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Abstract. In this paper we present new fixed point theorems for mul-
tivalued maps which are convex-power condensing relative to a measure of
weak noncompactness and have weakly sequentially closed graph. These
results are then used to investigate the existence of weak solutions to a
Volterra integral inclusion with lack of weak compactness. In the last sec-
tion we discuss convex-power condensing multivalued maps with respect to
a measure of noncompactness.
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1. INTRODUCTION

Since the paper by Szep [32], the theory on the existence of weak solutions
to differential equations in Banach spaces has become popular. We quote
the contributions of Cramer, Lakshmikantham and Mitchell [6] in 1978 and
more recently by Bugajewski [5], Cichon [9], [11], Cichon and Kubiaczyk
[10], Mitchell and Smith [23], and O’Regan [24], [25], [26]. Motivated by
the paper of Cichon [9], D. O’'Regan [30] investigated the existence of weak
solutions to the following inclusion which was modelled off a first order
differential inclusion [7], [8], [9]

x(t) € xo + /G(s,x(s)) ds, te€0,T]; (1.1)
0

here G: [0,T] x E — 2F and zy € E with E a real reflexive Banach space.
The proofs involve a Arino-Gautier—Penot type fixed point theorem for
multivalued mappings and the applications depend heavily upon the re-
flexiveness of the space E. In this paper, we establish existence results for
the Volterra integral equation (1.1) in the case where E is nonreflexive.
Our approach relies on the concept of convex-power condensing operators
with respect to a measure of weak noncompactness. We note that Sun and
Zhang [31] introduced the definition of a convex-power condensing operator
with respect to the Kuratowski measure of noncompactness for single valued
mappings and proved a fixed point theorem which extended the well-known
Sadovskii’s fixed point theorem and a fixed point theorem in Liu et al. [22].
[35], G. Zhang et al. established some fixed point theorems of Rothe and
Altman types about convex-power condensing single valued operators with
respect to the Kuratowski measure of noncompactness. These results were
applied to a differential equation of first order with integral boundary condi-
tions. In this paper we introduce the concept of a convex-power condensing
multivalued operator with respect to a measure of weak noncompactness.
We also prove some fixed point principles for this type of operator. Our
fixed point results are not only of theoretical interest, but we discuss new
applications, namely the existence of solutions to integral inclusions with
lack of weak compactness. We illustrate this fact by deriving an existence
theory for (1.1) in the case where E is nonreflexive.

For the remainder of this section we gather some notations and prelim-
inary facts. Let X be a Banach space, let B(X) denote the collection of
all nonempty bounded subsets of X and W(X) the subset of B(X) consist-
ing of all weakly compact subsets of X. Also, let B, denote the closed ball
centered at 0 with radius r.

In our considerations the following definition will play an important role.

Definition 1.1 ([2]). A function ¢: B(X) — R is said to be a measure
of weak noncompactness if it satisfies the following conditions:
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(1) The family ker(¢p) = {M € B(X) : (M) = 0} is nonempty and
ker () is contained in the set of relatively weakly compact sets of X.

(2) My € My = (My) < ¢p(Ma).

(3) v¥(co(M)) = (M), where ¢o(M) is the closed convex hull of M.
(4) v(AMy + (1 — AN Ms) < Mp(Mq) + (1 — M)p(My) for A € [0,1].
(5) If

) (My)n>1 is a sequence of nonempty weakly closed subsets of X
with M; bounded and M; D My D --- D M, DO --- such that

lim ¥(M,) =0, then M, := (| M, is nonempty.
n—oo n=1

The family ker described in (1) is said to be the kernel of the measure
of weak noncompactness 1. Note that the intersection set M, from (5)
belongs to ker v since (M) < (M) for every n and lim (M,) = 0.

Also, it can be easily verified that the measure 1 satisfies
(MY) = (M),

where M"Y is the weak closure of M.
A measure of weak noncompactness v is said to be regular if

(M) =0 if and only if M is relatively weakly compact.
subadditive if

Y(My + Ma) < (My) + p(Ma), (1.2)
homogeneous if
YAM) = [A[p(M), AER, (1.3)
set additive (or have the mazimum property) if
(M1 U Mz) = max(¢(My), (Mz)). (1.4)

The first important example of a measure of weak noncompactness has
been defined by De Blasi [13] as follows:

w(M) = inf{r > 0: there exists W € W(X) with M C T/V+BT}7

for each M € B(X).

Notice that w(.) is regular, homogeneous, subadditive and set additive
(see [13)).

The following results are crucial for our purposes. We first state a theo-
rem of Ambrosetti type (see [23, 20] for a proof).

Theorem 1.1. Let E be a Banach space and let H C C([0,T],E) be
bounded and equicontinuous. Then the map t — w(H(t)) is continuous on
[0,T] and

w(H) = sup w(H(t)) =w(HI[0,T)),
te[0,T]
where H(t) ={h(t): h€ H} and H[0,T]= | {h(t): h€ H}.
te(0,T]

The following auxiliary result will also be needed.
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Lemma 1.1 ([31]). If H C C([0,T], E) is equicontinuous and xo €
C([0,T], E), then co(H U{xo}) is likewise equicontinuous in C([0,T], E).

