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Abstract. In this paper we consider an evolution inclusion with impulse
effects at fixed moments of time from the point of view of the theory of
global attractors. For an upper semicontinuous multivalued term which
does not provide the uniqueness of the Cauchy problem, we give sufficient
conditions on non-damped multivalued impulse perturbations, which allow
us to construct a multivalued non-autonomous dynamical system and prove
for it the existence of a compact global attractor in the phase space.
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îâäæñéâ. àèëĲŽèñî ŽðîŽóðëîåŽ éâåëáæå àŽéëçãèâñèæŽ âãëèñùæñîæ
øŽîåãŽ æéìñèïñîæ äâéëóéâáâĲæå áîëæï òæóïæîâĲñè éëéâêðâĲöæ. äâéëáŽê
êŽýâãîŽáñûõãâðæ éîŽãŽèïŽýŽ éŽîþãâêŽ éýŽîæïŽåãæï ŽîŽéæèâãŽáæ éîŽãŽè-
ïŽýŽ æéìñèïñî öâöòëåâĲŽäâ áŽáâĲñè àŽîçãâñè öâäôñáãâĲöæ ŽàâĲñèæŽ ŽîŽ-
Žãðëêëéæñîæ áæêŽéæñîæ ïæïðâéŽ áŽ áŽéðçæùâĲñèæŽ òŽäñî ïæãîùâöæ éæïæ
çëéìŽóðñîæ àèëĲŽèñîæ ŽðîŽóðëîæï ŽîïâĲëĲŽ.
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Introduction

One of the possible ways for the description of qualitative behavior of the
solutions of evolution problem is the proving of the existence in a phase space
of the problem of invariant attracting set, a global attractor. In contrast to
finite-dimensional problems, in the case of infinite-dimensional situation of
the dissipativity condition of a system does not ensure the existence of the
compact attractor, and the resolving of this problem is based essentially on
one-parameter semigroups apparatus. This approach was founded in the
seventies of the past century by J. Hale and O. A. Ladyzhenskaya. It was
then developed by J. Hale [7], [8] for autonomous infinite-dimensional sys-
tems generated by equations with delay, but his abstract results concerning
the existence of global attractors of dynamical systems mostly coincided
with the results due to O. A. Ladyzhenskaya [17], [18], which have been
gained in studying the dynamics of solutions of a two-dimensional system
of Navier–Stokes equations.

The essence of these results is based on the fact that for the given evolu-
tion problem {

∂tu(t) = F (u(t)),
u(0) = u0 ∈ E,

(1)

for which, as is known, it is globally and uniquely solvable in some class
W , and u(t) ∈ E ∀ t ∈ =+, where = is a nontrivial semigroup of the ad-
ditive group R, =+ = = ∩ [0,+∞), the one-parametric family of mappings
{V (t, · ) : E 7→ E}t∈=+ is constructed, where

V (t, u0) :=
{
u(t)| u( · ) is the solution of (1)

}
. (2)

On the strength that the problem (1) is autonomous, the family of map-
pings (2) is a semidynamical system, for which the invariant, compact, at-
tracting set in the phase space is found – a global attractor, which is minimal
among closed attracting sets and maximal among invariant compact sets.

In the papers of J. Hale [7], [8], O. A. Ladyzhenskaya [17], [18], M. I. Vi-
shik [1], R. Temam [26] and of other mathematicians the existence and
properties of global attractors were established in many nonlinear equations
of mathematical physics.

Owing to these works, the theory of global attractors of dynamical sys-
tems has became almost completed and for a wide class of autonomous
well-posed evolution dissipative problems it gives response to the question
about the existence of a global attractor, its connectedness, stability, ro-
bustness, regularity, structure and dimension.

At the same time, a large class of autonomous problems was left aside,
for which there is a global solvability theorem in phase space and there is no
uniqueness theorem or it hasn’t proved yet. These are the three-dimensional
Navier–Stokes system, the three-dimensional Benard system, the system of
equations of chemical kinetics under general conditions on parameters, wave
equations in the case of nonlinearity of general polynomial form, evolution
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nonlinear equations with non-Lipschitz function of interface, as well as an
evolution inclusion that arises while investigating evolution equations with
discontinuous coefficients. The problem of studying dynamics of systems
with possible nonuniqueness of a solution was solved in two ways. G. R. Sell
[25], M. I. Vishik [5] suggested the concept of a trajectory attractor, in the
context of which the dynamical system is constructed in the space of tra-
jectories on the basis of a shift operator. For that (already a single-valued)
dynamical system one can find an attracting set, a trajectory attractor. But
it is important to note that in the course of this approach the connection
with the system‘s phase space has been lost. Another approach proposed in
the papers due to J. M. Ball [2], V. S. Melnik [19], [20], assumed a possible
nonuniqueness of the solution by introducing a multivalued analogue of the
one-parameter semigroup (2).

Let us assume that the problem (1) is globally solved in the class W,
u(t) ∈ E ∀ t ∈ =+. Then correctly defined (multivalued in the general case)
is a family of mappings {G(t, · ) : E 7→ 2E}t∈=+ , where

G(t, u0) :=
{
u(t)| u( · ) ∈ W is the solution of (1)

}
. (3)

The family of mappings (3) showing that the conditions
{

G(0, x) = x ∀x ∈ E,

G(t + s, x) ⊂ G(t, G(s, x)) ∀x ∈ E, t, s ∈ =+,

are fulfilled, is called an m-semiflow.
The global attractor of the m-semiflow in the phase space E is called a

compact set Ξ which satisfies the following conditions:

1) ∀ t ∈ =+Ξ ⊂ G(t, Ξ) (semiinvariance),

2) for any bounded B ⊂ E dist(G(t, B), Ξ) → 0, t → +∞ (attraction).

As it turned out, the mappings of type (3) occur naturally in the evo-
lution equations without the uniqueness of a solution and also in evolution
inclusions. For most of them, the existence of a global attractor was proved.

