0} |G-, G ) 0)] +
m—1
+ 3 [P (Gl Gy ) (8)]
=0

x / AV L)) - (1] 1Gal, - 1Gona) (8]

Then the problem (1), (2);(3) is solvable.
Corollary 3. Let the conditions (12), (16)—(18) and

x) =Y Liz(t;) (21)
j=1
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hold, where Py € L([a,b],R"*"), Joy € R™™™ (I = 1,...,mq) are cons-
tant matrices, t; € [a,b] and L; € R™™ (j = 1,...,n0), %o
Cs([a,b],R™; 71, ..., Tmy) — R is a positive homogeneous continuous op-
erator; ¢ € Car([a,b] x Ry, R%) is a vector-function, nondecreasing in the
second variable, and hy € C([a,b,Ry) (I =1,...,mg) and {1 € C(R,R})
are nondecreasing, respectively, functions and vector-function such that the
condition (11) holds. Let, moreover, there exist natural numbers I and m
such that the matriz
nog k—1

M, = ZZLJ [(Po,Gl,u-aGmo)(tj)]i

j=11i=0

is nonsingular and the inequality (20) holds, where

M = [(IPo] Gl |G ) 0)] +
+ ( i (1ol 1Gal, |Gm0|)(b)L> x
<D IM Ll (1Pl Gl |G 5]
j=1

Then the problem (1), (2);(3) is solvable.

Corollary 4. Let the conditions (12), (16)—(18) and (21) hold, where
Py € L([a,b], R™*™), Joy € R™*™ (I =1,...,myg) are the constant matrices,
t; € la,b] and L; € R™™™ (j =1,...,n0), bo : Cs([a,b],R™; 71, ..., Timy) —
R} is a positive homogeneous continuous operator; g € Car([a,b] x Ry, R’)
is a wvector-function, mnondecreasing in the second wvariable, and h; €
C([a,b],Ry) (I =1,...,mp) and ¢, € C(R,R"}) are nondecreasing, respec-
tively, functions and vector-function such that the condition (11) holds. Let,
moreover,

det (iLj) £0 and r(Lo- V(A)(D)) < 1,
j=1
where

no 1 no b mo
LO:Ian+‘(;Lj> ‘.;Lj| and AO:/|P0(t)|dt+;Gl|.

Then the problem (1), (2);(3) is solvable.
Theorem 4. Let the conditions (12), (13),
|f(t.2) = f(t.y) = Po(t)(z — )| < Q(t)|z —y]
a.e. on [a,b]\ {71, ... Tmo}, 2,y ER",
[Li(@)=L(y)—Jo - (x—y)| <Hpg - lw—y| for z,yeR™ (k=LI,...,mq)
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and
|h(x) = h(y) — €(z — y)| <lo(x —y) for x,y € BV([a,b],R")

hold, where Py € L([a,b],R™"), Q € L([a,b],R}*™), Jox and H, € R™*"
(I =1,...,mg) are the constant matrices, £ : Cs([a,b],R™;71,...,Tmy) —
R™ and €y : Cs([a,b],R™;71,...,Tm,) — RT are, respectively, linear con-
tinuous and positive homogeneous continuous operators. Let, moreover, the
system of impulsive inequalities (14), (15) have only the trivial solution un-
der the condition (7). Then the problem (1), (2);(3) is solvable.
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