In what follows, we shall recall some classical definitions and results re-
garding multivalued mappings. Let X and Y be topological spaces. A multi-
valued map F': X — 2Y is a point to a set function if for each x € X, F(x) is
a nonempty subset of Y. For a subset M of X we write F(M) = |J F(x)

zeM
and F~Y (M) = {z € X : F(z) N M # @}. The graph of F is the set
Gr(F)={(z,y) € X xY : y € F(x)}. We say that F is upper semicontin-
uous (uw.s.c. for short) at x € X if for every neighborhood V of F(z) there
exists a neighborhood U of z with F(U) C V (equivalently, F : X — 2Y is
w.s.c. if for any net {z,} in X and any closed set B in Y with z, — z¢g € X
and F(z,) N B # @ for all a, we have F(z9) N B # &). We say that
F: X — 2V is upper semicontinuous if it is upper semicontinuous at every
x € X. The function F is lower semicontinuous (l.s.c.) if the set F~1(B) is
open for any open set Bin Y . If F'is l.s.c. and u.s.c., then F' is continuous.

If Y is compact, and the images F(z) are closed, then F' is upper semi-
continuous if and only if F' has a closed graph. In this case, if Y is compact,
we find that F' is upper semicontinuous if z,, — z, y, — vy, and y,, € F(z,),
together imply that y € F(z). When X is a Banach space we say that
F: X — 2% is weakly upper semicontinuous if F' is upper semicontinuous
in X endowed with the weak topology. Also, F': X — 2% is said to have
weakly sequentially closed graph if the graph of F' is sequentially closed
w.r.t. the weak topology of X. In Section 4 we present fixed point theorems
for multivalued convex-power maps with respect to a measure of noncom-
pactness.

Now, we recall the following extension of the Arino—Gautier—Penot fixed
point theorem for multivalued mappings. For a proof we refer the reader to
[30, Theorem 2.2.].

Theorem 1.2. Let X be a metrizable locally convex linear topological
space and let C be a weakly compact, convex subset of X. Suppose F: C —
C(C) has a weakly sequentially closed graph. Then F has a fized point; here
C(C) denotes the family of nonempty, closed, convex subsets of C.

In what follows, let X be a Banach space, C' a nonempty closed convex
subset of X, F': C — 2¢ a multivalued mapping and zo € C. For any
M C C we set

PO (M) = F(), FO5)(31)=F (5 (F0=50 (3) U {z} ) )
forn=2,3,....

Definition 1.2. Let X be a Banach space, C' a nonempty closed convex
subset of X and ¢ a measure of weak noncompactness on X. Let F': C —
2¢ be a bounded multivalued mapping (that is it takes bounded sets into
bounded ones) and xg € C. We say that F is a - convex-power condensing



22 Ravi P. Agarwal, Donal O’Regan, and Mohamed-Aziz Taoudi

operator about zg and ng if for any bounded set M C C with ¢(M) > 0
we have

G(FTo (M) < (M) (1.5)
Obviously, F': C' — 2¢ is 1/-condensing if and only if it is 1- convex-power
condensing operator about zy and 1.

2. FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS RELATIVE
TO THE WEAK TOPOLOGY

Theorem 2.1. Let X be a Banach space and v be a regular and set addi-
tive measure of weak noncompactness on X. Let C' be a nonempty closed con-
vex subset of X, xg € C and ng be a positive integer. Suppose F': C — C(C)
is W -convezr-power condensing about xo and ng. If F' has weakly sequentially
closed graph and F(C) is bounded, then F has a fized point in C.

Proof. Let
F={ACC, co(A)=A, zg€ Aand F(z) € C(A) for allz € A}.

The set F is nonempty since C € F. Set M = (| A. Now we show that
AeF
for any positive integer n we have

P(n) M= (F("””O)(M) U {330}) .

To see this, we proceed by induction. Clearly, M is a closed convex subset
of C and F(M) C M. Thus M € F. This implies ¢o(F (M) U {zo}) C M.
Hence F(co(F(M) U {xzo})) C F(M) C co(F(M) U {z0}). Consequently,
co(F(M)U{xo}) € F. Hence M C co(F(M)U{zo}). As a result co(F(M)U
{z0}) = M. This shows that P(1) holds. Let n be fixed and suppose P(n)
holds. This implies F("+120)(M) = F(eo (F™=0) (M) U {zo}) = F(M).
Consequently,

@ (F("“’””O)(M) U {zo}) = o (F(M) U {zo}) = M. (2.1)
As a result
@ (F““Wo)(M) U {xo}) =M. (2.2)

Using the properties of the measure of weak noncompactness, we get
(M) = (7 (F ) (M) U fo} ) ) = w(F0=) (1)),

which yields that M is weakly compact. Since F': M — 2™ has weakly
sequentially closed graph, the result follows from Theorem 1.2. (]

As an easy consequence of Theorem 2.1 we obtain the following sharp-
ening of [30, Theorem 2.3].

Corollary 2.1. Let X be a Banach space and b be a regular and set
additive measure of weak noncompactness on X. Let C be a nonempty closed
convezx subset of X. Assume that F: C — C(C) has weakly sequentially
closed graph with F(C) bounded. If F is 1p-condensing, i.e. (F(M)) <
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(M), whenever M is a bounded non-weakly compact subset of C, the F
has a fized point.

Remark 2.1. Theorem 2.1 is also an extension of its corresponding results
n [28], [29].

Lemma 2.1. Let F: X — 2% be convex-power condensing about xo and
ng (no s a positive integer) with respect to a regular and set additive measure
of weak moncompactness 1. Let F: X — 2X be the operator defined on X
by F(z) = F(z+z0) — 0. Then, F is convez-power condensing about 0 and
ng with respect to . Moreover, F has a fixed point zfﬁ does.