Eventually, the apparatus of global attractors of one-parameter semi-
groups turned out to be not an easy-to-use for research of the qualitative
behavior of evolution systems, but it admits the generalization of nonau-
tonomous systems. In [4] by V. V. Chepyzhov and M. I. Vishik, such type
of generalization was realized by introducing an additional parameter, that
was responsible for non-autonomous terms. Moreover, the application for
equations with almost periodic in time right-hand part, as well as cascade
systems were examined.

This scheme has been generalized in the case of ambiguous solvability
by O. V. Kapustyan, V. S. Melnik, J. Valero[10]. The main idea of this
approach consists in that for the problem{

∂tu(t) = Fσ(t)(u(t)),
u(τ) = uτ ∈ E,

(4)
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it is assumed that a non-autonomous term σ(t) belongs to some space Σ,
where {T (h) : Σ 7→ Σ}h∈=+ is a semigroup, ∀σ ∈ Σ, τ ∈ =, uτ ∈ E, the
problem (4) is expected to be globally solvable in some class Wτ , u(t) ∈ E
∀ t ≥ τ . Thus we can correctly define the mapping (possibly multivalued):

Uσ(t, τ, uτ ) :=
{
u(t)| u( · ) ∈ W is the solution of (4)

}
. (5)

It describes the dynamics of solutions of problems (4). If the following
conditions are fulfilled for (5), ∀σ ∈ Σ





Uσ(τ, τ, uτ ) = uτ ,

Uσ(t, τ, uτ ) ⊂ Uσ(t, s, Uσ(s, τ, uτ )) ∀ t ≥ s ≥ τ,

Uσ(t + h, τ + h, uτ ) ⊂ UT (h)σ(t, τ, uτ ) ∀h ∈ =+,

then the family of mappings (5) is called a family of m-processes, for which
the global attractor is determined in the phase space E as a compact set
ΘΣ, for which the conditions below are fulfilled:

1) for any bounded B ⊂ E ∀ τ ∈ R dist(UΣ(t, τ, B), ΘΣ) → 0, t → +∞,

2) ΘΣ is minimal in a class of closed sets, which satisfies 1).

As it turned out, the dynamics of many classes of evolution problems
can be described in terms of global attractors of m-processes. Random
ambiguously solvable dynamical systems and evolution inclusions with non-
autonomous right-hand part were investigated with the exception of the
above-mentioned equations with almost periodic right-hand part and cas-
cade systems. Consequently, such an essential non-autonomous object as
evolution equations with impulses perturbations at fixed moments, can like-
wise be described in terms of non-autonomous dynamical processes. The
existence of global attractors for evolution equations with impulsive effects
was, for the first time, obtained in [11], [12], but only in the case of damped
impulsive effects, that is, when values of impulsive perturbations tend to
zero. This fact is essentially used in proving of the existence of global at-
tractor, because in reality it is proved that every element of global attractor
belongs to some trajectory of a non-perturbed evolution problem.

In the present article, relying on the theory of impulsive differential equa-
tions [24], the authors prove that the evolution inclusion with translation-
compact perturbations at fixed moments [13] generates a multivalued dy-
namical system for which there exists the compact global attractor.

Global Attractors of Multivalued Processes

Let (X, ρ) be a metric space, =d = {(t, τ) ∈ =2| t ≥ τ}, P (X) be a set
of all non-empty subsets of X, β(X) be a set of all non-empty, bounded
subsets of X, and Σ be some metric space, for which the semigroup {T (h) :
Σ 7→ Σ}h∈=+ is defined.
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Definition 1. We say that the family of multivalued processes (MP) is
defined, {Uσ : =d×X 7→ P (X)}σ∈Σ ∀σ ∈ Σ, if the following conditions are
fulfilled:

1) Uσ(τ, τ, x) = x ∀x ∈ X, ∀ τ ∈ =,

2) Uσ(t, τ, x) ⊆ Uσ(t, s, Uσ(s, τ, x)) ∀ t ≥ s ≥ τ , ∀x ∈ X,

3) Uσ(t + h, τ + h, x) ⊆ UT (h)σ(t, τ, x) ∀ t ≥ τ , ∀h ∈ =+,

where for A ⊂ X, B ⊂ Σ UB(t, s, A) =
⋃

σ∈B

⋃
x∈A

Uσ(t, s, x).

Definition 2. The compact set ΘΣ ⊂ X is called a global attractor of
the family of MP {Uσ}σ∈Σ if the following conditions are fulfilled:

1) ΘΣ is a uniformly attracting set, i.e. ∀ τ ∈ R, ∀B ∈ β(X)

dist(UΣ(t, τ, B), ΘΣ) → 0, t → +∞; (6)

2) ΘΣ is a minimal set in the class of all closed uniformly attracting sets.

Theorem 1. Let the family MP {Uσ}σ∈Σ satisfy the following condi-
tions:

1) ∃B0∈β(X) ∀B∈β(X) ∀ τ ∈= ∃T =T (B, τ) ∀ t≥T UΣ(t, τ, B)⊂B0;

2) ∀B ∈ β(X) ∀ τ ∈ = ∀ tn → +∞ any ξn ∈ UΣ(tn, τ, B) is precompact
in X.

Then there exists ΘΣ which is the global attractor of MP {Uσ}σ∈Σ. If,
moreover, ∀h ∈ =+ T (h)Σ = Σ and in condition 3) from Definition 1 the
equality is fulfilled, then it suffices to check only the conditions 1), 2) from
the theorem for τ = 0.

Proof. For any B ∈ β(X), τ ∈ =, let us consider a set

ωΣ(τ, B) =
⋂

s≥0

⋃

t≥s

UΣ(t, τ, B). (7)

Under the condition 2) we find in a standard way that ωΣ(τ, B) 6= ∅ is a
compact, attracting set B, i.e.,

dist
(
UΣ(t, τ, B), ωΣ(τ, B)

) → 0, t → +∞,

and it is a minimal closed set possessing this property. Then the set

ΘΣ = clX

( ⋃

τ∈=

⋃

B∈β(X)

ωΣ(τ, B)
)

(8)

satisfies the conditions 1), 2) from Definition 2.
Let us prove its compactness. Since ∀B ∈ β(X) ∀ τ ∈ = ∃T = T (B, τ)

∀ t ≥ T UΣ(t, τ, B) ⊂ B0, therefore ∀ p ∈ =+

UΣ(t + p, τ, B) ⊂ UΣ

(
t + p, t, UΣ(t, τ, B)

) ⊂
⊂ UΣ(t + p, t, B0) ⊂ UT (t)Σ(p, 0, B0) ⊂ UΣ(p, 0, B0).
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Thus ∀ s ≥ T , ∀ p ∈ =+

⋃

t′≥s+p

UΣ(t′, τ, B) ⊂ UΣ(p, 0, B0).

Then ∀ s′ ∈ =+

⋃

p≥s′

⋃

t′≥s+p

UΣ(t′, τ, B) ⊂
⋃

p≥s′
UΣ(p, 0, B0),

clX

( ⋃

t′≥s+s′
UΣ(t′, τ, B)

)
⊂ clX

( ⋃

p≥s′
UΣ(p, 0, B0)

)
,

⋂

s′≥0

clX

( ⋃

t′≥s+s′
UΣ(t′, τ, B)

)
⊂

⋂

s′≥0

clX

( ⋃

p≥s′
UΣ(p, 0, B0)

)
,

⋂

s′′≥s

clX

( ⋃

t′≥s′′
UΣ(t′, 0, B)

)
⊂ ωΣ(0, B0).

Thereby, ωΣ(τ, B) ⊂ ωΣ(0, B0), hence ΘΣ = ωΣ(0, B0), and the desired
compactness is proved. The second part of the theorem follows from the
following inclusions: if τ ≥ 0

UΣ(t, τ, B) ⊂ UT (τ)Σ(t− τ, 0, B) ⊂ UΣ(t− τ, 0, B);

if τ < 0
UΣ(t, τ, B) = UT (−τ)Σ(t, τ, B) = UΣ(t− τ, 0, B).

The theorem is proved. ¤

The Statement of the Impulsive Problem and the Properties
of Solutions

Given a triplet V ⊂ H ⊂ V ∗ of Hilbert spaces with a compact and dense
embedding, 〈 · , · 〉 is a canonical duality between V and V ∗. Let us denote
by ‖·‖ and ( · , · ) the norm and the scalar product in the space H, ‖·‖V is a
norm in the space V . Assume that the inequality ‖u‖2 ≤ α‖u‖2V is fulfilled.

We consider a linear continuous operator A : V → V ∗, which for the
constants λ1 > 0, λ2 > 0 satisfies the following conditions:

∀u ∈ V 〈Au, u〉 ≥ λ1‖u‖2V , (9)

∀u, v ∈ V |〈Au, v〉| ≤ λ
1
2
2 〈Au, u〉 1

2 ‖v‖V . (10)

From the condition (9), we obtain the estimate |〈Au, v〉| ≤ λ2‖u‖V ‖v‖V .
Then using Lax–Milgram’s lemma, we have that ∃A−1 ∈ L(V ∗, V ) and,
moreover, ‖A−1‖ ≤ 1

λ1
, ‖A‖ ≤ λ2.

Suppose that the multivalued perturbation F : H 7→ P (H) satisfies the
conditions

∀ y ∈ H F (y) is convex, closed, bounded subset of H; (11)
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F is w-upper semicontinuous (w-u.s.), and has no more than linear growth,
i.e.

∀ ε > 0 ∀ y0 ∈ H ∃ δ > 0 y ∈ Oδ(y0), F (y) ⊂ Oε(F (y0)); (12)

∃C ≥ 0 ∀ y ∈ H ‖F (y)‖+ ≤ C(1 + ‖y‖). (13)

Here, for B ⊂ H, we denote ‖B‖+ = sup
b∈B

‖b‖.
Consider the problem





dy

dt
+ Ay ∈ F (y) + h(t), t > τ,

y(τ) = yτ ,
(14)

where τ ∈ R, yτ ∈ H, the operator A and the multivalued function F satisfy
the conditions (9), (10), (11)–(13), h ∈ L2

loc(R,H).

Definition 3. By the solution of the problem (14) on (τ, T ) is meant
the function y ∈ L2(τ, T ;V ) with dy

dt ∈ L2(τ, T ;V ∗) such that there exists
f ∈ L2(τ, T ;H), f(t) ∈ F (y(t)) almost everywhere (a.e.), and





dy

dt
+ Ay = f(t) + h(t),

y(τ) = yτ .
(15)

It is known [6] that for all τ ∈ R, T > τ , yτ ∈ H under the conditions (9),
(10), (11)–(13) the problem (14) has at least one solution and, moreover,
any solution of problem (14) belongs to the space C([τ ; T ]; H). Thus, there
is a reason to speak about global solvability of (14) on (τ, +∞).

For the problem (14), we formulate the following impulsive problem: at
fixed time moments {τi}i∈Z , τi+1−τi ≥ γ > 0, every solution of the problem
(14) in the phase space H undergoes impulsive perturbation of the form:

y(τi + 0)− y(τi) ∈ g(y(τi)) + Ψi, i ∈ Z, (16)

where g : H 7→ H is the given function and Ψi ⊂ H are the given sets.
Then ∀ τ ∈ [τi, τi+1), ∀ yτ ∈ H, the Cauchy problem for (14), (16) is

globally solvable in the sense that ∀ yτ ∈ H there exists the function y(·),
which is the solution of (14) on (τ, τi+1), (τi+1, τi+2), . . . , y(τ) = yτ , and at
the time moments {τi, τi+1, . . . }, the function y(·) satisfies the relation (16)
and is left-continuous.