Proof. Let M be a bounded subset of X with ¢/(M) > 0. We claim that for
all integer n > 1, we have

F®O (M) € FO520) (M + 9) — @o. (2.3)
To see this, we shall proceed by induction. Clearly,
FEO(M) = F(M) = F(M + x0) — 20 = FO%) (M 4 30) — xo. (2.4)
Fix an integer n > 1 and suppose (2.3) holds. Then

FrO (M) U {0} C e (FW%)(M +20) U {xo}) —zo.  (2.5)
Hence
@ (F(” (M) U {o}) ( F00) (M + 20) U {xo}) a0 (2.6)
As a result
FO10 () = F (2o (FOO () {0}) )

D

v
|

(
( (F(" #0) (M + ) U {xo})
=F (co (F(" 20) (M 4 x0) U {x0}>
FOHL20) (M 4 20) — .

v
|

This proves our claim. Consequently,

P(FMO (M) < p(FMom0) (M + zo) — 2) <
< ((Fomo) (M + 20) < (M + x0) < p(M).

This proves the first statement. The second statement is straightfor-
ward. O

Theorem 2.2. Let X be a Banach space and let 1 be a reqular and set
additive measure of weak noncompactness on X. Let @ and C be closed,
convex subsets of X with Q C C. In addition, let U be a weakly open subset
of Q with F(UY) bounded and xo € U. Suppose F: X — 2% is 1p-power-
conver condensing map about xy and ng (ng s a positive integer). If F has
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a weakly sequentially closed graph and F(x) € C(C) for all x € UY, then
either
F has a fized point, (2.7)

or
there is a point v € 0QU and X € (0,1) with u € AFy; (2.8)

here OqU is the weak boundary of U in Q.

Proof. By replacing F,Q,C and U by ﬁ7Q — x9,C — 29 and U — xqg re-
spectively and using Lemma 2.1, we may assume that 0 € U and F is
-power-convex condensing about 0 and ng. Now suppose (2.8) does not
occur and F' does not have a fixed point on U (otherwise we are finished
since (2.7) occurs). Let

M:{J;EW: a:e)\Fxforsome)\E[O,l}}.

The set M is nonempty since 0 € U. Also, M is weakly sequentially closed.
Indeed, let (z,) be the sequence of M which converges weakly to some
x € U¥ and let (\,) be a sequence of [0, 1] satistying ,, € A, F'z,,. Then for
each n there is a z, € Fz, with x,, = \,z,. By passing to a subsequence
if necessary, we may assume that (\,) converges to some A € [0,1] and
An # 0 for all n. This implies that the sequence (z,) converges to some
z € UV with = Az. Since F has a weakly sequentially closed graph,
then z € F(z). Hence © € AFz and therefore € M. Thus M is weakly
sequentially closed. We now claim that M is relatively weakly compact.
Suppose (M) > 0. Clearly,

M C co(F(M)U{0}). (2.9)
By induction, note for all positive integers n we have
M C co (FUO (M) U {0}). (2.10)
Indeed, fix an integer n > 1 and suppose (2.10) holds. Then
F(M)CF (w (F("’O)(M) U {0})) = F(n 1.0 (pp). (2.11)
Hence
co(F(M)U{0}) C co (F<"+1»0>(M) U {0}) . (2.12)

Combining (2.9) and (2.12), we arrive at

M C co (FU 10 (a1) U {0}).
This proves (2.10). In particular, we have

M C co (F(”O’O)(M) U {o}) .
Thus

)

() < ¢ (o (FO M) U{0}) ) = w(F(D) < $(0),  (2.13)
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which is a contradiction. Hence ¢(M) = 0 and therefore M* is weakly
compact. This proves our claim. Let now 2 € M¥. Since M is weakly
compact, then there is a sequence (x,) in M which converges weakly to
x. Since M is weakly sequentially closed, we have 2 € M. Thus Mv =
M. Hence M is weakly closed and therefore weakly compact. From our
assumptions we have M N JdoU = @. Since X endowed with the weak
topology is a locally convex space, then there exists a weakly continuous
mapping p: U — [0, 1] with p(M) =1 and p(dqU) = 0 (see [15]). Let

F v
Ty {POF@), 2eT7
0, reX\Uv.
Clearly, T: X — 2% has a weakly sequentially closed graph since I does.
Moreover, for any S C C we have
T(S) C co(F(S) U{0}).
This implies that

T20(8) = T(ea(T(5) U {0})) € T(ea(F(S) U {0})) <
C E(F(@(F(S) u{oh) U {o})) = 2o(F0(S) U {0}).

By induction,
700 (5) =T (ca(T" 9 (8) U {0})) € T (eo(F"~0(S) U {0})) €
C o (F (co(F" 10 ($) U {0}) U {0}) ) = ao(F™O(S) U {0}),

for each integer n > 1. Using the properties of the measure of weak non-
compactness, we get

YT (8)) < (ca(FT0(S)U{0})) = p(Fo0(89)) < (S), (2.14)

if 1(S) > 0. Thus T: X — 2% has a weakly sequentially closed graph and
T(x) C C(C) for all z € C. Moreover, T is 1)-power-convex condensing
about 0 and ng. By Theorem 2.1 there exists z € C such that w € Tx. Now
x € U since 0 € U. Consequently, z € p(x)F(x) and so x € M. This implies
p(z) =1 and so x € F(x). O

Now we present a fixed point theorem of Furi—Pera type for power-convex
condensing multivalued mappings with weakly sequentially closed graph.

Theorem 2.3. Let X be a Banach space and let i) be a regular and set
additive measure of weak noncompactness on X. Let C be a closed convex
subset of X and Q a closed convexr subset of C with F(Q) bounded and
0 € Q. Also, assume F: X — 2% has a weakly sequentially closed graph
and is Y-power-convex condensing about 0 and ng (ng is a positive integer)
and F(z) € C(C) for all x € Q. In addition, assume that the following
conditions are satisfied:
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(i) there exists a weakly continuous retraction r: X — @Q, with r(D) C
co(D U {0}) for any bounded subset D of X and r(z) = z for all
rE€Q;

(i) there exists a § > 0 and a weakly compact set Qs with Qs = {x €
X d(z,Q) <0} € Qs; here d(x,y) = [lz —y|;

(iii) for any Q. = {z € X : d(2,Q) < €, 0 < e < &}, if {(z5,2))}52,
is a sequence in Q x [0,1] with x; — x € 0, Q, A\j — A and = €
AF(2),0 < X < 1, then \jF(z;) C Q for j su]ﬁcz’ently large; here
O0q, Q is the weak boundary of Q relative to .