Let us define some properties of the solution for the problem (14), (16).
Towards this end, we consider an auxiliary problem





dy

dt
+ Ay = f(t),

y(τ) = yτ .
(17)

It is known [3], [26] that the problem (17) under the conditions (9), (10) for
any yτ ∈ H, T > τ , f ∈ L2(τ, T ;H) has a unique solution in the Hilbert
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space

W (τ, T ) =
{

y| y ∈ L2(τ, T ; V ),
dy

dt
∈ L2(τ, T ; V ∗)

}
,

which is denoted by y = I(f, yτ ). Moreover, the function t 7→ ‖y(t)‖ is
absolutely continuous on [τ, T ] and a.e. on (τ, T ) the equality

1
2

d

dt
‖y(t)‖2 + 〈Ay(t), y(t)〉 = (f(t), y(t)) (18)

is valid.

Lemma 1. We have a sequence of problems (17) with right-hand parts
fn ∈ L2(τ, T ; H) and initial datas yn

τ ∈ H. Let fn
w→ f in L2(τ, T ; H),

yn
τ

w→ yτ in H. Then yn = I(fn, yn
τ ) → y = I(f, yτ ) in C([δ, T ]; H) ∀ δ ∈

(τ, T ). If yn
τ → yτ in H, then yn → y in C([τ, T ];H).

Proof. From (18), we have an estimation for τ ≤ s ≤ t ≤ T ,

‖yn(t)‖2 + 2λ1

t∫

s

‖yn(p)‖2V dp ≤ ‖yn(s)‖2 + 2

t∫

s

(fn(p), yn(p)) dp. (19)

From (19), due to the boundedness of {fn} in L2(τ, T ;H), the boundedness
of {yn

τ } in H and (7), we have that ∃M > 0 ∀n ≥ 1,

sup
t∈[τ,T ]

‖yn(t)‖+

T∫

τ

‖yn(p)‖2V dp +

T∫

τ

∥∥∥dyn

dt

∥∥∥
2

V ∗
dp ≤ M. (20)

Hence there exists y ∈ W (τ, T ) such that yn
w→ y in W (τ, T ). Then under

the compactness of the embedding W (τ, T ) ⊂ L2(τ, T ; H), we obtain yn → y
in L2(τ, T ;H), and it means that yn(t) → y(t) in H for almost all t ∈ (τ, T ),
and, besides, yn(tn) w→ y(t0) in H ∀ tn → t0 ∈ [τ, T ]. Hence, in particular,
y = I(f, yτ ).

Let us now consider the functions

Jn(t)=‖yn(t)‖2−2

t∫

τ

(fn(p), yn(p)) dp, J(t)=‖y(t)‖2−2

t∫

τ

(f(p), y(p)) dp.

These functions under (19) are monotonous non-increasing, continuous,
and Jn(t) → J(t) a.e. on (τ, T ). Then Jn(t) → J(t) in C([δ, T ]) ∀ δ ∈ (τ, T ).

Let
max

t∈[δ,T ]
‖yn(t)− y(t)‖ = ‖yn(tn)− y(tn)‖

and on some subsequence tn → t0.
Thus, under (20),

tn∫

t0

∣∣(fn(p), yn(p))
∣∣ dp ≤ M

tn∫

t0

‖yn(p)‖ dp → 0, n → +∞.
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Then
tn∫

τ

(fn(p), yn(p)) dp −→
t0∫

τ

(f(p), y(p)) dp.

Hence, under the weak convergence of yn(tn) to y(t0), we have a system
of inequalities

J(t0) ≤ lim‖yn(tn)‖2 − 2

t0∫

τ

(f(p), y(p)) dp ≤

≤ lim‖yn(tn)‖2 − 2

t0∫

τ

(f(p), y(p)) dp ≤ limJn(tn) = J(t0).

It follows that there exists lim
n→+∞

‖yn(tn)‖ = ‖y(t0)‖ such that yn(tn) →
y(t0) in H. Hence, on some subsequence, yn → y in C([δ, T ];H). Since (17)
has a unique solution, the convergence goes along the whole sequence.

If yn
τ → yτ , then Jn(τ) → J(τ), hence Jn → J in C([τ, T ]) and, similarly

to the previous arguments, we obtain yn → y in C([τ, T ]; H). The lemma
is proved. ¤

The following lemma provides us with the sufficient conditions of dissi-
pativity for the impulsive problem (14), (16).

Lemma 2. Let the conditions

sup
i∈Z

‖Ψi‖+ < ∞, (21)

∃D > 0 ∀u ∈ H ‖g(u)‖ ≤ D(1 + ‖u‖), (22)

‖h‖2+ := sup
t∈R

t+1∫

t

‖h(s)‖2 ds < ∞, (23)

−2λ1

α
+ 2C +

1
γ

ln(1 + (D + 1)2) < 0 (24)

be fulfilled. Then

∃R > 0 such that ∀ r ≥ 0 ∀ y0 ∈ H, ‖y0‖ ≤ r,

and for any solution y(·) of the problem (14), (16) on (0, +∞)

with y(0) = y0, ∃T = T (r) such that ∀ t ≥ T, ‖y(t)‖ ≤ R.

(25)

Proof. From the inequality
d

dt
‖y(t)‖2 +

2λ1

α
‖y(t)‖2 ≤ 2C‖y(t)‖2 + 2C‖y(t)‖+ 2‖h(t)‖ ‖y(t)‖ (26)

and under the condition (24), for a.a. t we have the estimation

d

dt
‖y(t)‖2 + δ‖y(t)‖2 ≤ C1

(‖h(t)‖2 + 1
)
, (27)
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where the constants δ = 2λ1
α −2C > 0, C1 > 0 depend only on the constants

of the problem (14), (16). Moreover, taking (16) into account, we have∣∣∣ ‖y(τi + 0)‖2 − ‖y(τi)‖2
∣∣∣ ≤ (D + 1)2‖y(τi)‖2 + C2,

where the constant C2 > 0 depends only on the constants of the problem
(14), (16). It turns out that the function t 7→ ‖y(t)‖2 is the solution of the
impulsive problem




d

dt
‖y(t)‖2 + δ‖y(t)‖2 ≤ C1

(‖h(t)‖2 + 1
)
,

‖y(τi + 0)‖2 − ‖y(τi)‖2 ≤ (D + 1)2‖y(τi)‖2 + C2,

and the solutions of this problem at every moment cannot exceed the solu-
tions of the problem




d

dt
x(t) + δx(t) = C1

(‖h(t)‖2 + 1
)
,

x(τi + 0)− x(τi) = (D + 1)2x(τi) + C2.
(28)

For every x0 ∈ R, the solution x(·) of the problem (28) with x(0) = x0 is
defined by the formula [24]

x(t) = e−δt
(
1 + (D + 1)2

)i(t,0) · x0+

+

t∫

0

C1

(‖h(p)‖2 + 1
)
e−δ(t−p)

(
1 + (D + 1)2

)i(t,p)
dp+

+ C2

∑

0≤τi<t

e−δ(t−τi)
(
1 + (D + 1)2

)i(t,τi)
,

where i(t, s) is a number of points τi on [s, t).
By the condition (24), ∃µ > 0 such that

−δ +
1
γ

ln(1 + (D + 1)2) ≤ −µ < 0,

and ∀ t > 0, we have the inequality

t∫

0

‖h(s)‖2e−µ(t−s) ds ≤

≤
t∫

t−1

‖h(s)‖2 ds + e−µ

t−1∫

t−2

‖h(s)‖2 ds + e−2µ

t−2∫

t−3

‖h(s)‖2 ds + · · · ≤

≤ ‖h‖2+(1− e−µ)−1,

then for x0 = ‖y(0)‖2, it is easy to get an estimation for all t ≥ 0

‖y(t)‖2 ≤ x(t) ≤ e−µt‖y(0)‖2 + M,

from which follows the condition (25). The lemma is proved. ¤
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The Construction of the Semigroup of Translations for
Impulsive Systems with Nondamped Perturbations

Let us begin with the presentation of the concept of translation-compact
functions [5]. Let (M, ρM) be a complete metric space. We consider the
space C(R;M) of continuous functions from R toM with topology of uniform
convergence on the compacts, i.e.,

σn → σ in C(R;M) ⇐⇒
⇐⇒ ∀ [t1, t2] ⊂ R, max

t∈[t1,t2]
ρM(σn(t), σ(t)) → 0, n →∞.

The defined topology can be described by using the metric, and with this
metric C(R;M) will be the complete metric space.

For the fixed σ(·) ∈ C(R;M), define the set

H(σ) := clC(R;M)

{
σ(t + · )| t ∈ R}

.

Definition 4. The function σ(·) ∈ C(R;M) is called a translation-
compact function (tr.-c.) in C(R;M) if H(σ) is compact in C(R;M).

The concept of the translation-compactness, as the form of generalization
of almost periodicity, was presented in [5]. In this paper, an example of
translation-compact but not almost periodic function is given.

Lemma 3 ([5]). If σ ∈ C(R;M) is tr.-c. function in C(R;M), then

1) any σ1(·) ∈ H(σ) is also tr.-c. in C(R;M), H(σ1) ⊆ H(σ);

2) ∃R > 0 ∀σ1(·) ∈ H(σ) sup
s∈R

ρM(σ1(s), 0) ≤ R;

3) the translation group {T (t)}t∈R, T (t)σ(s) = σ(t + s), for any t ∈ R is
continuous in the topology C(R;M), and T (t)H(σ) = H(σ).

Let us consider the space L2,w
loc (R; H), that is, the space L2

loc(R; H) with
a local weak convergence topology, i.e.,

σn → σ in L2,w
loc (R; H) ⇐⇒ ∀ [t1, t2] ⊂ R ∀ η ∈ L2(t1, t2; H),

t2∫

t1

(σn(t)− σ(t), η(t)) dt → 0, n →∞.

In the same way as above, for the function σ ∈ L2,w
loc (R; H) we consider

the set
H(σ) := clL2,w

loc (R;H)

{
σ(t + s)| t ∈ R}

.

Definition 5. The function σ(·) ∈ L2,w
loc (R; H) is to be called translation-

compact (tr.-c.) in L2,w
loc (R; H), if H(σ) is compact in L2,w

loc (R; H).

Lemma 4 ([5]). The function σ ∈ L2,w
loc (R;H) is tr.-c. in L2,w

loc (R;H) ⇔
‖σ‖2+ < ∞.
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Lemma 5 ([5]). If σ ∈ L2,w
loc (R;H) is tr.-c. in L2,w

loc (R;H), then

1) any σ1(·) ∈ H(σ) is also tr.-c. in L2,w
loc (R;H), H(σ1) ⊆ H(σ);

2) ∀σ1(·) ∈ H(σ) ‖σ1‖2+ ≤ ‖σ‖2+;

3) the translation group {T (t)}t∈R, T (t)σ(s) = σ(t + s), for any t ∈ R is
continuous in the topology L2,w

loc (R;H), and T (t)H(σ) = H(σ).

We proceed to the construction of translation-compact distribution as
the generalization of almost periodic distribution [24].

Consider the separable Banach space

D =
{
ϕ ∈ C1(R)| D1ϕ is absolutely continuous on R,

Djϕ ∈ L1(R), j = 0, 1, 2
}

with the norm

|ϕ|D := max
j=0,1,2

{ +∞∫

−∞
| Djϕ(t)| dt

}
.

Let (X, ‖·‖) be the Banach space. We consider a subset of the space L(D, X)
of all linear continuous operators from D into X for fixed K > 0:

WK =
{
h ∈ L(D, X)| ‖h‖L(D,X) ≤ K

}
.