Then F has a fized point in Q.

Proof. Consider B = {z € X : z € Fr(z)}. We first show that B # .
To see this, consider Fr: C — C(C). Clearly Fr has a weakly sequentially
closed graph, since F' has a weakly sequentially closed graph and r is weakly
continuous. Now we show that F'r is 1-power-convex condensing map about
0 and ng. To see this, let A be a bounded subset of C' and set A’ = ¢o(A U
{0}). Then, using assumption (i) we obtain

(Fr)t0(4) € F(A),

(Fr)9(4) = Fr (e ()19 () U {0}) ) <
C Fr(co(F (A’)U{O})) F(co(F(A)u{0})) =
= F0(4)),

and by induction,
(Fr)™0(4) = Fr (e ((Fr)"= 10 (4) U{0}) ) €
C Fr (@ (F(”O*LO) (A) U {0})) c
C F (e (Fro 194y ufo})) =
= Fo0 (4%,
Thus
b ()0 (4)) < g (P (4)) < p(A) = h(A),

whenever ¥(A) # 0. Invoking Theorem 2.1 we infer that there exists y € C
withy € Fr(y). Thusy € B and B # &. In addition B is weakly sequentially
closed, since F'r has a weakly sequentially closed graph. Moreover, we claim
that B is weakly compact. To see this, first notice

BC Fr(B) C F(B) = F"9(B),
where B’ =¢o(B U {0}). Thus
B C Fr(B) C Fr(F(B")) C F(c3 (F(B') U{0}) = F29(B),
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and by induction
B C Fr(B) C Fr (F("O*LO)(B’)) c
C F (a0 (FI=20(B) U{0})) = F0(B),
Now if ¢)(B) # 0, then

W(B) < Y(FMO(B) < (B') = v(B),

which is a contradiction. Thus, ¢(B) = 0 and so B is relatively weakly
compact and therefore F'r(B) is relatively weakly compact, since r is weakly
continuous and F' has a sequentially closed graph. Now let z € B*. Since
Bv is weakly compact then there is a sequence (,,) of elements of B which
converges weakly to some z. Since B is weakly sequentially closed then
x € B. Thus, B¥ = B. This implies that B is weakly compact. We now
show that BNQ # &. Suppose BNQ = &. Then, since B is weakly compact
and @ is weakly closed we have from [16] that d(B, Q) > 0. Thus there exists
€, 0 <e<d, with Q. N B =0; here Q. = {x € X : d(z,Q) < ¢}. Now Q.
is closed convex and 2. C @s. From our assumptions it follows that . is
weakly compact. Also since X is separable then the weak topology on €.
is metrizable [14], [34], let d* denote the metric. For ¢ € {0,1...}, let

U = {x €. d"(z,Q) < ;}

For each ¢ € {0,1...} fixed, U; is open with respect to d and so U; is weakly
open in Q.. Also, UX=Uf= {xEQE s d*(z,Q) Se/i} and 0q U; = {xEQE :
d*(z,Q) :e/i}. Keeping in mind that Q. N B = @&, Theorem 2.2 guarantees
that there exists y; € 9o U; and \; € (0,1) with y; € A\ Fr(y;). We now
consider D = {z € X : x € AFr(z) for some X € [0,1]}.

First notice

D C Fr(D) U {o}.
Thus
D C Fr(D)U {0} C Fr (@ (Fr(D)U {0})) U{0} = (Fr)9 U {0},
and by induction
D C Fr(D)U{0} C

C Fr (w ((Fr)(”‘)_l’o)(D) U {o}) ) U {0} = (Fr)™9 U {0},

Consequently,
(D) < ((Fr)"e 0 U {0}) <o ((Br)o0).

Since Fr is 1-convex-power condensing about 0 and ng then ¢(D) = 0 and
so D is relatively weakly compact.

The same reasoning as above implies that D is weakly compact. Then, up
to a subsequence, we may assume that A; — A\* € [0,1] and y; — y* € 9q.U;.
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Since F' has a weakly sequentially closed graph then y* € A*Fr(y*). Notice
NFr(y*) € Q since y* € 9o U;. Thus \* # 1 since BN Q = &. From
assumption (iii) it follows that A\;Fr(y;) C Q for j sufficiently large, which
is a contradiction. Thus B N Q # &, so there exists € Q with x € Fr(x),
ie. z € Fux. O

Remark 2.2. In Theorem 2.3, we need F': X — 2% 1/-convex-power con-
densing about 0 and ng. However, the condition F': X — 2% has weakly
sequentially closed graph can be replaced by F: Q — 2% has weakly se-
quentially closed graph.

3. EXISTENCE RESULTS

In this section we shall discuss the existence of weak solutions to the
Volterra integral inclusion

x(t) € xo + /G(s,x(s))ds, t€[0,T]; (3.1)
0

here G: [0,7] x E — C(FE) and zo € E with E is a real Banach space.
The integral in (3.1) is understood to be the Pettis integral and solutions
to (3.1) will be sought in C([0,T], E).

This equation will be studied under the following assumptions:

(i) for each continuous function z: [0,T] — FE there exists a scalarly
measurable function v: [0,T] — E with v(¢t) € G(t,z(t)) a.e. on
[0,T] and v is Pettis integrable on [0, T7;

(ii) for any r > 0 there exists 6, € L'[0,7] with |G(t,u)| < 0,.(t) for
a.e. t € [0,T] and all uw € E with |z| < r; here |G(t,u)| = sup{|w]| :
we G(t,u)};

(iii) there exists a € L'[0,T] and @: [0, +00) — (0, +00) a nondecreasing
continuous function such that |G(s,u)| < a(s)f(|u|) for a.e. s €
[0,t], and all © € E, with

oo

a(s)ds</9‘fjj);

St~

|zo|

(iv) there is a constant 7 > 0 such that for any bounded subset S of E
and for any t € [0,T] we have

w(G([0,t] x S)) < Tw(S);

(v) if (zy,) is a sequence of continuous functions from [0, 7] into E which
converges weakly to z and if (v,) is a sequence of Pettis integrable
functions from [0,7] into E such that v,(s) converges weakly to
v(s) and v,(s) € G(s,zn(s)) for a.e. s € [0,T], then v is Pettis
integrable with v(s) € G(s,z(s)) for a.e. s € [0,T].
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Theorem 3.1. Let E be a Banach space and suppose (1)—(iv) hold. Then
(3.1) has a solution in C([0,T], E).

Proof. Define a multivalued operator
F:C([0,T],E) — C(C([0,T], E)). (3.2)
by letting
t

Fx(t) = {:co + /v(s) ds: v: [0,T] — E Pettis integrable with
0

u(t) € G(t,z(t)) ace. t € [O,T]}. (3.3)

We first show that (3.2)—(3.3) make sense. To see this, let z € C([0,T], E).

In view of our assumptions there exists a Pettis integrable v: [0,T] — E

with v(t) € G(t,z(t)) for a.e. t € [0,7]. Thus F is well defined. Let
t

u(t) = z9 + [v(s)ds. To see that u € C([0,T], E) first notice that there

0
exists r > 0 with |y| = sup |z(t)] < r. From assumption (iii) it readily

follows that there exists 6, € L'[0,T] with
|G(t,z(t))] < 6,.(t) for a.e. t €[0,T]. (3.4)

Let ¢, t' € [0,T] with ¢t < ¢. Without loss of generality assume u(t) —
u(t') # 0. Invoking the Hahn-Banach theorem we deduce that there exists
¢ € E* (the topological dual of F) with |¢| = 1 and |u(t) — u(t')| = ¢(u(t) —
u(t")). Thus

/ #

ult) — u(t')] = ¢< [ ds) < / 0, (s) ds.

Consequently, u € C([0,T], E). Our next task is to show that F' has closed
(in C([0,T], E)) values (note F' has automatically convex values). Let z €
C([0,T),E). Suppose w, € Fz, n = 1,2,.... Then there exists Pettis
integrable v,,: [0,T] — E, n = 1,2,... with v,(s) € G(s,z(s)) ae. s €
[0,T]. Suppose

wn () — w0 + / o(s)ds = w(t) in C(0,T], E). (3.5)

Fix t € (0,7) and ¢ € E*. Then ¢(v,,) — ¢(v) in L[0,#] s0 ¢(v,,) — ¢(v)
in measure. Thus there exists a subsequence S of integers with

d(vn(s)) — ¢(v(s)) for a.e. s€[0,t] (as n— oo in 5). (3.6)
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Now since vy, (s) € G(s,z(s)) for a.e. s € [0,¢] and since the values of G
are closed and convex (so weakly closed) we have v(s) € G(s,x(s)) for a.e.
s € [0,t]. Thus w € Fz and so F has closed (in C([0,T], E)) values. Now let

C = {x € O([0,T],E) : |a(t)] < b(t) for t € [0,T) and
() — 2(s)| < |b(t) — b(s)| for ¢, s € [o,T]},

where

b(t):I_1<ja(s)ds> and I(z) = Z %
0

Notice C is a closed, convex, bounded, equicontinuous subset of C([0,T7], E)
with 0 € C. Let F be as defined in (3.2)-(3.3). We claim that F(C) C C.
To see this take uw € F(C). Then there exists y € C with v € Fy and

[zol

¢
there exists a Pettis integrable v: [0,T] — E with u(t) = zo + [v(s)ds
0

and v(t) € G(t,y(t)) for a.e. ¢t € [0,T]. Without loss of generality, assume
u(s) # 0 for all s € [0,7]. Then there exists ¢5 € E* with |¢s] = 1 and
¢s(u(s)) = |u(s)|. Consequently, for each fixed ¢t € [0, 7], we have

[u(®)] = ¢e(u(t)) < |wol + /a(S)f)(ly(S)\)ds <
0

< |wo| +/a(s)9(b(s)) ds = |zo| + /b’(s) ds = b(t),
0 0
since » ) )
o) = /a(x) dx.
o 0

Next suppose t, t’ € [0,T] with ¢ > ¢'. Without loss of generality, assume
u(t) —u(t’) # 0. Then there exists ¢ € E* with |¢| = 1 and ¢(u(t) —u(t')) =
|u(t) — u(t')|. Consequently,

Ju(t) — u(t')| < / a(s)0(Jy(s)) ds <

t t
< / a(s)0(|b(s)|) ds = / V(s)ds = b(t) — b(t').
t t

Thus, u € C. This proves our claim. Our next task is to show that F' has
a weakly sequentially closed graph. To see this, let (z,,y,) be a sequence
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in C x C with z,, — z, y, — y and y,, € Fx,. Then for each t € [0,T] we
have