Lemma 6. There exists the function ρWK on WK for which the following
conditions are fulfilled:

1) (WK , ρWK
) is the complete metric space;

2) ρWK (An, A) → 0 ⇐⇒ ∀ϕ ∈ D Anϕ → Aϕ;

3) ρWK (A1, A2) ≤ L‖A1 −A2‖L(D,X).

Proof. Let {xi} be a dense set in D. There is

ρWK
(A,B) =

∞∑

i=1

αi
‖Axi −Bxi‖

1 + ‖Axi −Bxi‖

for αi > 0,
∞∑

i=1

αi < ∞, the metric is determined in WK , and the condition

2) is fulfilled. Moreover, in this formula we always can choose numbers

{αi} such that the inequality
∞∑

i=1

αi‖xi‖ < ∞ holds. Let us now prove that

(WK , ρWK ) is a complete metric space.
Indeed, if ρWK (An, Am) → 0, then Anϕ− Amϕ → 0 for any ϕ ∈ D. We

put Aϕ := lim Anϕ, then A is linear. Thus, ‖Aϕ‖ ≤ K|ϕ|D under ‖Anϕ‖ ≤
K|ϕ|D, so A ∈ WK . Since

∞∑
i=1

αi‖xi‖ < ∞, it follows that ρWK (A,B) ≤
L‖A−B‖L(D,X). The lemma is proved. ¤
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Next, for any s ∈ R, we consider the map T (s) : WK 7→ WK such that

(T (s)h)ϕ(·) = hϕ(· − s) ∀h ∈ WK , ∀ϕ ∈ D.

It is easy to find that T (s)WK = WK ∀ s ∈ R and {T (s)} is a continuous
group in WK .

Definition 6. The element h ∈ WK is called a translation-compact
distribution if the function T (·)h : R 7→ WK is translation-compact in
C(R;WK).

Here, the set

ΣK = clWK

{
T (s)h | s ∈ R}

(29)

is called a minimal flow which is generated by h ∈ WK .

Lemma 7. If h ∈ WK is the translation-compact distribution, then ΣK

is compact in WK and T (s)ΣK = ΣK for any s ∈ R. If for h ∈ WK , the
mapping T ( · )h : R 7→ WK is uniformly continuous in R and ΣK is compact
in WK , then h is the translation-compact distribution.

Let the sequences {fi}i∈Z ⊂ X, {ti}i∈Z ⊂ R be given, and the following
conditions be fulfilled:

sup
i∈Z

‖fi‖ ≤ K, {fi}i∈Z is precompact in X,

ti = ai + ci for a > 0, sup
i∈Z

|ci| < ∞, ti+1 − ti ≥ γ > 0.
(30)

Then h ∈ L(D, X) is determined by h =
∑
i

fiδti , hϕ =
∑
i

fiϕ(ti) and

‖hϕ‖ ≤
∥∥∥

∑

i

fiϕ(ti)
∥∥∥ ≤ K

∑

i

|ϕ(ti)| ti+1 − ti
ti+1 − ti

≤ 2K

γ
|ϕ|D .

The last inequality is a consequence of the following lemma.

Lemma 8. If ϕ ∈ D, then the inequality

∑

i

‖ϕ(ti)‖(tk+1 − tk) ≤
∫

R

(‖ϕ(t)‖+ ‖ϕ′(t)‖) dt

holds.

Proof. The lemma can be considered as already proven if the inequality

|ϕ(t)|(tk+1 − tk) ≤
tk+1∫

tk

(|ϕ(s)|+ |ϕ′(s)|) ds

holds for k ∈ Z, where t ∈ [tk, tk+1].
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Summing the following inequalities
t∫

tk

ϕ′(s)(s− tk) ds = ϕ(t)(t− tk)−
t∫

tk

ϕ(s) ds,

tk+1∫

t

ϕ′(s)(s− tk+1) ds = −ϕ(t)(t− tk) + (tk+1 − tk)ϕ(t)−
tk+1∫

t

ϕ(s) ds,

we get

ϕ(t)(tk+1−tk)=

tk+1∫

tk

ϕ(s) ds+

t∫

tk

ϕ′(s)(s−tk) ds+

tk+1∫

t

ϕ′(s)(s−tk − 1) ds.

So,

|ϕ(t)|(tk+1 − tk) ≤

≤
tk+1∫

tk

|ϕ(s)|ds + (t− tk)

t∫

tk

|ϕ′(s)| ds + (tk + 1− t)

tk+1∫

t

|ϕ′(s)| ds ≤

≤
tk+1∫

tk

|ϕ(s)| ds + (t− tk)

tk+1∫

tk

|ϕ′(s)| ds + (tk + 1− t)

tk+1∫

tk

|ϕ′(s)| ds ≤

≤
tk+1∫

tk

(|ϕ(s)|+ |ϕ′(s)|) ds.

The lemma is proved. ¤

Denote W = W 2K
γ

, Σ = Σ 2K
γ

. Under the conditions that {fi}i∈Z is
precompact, and {ci}i∈Z is bounded, we can use the following property: for
any sequence of integers {mn} there exist sequences {mk} and {f̃i}i∈Z ⊂ X,
{c̃i}i∈Z ⊂ R such that for all i ∈ Z,

‖fi+mk
− f̃i‖ → 0, |ci+mk

− c̃i| → 0, k →∞. (31)

As is known [24], the uniform with respect to i ∈ Z convergence in (31)
characterizes almost periodic sequences.

Theorem 2. Let the conditions (30) be fulfilled. Then h =
∑
i

fiδti is

the translation-compact distribution, and for any g ∈ Σ, the representation
g =

∑
i

liδτi holds, and also the sequences {li} ⊂ X, {τi} ⊂ R satisfy the

condition (30). Moreover, if gn =
∑
i

lni δτn
i
−→ g =

∑
i

liδτi in Σ, then

lni → li in X, τn
i → τi in R ∀ i ∈ Z.
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Proof. At our first step, we prove that the mapping h =
∑
i

fiδti is the

translation-compact distribution, if and only if the function F (t)=
∑
i

fiϕ(t−
ti) is translation-compact in C(R; X) for any ϕ ∈ D.