Yn(t) = zo + /vn(S) ds (3.7)
0

with v,: [0,T] — E, n = 1,2,... Pettis integrable and v,(s) € G(s,z,(s))
a.e. s € [0,T]. Recall [23], since C is equicontinuous, that z, — =z if
and only if x,(¢t) — x(¢) for each t € [0,7] and y, — y if and only if
yn(t) — y(t) for each t € [0,T). Fix ¢t € [0,T]. Since x,(s) — z(s) for each
s € [0,¢t], then S := {x,(s) : n € N} is a relatively weakly compact subset
of E for each s € [0,¢]. Using the fact that the De Blasi measure of weak
noncompactness is regular we get w(S) = 0. From assumption (iv) it follows
that w(G([0,¢] x S) = 0. Keeping in mind that v,(s) € G(s,z,(s)) for a.e.
s € [0,t] we obtain

{vn(s) : ne N} C G([0,¢] x S)

for a.e. s € [0,t]. Hence w({vn(s) : n € N}) = 0 for a.e. s € [0,¢].
This implies that the set {v,(s) : n € N} is relatively weakly compact
for a.e. s € [0,t]. Hence, by passing to a subsequence if necessary, we
may assume that the sequence v,(s) is weakly convergent in E for a.e.
s € ]0,¢t]. Let v(s) be its weak limit. From our assumptions it follows that
v: [0,T] — E is Pettis integrable and v(s) € G(s,z(s)) for a. e. s € [0,¢].
The Lebesguev Dominated Convergence Theorem for the Pettis integral [18,

¢
Corollary 4] implies for each ¢ € E* that ¢(y,(t)) — ¢(zo + [v(s)ds) i.e.
0
¢
yn(t) = xo + [ v(s)ds. We can do this for each ¢ € [0,T]. Consequently,
0

t
y(t) = zo + [v(s)ds € Fu(t) for each ¢ € [0,T], i.e. y € Fx. Now we show
0
that there is an integer ng such that F' is w-power-convex condensing about
0 and ng. To see this notice, for each bounded set H C C and for each
t € [0,T], that
F(H)(t) C a9+ tco(G([0,t] x H[0,1])). (3.8)

Using the properties of the weak measure of noncompactness we get

w(FSO(H)(1) = w(F(H)(1) <
< tw (@ (G ([0, 1] x H[0,1)))) < tw(G([0,1] x H[0,]) < trw(H[0,1]).

Theorem 1.1 implies (since H is equicontinuous) that

w(FYO (H)(t)) < trw(H). (3.9)
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Since F19) (H) is equicontinuous, it follows from Lemma 1.1 that F'(:9) (H)
is equicontinuous. Using (3.9) we get

w(FO(H)(t) =

= w({xo + /tv(s) ds: v(s) € G(s,z(s)), « € co(FO(H) U {0})}> <
0

<w | v(s)ds: v(s) € G(s,a(s)), x € o(FEI(H)U{0}) ¢ ) =
() )

_ w({ O/U(s) ds: v(s) € G(s,2(s)), @ € v})

where V = co(F0 (H) U {0}). Fix t € [0,T]. We divide the interval [0, ¢]
intom parts 0 = tg < t; < --- < t,, = t in such a way that At; =¢;,—t;_1 =

L i=1,...,m. For each x € V and for each v(s) € G(s,z(s)) we have
/ dS*Z/ dsEZAtco{v ti_ 1,ti]}g
0 =1,
c ZAti@<G([ti,1, ] % V([tior, ]))).
i=1
Using again Theorem 1.1 we infer that for each ¢ = 2,...,m there is a
8; € [ti—1,t;] such that
sup  w(V(s)) = w(V[ti—1,t:]) = w(V(s;)). (3.10)
s€[ti—1,t:]
Consequently,

w{ jv(s)ds: z e v} < iAtiw(co(G([ti_l, ti] x V([tie1, ]))) <
0 =1

<7y Atw(@(V([tioi,ti])) < TZAt w(

=1
On the other hand, if m — oo then
m t
S Atw(V((s:) — / w(V(s)) ds. (3.11)
=1 0

Using the regularity, the set additivity, the convex closure invariance of the
De Blasi measure of weak noncompactness together with (3.9) we obtain

w(V(s)) = w(FYO(H)(s)) < stw(H) (3.12)
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and therefore

t
2
/w(V(s)) ds < STo w(H). (3.13)
0
As a result
2,0 (1t)*
w(FEO(H)(t)) < 5~ w(H). (3.14)
By induction we get
0) (rt)"
w(FTO(H)(t)) < ~——w(H). (3.15)
n!
Invoking Theorem 1.1 we obtain
T n
w(FTO () < (Tn,) w(H). (3.16)
Since nlirgo (Tz!)n = 0, then there is a ng with % < 1. This implies
w(F"0(H)) < w(H). (3.17)
Consequently, F' is w-power-convex condensing about 0 and ng. The result
follows from Theorem 2.1. O

4. MULTIVALUED CONVEX-POWER MAPS WITH RESPECT TO A
MEASURE OF NONCOMPACTNESS

In this section we shall prove some fixed point theorems for multivalued
mappings relative to the strong topology on a Banach space. By a measure
of noncompactness on a Banach space X we mean a map a: B(X) — R,
which satisfies conditions (1)—(5) in Definition 1.1 relative to the strong
topology instead of the weak topology. The concept of a measure of non-
compactness was initiated by the fundamental papers of Kuratowski [21]
and Darbo [12]. Measures of noncompactness play a very important role in
nonlinear analysis, namely in the theories of differential and integral equa-
tions. Specifically, the so-called Kuratowski measure of noncompactness
[21] and Hausdorfl (or ball) measure of noncompactness [3] are frequently
used. We say that a bounded multivalued mapping F': C — 2¢, defined on
a nonempty closed convex subset C' of X, is a a-convex-power condensing
operator about zy and ng if for any bounded set M C C with a(M) > 0
we have

a(FMo20) (M) < a M). (4.1)
Clearly, F: C — 2¢ is a-condensing if and only if it is a- convex-power
condensing operator about zy and 1. We first state the following result:

Theorem 4.1. Let X be a Banach space and o be a reqular and set
additive measure of noncompactness on X. Let C be a nonempty closed
convex subset of X, xg € C' and ng be a positive integer. Suppose F': C —
C(C) is a-conver-power condensing about o and ng. If F has a closed graph
with F(C) bounded then F has a fized point in C.
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Proof. Let
F= {A C C, @(A) = A, x9 € Aand F(z) € C(A) for all z € A}.
The set F is nonempty since C' € F. Set M = [\ A. The reasoning in

AeF
Theorem 2.1 shows that for all integer n > 1 we have:
M =zo(FM™™) (M) U {zo}) (4.2)

Using the properties of the measure of noncompactness we get
a(M) = a(@(F(no,wo)(M) U {mo})) =« (F(no,zo)(M)> ’

which yields that M is compact. Since F': M — 2M has a closed graph
then F' is upper semi-continuous. The result follows from the Bohnenblust—
Karlin fixed point theorem [4]. O

As an easy consequence of Theorem 4.1 we obtain the following result.

Corollary 4.1. Let X be a Banach space and o be a reqular and set
additive measure of moncompactness on X. Let C be a nonempty closed
convex subset of X. Assume that F: C — C(C) has a closed graph with
F(C) bounded. If F is a-condensing, i.e. a(F(M)) < a(M), whenever M
is a bounded non-compact subset of C, then F' has a fized point.

Lemma 4.1. Let F': X — 2% be a-convez-power condensing about x
and ng (ng is a positive integer), where « is a regular and set additive
measure of noncompactness. Let F': X — 2X be the operator defined on X
by F(z) = F(x + x9) — xo. Then, F is a-convez-power condensing about 0
and ng. Moreover, F has a fixed point if F' does.

Proof. Let M be a bounded subset of X with a(M) > 0. The reasoning in
Lemma 2.1 yields that for all integer n > 1, we have
ﬁ(nyo)(M) C F(”’xO)(M + z0) — 0.

Hence
o (Fr0(a))) < o (FU) (M + o) — o) <

<a ((F("O’””O)(M + xo)) < a(M + zo) < a(M).

This proves the first statement. The second statement is straightfor-
ward. O

Theorem 4.2. Let X be a Banach space and let o be a regular and set
additive measure of noncompactness on X. Let QQ and C be closed, convex
subsets of X with Q C C. In addition, let U be an open subset of Q with
F(U) bounded and xo € U. Suppose F: X — 2% is a-power-convex con-
densing map about xy and ng (ng is a positive integer). If F' has a closed

graph and F(z) € C(C) for all z € U, then either
F has a fized point, (4.3)



Fized Point Theory for Multivalued Weakly Convex-Power Condensing Mappings . . . 35

or
there is a point u € OQU and A € (0,1) withu € AFy; (4.4)

here OqU s the boundary of U in Q.

Proof. By replacing F,Q,C and U by ﬁ,Q — 29,C — xg and U — xg re-
spectively and using Lemma 4.1 we may assume that 0 € U and F is
a-power-convex condensing about 0 and ng. Now suppose (4.4) does not
occur and F' does not have a fixed point on U (otherwise we are finished
since (4.3) occurs). Let M = {z € U : x € AFx for some X € [0,1]}.
The set M is nonempty since 0 € U. Also M is closed. Indeed let (z,) be
sequence of M which converges to some z € U and let (\,,) be a sequence
of [0,1] satisfying x,, € A, Fx,. Then for each n there is a z, € Fx,, with
Ty = AnZn. By passing to a subsequence if necessary, we may assume that
(An) converges to some A € [0,1] and A, # 0 for all n. This implies that
the sequence (z,) converges to some z € U with z = Az. Since F has a
closed graph then z € F(x). Hence x € AFz and therefore x € M. Thus M
is closed. We now claim that M is relatively compact. Suppose a(M) > 0.
Clearly,

M C co(F(M) U{0}).

Arguing by induction as in the proof of Theorem 2.2, we can prove that for
all integer n > 1 we have

M C co(F™ (M) U {0}).
This implies

a(M) < a(co(F(”O’O)(M) U {o})) — o(F(M)) < (M),  (4.5)

which is a contradiction. Hence a(M) = 0 and therefore M is compact,
since M is closed. From our assumptions we have M N doU = @. By

Urysohn Lemma [15] there exists a continuous mapping p: U — [0, 1] with
p(M) =1 and p(0qU) = 0. Let

1oy {POF@), 2 €T
0, reX\U.