∥∥(T (s)h)ϕ− (T (t)h)ϕ
∥∥ ≤

∥∥∥
∑

i

(fiϕ(ti − s)− fiϕ(ti − t))
∥∥∥ ≤

≤ C

γ
|t− s|

∑

i

∥∥ϕ′(t∗i )(ti − ti−1)
∥∥

for t > s, where t∗i ∈ [ti − t, ti − s]. Here, without loss of generality, we
assume that t − s < γ. Then for an arbitrary number i, t − s < ti − ti−1

and t∗i ∈ [ti − t, ti − s] ⊂ [ti−1 − s, ti − s]. Relying on the proof of Lemma
8, we have

|ϕ′(t∗i )|(ti − ti−1) ≤
ti−s∫

ti−1−s

(|ϕ′(r)|+ |ϕ′′(r)|) dr.

Thus,

∥∥(T (s)h)ϕ− (T (t)h)ϕ
∥∥ ≤ 2C

γ
|t− s| |ϕ|D,

so,

‖T (s)h− T (t)h‖L(D,X) ≤
2C

γ
|t− s|,

‖F (s)− F (t)‖ ≤ 2C

γ
|t− s| |ϕ|D,

and also, the functions F (·), T (·)h are uniformly continuous in R. If h is the
translation-compact distribution, then {T (s)h| s ∈ R} is precompact in W .
Thus, on the basis of Lemma 7, we find that {F (s)| s ∈ R} is precompact
in X for any ϕ ∈ D, and also, the mapping F is translation-compact in
C(R;X).

Inversely, let F be the translation-compact in C(R; X). We choose

{ϕj}j≥1 ⊂ D, supp ϕj ⊂ [− 1
j , 1

j ], ϕj ≥ 0,
+∞∫
−∞

ϕj(t) dt = 1, and consider the

mapping Fj which is defined as follows:

Fjϕ =

+∞∫

−∞

∑

i

fiϕj(t− ti)ϕ(t) dt ∀ϕ ∈ D.
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Then

‖Fjϕ‖ =
∥∥∥∥

+∞∫

−∞
ϕj(t)

∑

i

fiϕ(t + ti) dt

∥∥∥∥ ≤

≤ C

∞∫

−∞
ϕj(t)

∑

i

|ϕ(t + ti)| dt ≤ C
∑

i

∣∣ϕ(θj
i + ti)

∣∣,

where θj
i ∈ [− 1

j , 1
j ]. Here, without loss of generality, we assume that 1

j < γ.

Hence, we have

‖Fjϕ‖ ≤ C
∑

i

∣∣ϕ(θj
i + ti)

∣∣ ≤ C

2γ

∑

i

|ϕ(θj
i + ti)|(ti+1 − ti−1) ≤

≤ C

2γ

∑

i

ti+1∫

ti−1

(|ϕ(s)|+ |ϕ′(s)|) ds ≤ 2C

γ
|ϕ|D,

by virtue of Lemma 8, i.e. Fj ∈ W . Let us show that Fj is the translation-
compact distribution. We start with

∥∥(T (t′)Fj)ϕ− (T (t′′)Fj)ϕ
∥∥ =

=
∥∥∥∥

+∞∫

−∞

∑

i

fiϕj(t− ti)
(
ϕ(t− t′)− ϕ(t− t′′)

)
dt

∥∥∥∥ ≤

≤ C

+∞∫

−∞
ϕj(t)

∑

i

∣∣ϕ(t + ti − t′)− ϕ(t + ti − t′′)
∣∣ dt ≤

≤ C
∑

i

∣∣ϕ(t∗i,j − t′)− ϕ(t∗i,j − t′′)
∣∣,

where t∗i,j ∈ [ti − 1
j , ti + 1

j ]. Then

∥∥(T (t′)Fj)ϕ− (T (t′′)Fj)ϕ
∥∥ ≤ C|t′ − t′′|

∑

i

∣∣ϕ′(θj
i ))

∣∣,

holds for t′′ < t′, where

θj
i ∈ [t∗i,j − t′, t∗i,j − t′′] ⊂

[
ti − 1

j
− t′, ti +

1
j
− t′′

]
⊂

⊂
[
ti − 1

j
− t′, ti +

1
j
− t′ + |t′ − t′′|

]
⊂ [ti−1 − t′, ti+1 − t′].
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Hence, if 1
j < γ/2, |t′ − t′′| < γ/2, we have the estimation

∥∥(T (t′)Fj)ϕ− (T (t′′)Fj)ϕ
∥∥ ≤

≤ C

2γ
|t′ − t′′|

∑

i

∣∣ϕ′(θj
i ))

∣∣(ti+1 − ti−1) ≤ 2C

γ
|t′ − t′′| |ϕ|D

to be fulfilled. Thus, we have proved that T (·)Fj is uniformly continuous.
It remains to prove that {T (s)Fj | s ∈ R} is a precompact set in W . Let
sn →∞ be an arbitrary sequence. Since the function Fj(t) =

∑
i

fiϕj(t−ti)

is translation-compact in C(R; X), there exists the subsequence (denoted as
{sn}), and when R > 0, the statement

sup
|t|≤R

∥∥Fj(t− sn)− Fj(t− sm)
∥∥ → 0, n,m →∞

holds. Note that on the basis of diagonal method we can use the general
subsequence sn for all ϕj Since for all ϕ ∈ D, ε > 0 there exists R > 0, and
also

∫
|t|>R

|ϕ(t)| dt < ε, hence

∣∣∣∣
∫

|t|>R

∑

i

fiϕj(t + sn − ti)
∣∣∣∣ϕ(t) |dt| ≤ 2C

γ
|ϕj |D

∫

|t|>R

|ϕ(t)| dt < C(j)ε.