Clearly, T: X — 2% has a closed graph since F' does. Moreover, for any
S C C we have

T(8) € co(F(S) U{0}).
This implies that
T0(S) =T (ea(T(S) U {0})) € T (@a(F(S) U{0})) C
C w(F(eo(F(S) U {0}) U{0})) = ca(FE0(8) U {0}).
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By induction
700 (5) =T (ca(T" 9 (8) U {0})) € T (eo(F"10(S) U {0})) €
C e (F(@(F"19(8) U{0}) U{0})) = ao(F"0)(s) U {0}),

for each integer n > 1. Using the properties of the measure of noncompact-
ness we get

(T (8)) < a(a(F0($) U{0h)) = a(F™0(S)) < a(S), (46)

if a(S) > 0. Thus T: X — 2% has a closed graph and T'(z) C C(C) for
all x € C. Moreover, T is a-power-convex condensing about 0 and ng. By
Theorem 4.1 there exists € C such that x € Tx. Now x € U since 0 € U.
Consequently, z € p(x)F(z) and so x € M. This implies p(z) = 1 and so
x € F(z). O

Theorem 4.3. Let X be a Banach space and « a regular set additive
measure of noncompactness on X. Let Q) be a closed convex subset of X with
0 € Q and ng a positive integer. Assume F: X — 2% has a sequentially
closed graph with F(Q) bounded and F(z) € C(X) for all x € Q. Also
assume F' is a-convex-power condensing about 0 and ng and

if {(xj,A;)} is a sequence in 0Q x [0, 1]
converging to (x,\) with x € AF(z) and 0 < A < 1, (4.7)
then \;F(z;) C Q for j sufficiently large

holding. Also suppose the following condition holds:

there exists a continuous retraction r: X — Q
with r(z) € 0Q for z € X \ Q and r(D) C co(D U {0}) (4.8)
for any bounded subset D of X.

Then, F has a fized point.

Proof. Let r: X — @ be as described in (4.8). Consider B={z € X : z =

We first show that B # @. To see this, consider Fr: X — C(X). Clearly
Fr has a sequentially closed graph, since F' has a sequentially closed graph
and r is continuous. Now we show that F'r is a-power-convex condensing
map about 0 and ng. To see this, let A be a bounded subset of X and set
A’ =2o(AU{0}). Then, using (4.8) we obtain

(Fr)10(4) C F(A),

(Fr)@0)(4) = Fr (e (Fr)* 0 (4) u{0}))
C Fr(co(F(A") U{0})) C F (co (F(A)U{0}) =
_ }7(2,0)(141)7
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and by induction,
(Fr)™0(4) = Fr (e (Fr)" 10 (4) U {0}) ) €
C Fr (@ (F("O‘l’o) (A') U {o})) c

C F (e (Fro19 () u{o})) =
= Fo 04",
Thus
a ((Fr)("mo)(A)) <a (F(”O’O)(A’)> < a(A) = a(A),

whenever a(A) # 0. Invoking Theorem 4.1 we infer that there exists y € X
with y € Fr(y). Thus y € B and B # &. In addition B is closed, since F'r
has a sequentially closed graph. Moreover, we claim that B is compact. To
see this, first notice

BC Fr(B)C F(B)=F"9(B),
where B’ = zo(B U {0}). Thus
B C Fr(B) C Fr(F(B') C F (co(F(B") u{0})) = F*9(B’),
and by induction
B C Fr(B) C Fr (F(”O*LO)(B’)) c
C F (e (FUo19(B) U{0})) = FOo 0 (),
Now if a(B) # 0, then
a(B) < a(F"(B') < a(B') = a(B),

which is a contradiction. Thus, a(B) = 0 and so B is relatively compact.
Consequently, B = B is compact. We now show that BN Q # @. To do
this, we argue by contradiction. Suppose BN @ = &. Then since B is
compact and @ is closed there exists ¢ > 0 with dist(B,Q) > 6. Choose
N € {1,2,...} such that N > 1. Define

Uy={zeX: dQ)<1/i} for ie {N,N+1,...};

here d(z,Q) = inf{]|lz —y|| : y € Q}. Fix i € {N,N + 1,...}. Since
dist(B, Q) > § then BNU; = @. Applying Theorem 4.2 to F'r: U; — C(X)
we may deduce that there exists (y;, \;) € OU; x (0,1) with y; = X\ Fr(y;).
Notice in particular since y; € OU; x (0,1) that

MNiFr(y;) ¢ Q for i € {N,N+1,...}. (4.9)
We now consider

D= {;z: € X : x = AFr(x) for some A € [0, 1]}
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Clearly D is closed since F' has a sequentially closed graph and r is
continuous. Now we claim that D is compact. To see this, first notice

D C Fr(D)U{0}.
Thus
D C Fr(D)U {0} C Fr (@ (Fr(D)U {o})) U{0} = (Fr)®9 U {0},
and by induction
DC Fr(D)U{0}C Fr (@ ((Fr)mo*lvO)(D) U {0})) u{0} = (Fr)mo0 u{o},
Consequently,
a(D) < a ((Fr)(”o’o) U {0}) <a ((Fr)(”o’o)) .

Since Fr is a-convex-power condensing about 0 and ng then a(D) = 0
and so D is relatively weakly compact. Consequently, D = D is compact.
Then, up to a subsequence, we may assume that A\; — A\* € [0,1] and
y; — y* € 0U;. Hence \;Fr(y;) — N Fr(y*) and therefore y* = A*Fr(y*).
Notice AX*Fr(y*) ¢ @Q since y* € 0U;. Thus A* # 1 since BN Q = @. From
assumption (4.7) it follows that A\;Fr(y;) € @ for j sufficiently large, which
is a contradiction. Thus BN Q # @, so there exists € @ with x = Fr(x),
ie. x = Fux. ]

Remark 4.1. Tf 0 € int(Q) then we can choose r: X — @ in the statement
of Theorem 4.3 as
x

") = (L, p @)}
here p is the Minkowski functional [33] defined by
pw(x) =inf {A>0: z € AQ},

for all z € X. Clearly r is continuous, r(X) C Q and r(z) = z for all z € Q.
Also, for any subset A of X we have r(A4) C co(AU {0}).

for x € X;

Remark 4.2. In Theorem 4.3, we need F: X — 2% a-convex-power con-
densing about 0 and ngy. However, the condition F': X — 2% has sequen-
tially closed graph can be replaced by F: Q — 2% has sequentially closed
graph.
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