Then

∥∥(T (sn)Fj)ϕ− (T (sm)Fj)ϕ
∥∥ =

=
∥∥∥∥

∞∫

−∞

∑

i

fiϕj(t− ti)ϕ(t− sn) dt−
∞∫

−∞

∑

i

fiϕj(t− ti)ϕ(t− sm) dt

∥∥∥∥ =

=
∥∥∥∥

∞∫

−∞

( ∑

i

fiϕj(t + sn − ti)−
∑

i

fiϕj(t + sm − ti)
)
ϕ(t) dt

∥∥∥∥ ≤

≤
∥∥∥∥

R∫

−R

∑

i

fi(ϕj(t + sn − ti)− ϕj(t + sm − ti))ϕ(t) dt

∥∥∥∥ + 2C(j)ε.

That’s why for all ε > 0, j ≥ 1, ϕ ∈ D there exists N = N(ε, j, ϕ) such that
∀m,n ≥ N

∥∥(T (sn)Fj)ϕ− (T (sm)Fj)ϕ
∥∥ < ε.
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Hence, the set {T (s)Fj | s ∈ R} is precompact in W . Relying on Lemma 8,
for all ϕ ∈ D

∥∥∥∥
∞∫

−∞

∑

i

fiϕj(t− ti)ϕ(t) dt−
∑

i

fiϕ(ti)
∥∥∥∥ =

=
∥∥∥∥

∞∫

−∞

∑

i

fiϕj(t− ti)(ϕ(t)− ϕ(ti) dt

∥∥∥∥ ≤

≤ C
∑

i

ti+
1
j∫

ti− 1
j

1
j

max
θ∈[ti− 1

j ,ti+
1
j ]
|ϕ′(θ)|ϕj(t− ti) dt ≤ 2C

γ

1
j
|ϕ|D,

i.e. ‖Fj − h‖L(D;X) ≤ 2C
γ

1
j . Then for all ϕ ∈ D and ε > 0, there exist

j(ε, ϕ) and N(j, ε, ϕ) such that for any n,m > N ,
∥∥(T (sn)h)ϕ− (T (sm)h)ϕ

∥∥ ≤
≤ ∥∥T (sn)h− T (sn)Fj

∥∥
L(D;X)

|ϕ|D+

+
∥∥T (sm)h− T (sm)Fj

∥∥
L(D;X)

|ϕ|D +
∥∥(T (sn)Fj)ϕ− (T (sm)Fj)ϕ

∥∥ ≤

≤ 4C

γ

1
j
|ϕ|D +

∥∥(T (sn)Fj)ϕ− (T (sm)Fj)ϕ
∥∥ < ε.

Hence, the set Σ is compact in W . Thus the desired equivalence is proved.
Let us now prove the first statement. We show that the set {F (s)| s ∈ R}

is precompact in X for all ϕ ∈ D. Let sn → ∞ be an arbitrary sequence.
Then there exists the sequence {mn} ⊂ Z, such that |sn − amn| ≤ a, and
on some subsequence sn − amn → b, n → ∞. On the basis of {mn}, we
choose {mk} ⊂ {mn}, f̃i, c̃i from (31). Let t̃i = ai − b + c̃i. By (31),
sup

i
‖f̃i‖ ≤ C, sup

i
|c̃i − b| < ∞. Moreover, if ti+1 − ti = a + ci+1 − ci ≥ γ,

t̃i+1− t̃i = a+ c̃i+1− c̃i, then from (31) it follows that t̃i+1− t̃i ≥ γ. Thus the
sequences {f̃i} ⊂ X and {c̃i−b} ⊂ R satisfy the conditions (30). Therefore,
for any i ∈ Z, from the convergence sk − ti+mk

→ −t̃i, k →∞, we have
∥∥∥

∑

i

fiϕ(sk − ti)−
∑

i

f̃iϕ(−t̃i)
∥∥∥ ≤

≤
∥∥∥

∑

|i|≤N

(
fi+mk

ϕ(sk − ti+mk
)− f̃iϕ(−t̃i)

)∥∥∥+

+ C
∥∥∥

∑

|i|>N

(∣∣ϕ(−ai + sk − amk − ci+mk
)
∣∣ +

∣∣ϕ(−ai + b− c̃i)
∣∣
)∥∥∥.

Then ∀ ε > 0 there exist N ≥ 1, K(ε,N), such that ∀ k ≥ K(ε, N)∥∥∥F (sk)−
∑

i

f̃iϕ(−t̃i)
∥∥∥ < ε.
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Thus, h is the translation-compact distribution.
Consider now an arbitrary element g ∈ Σ. Then there exists the sequence

{sn}, such that T (sn)h → g in W , i.e.
∥∥(T (sn)h)ϕ− gϕ

∥∥ → 0, n →∞, ∀ϕ ∈ D.

Similarly to the above-mentioned, for all ϕ ∈ D we have

(T (sn)h)ϕ =
∑

i

fiϕ(ti − sn) −→
∑

i

f̃iϕ(t̃i).

Then (31) yields h̃ =
∑
i

f̃iδt̃i
∈ W . Hence, g = h̃. We have proved the first

part of the lemma.
Let now gn =

∑
i

lni δτn
i
−→ g =

∑
i

liδτi in Σ. From the previous consider-

ations we have ‖lni ‖ ≤ C, {lni }i∈Z ⊂ K for any n ≥ 1, where K = clX{fi}i∈Z
is compact in X, and τn

i = ai + cn
i , {cn

i }i∈Z is uniformly bounded as n ≥ 1.
Then there exists {l̃i}i∈Z ⊂ K, {c̃i}i∈Z ⊂ R such that lnk

i → l̃i in X,
cnk
i → c̃i in R ∀ i ∈ Z. We put τ̃i = ai + c̃i, g̃ =

∑
i

l̃iδτ̃i
. Then ∀ϕ ∈ D

‖gnkϕ− g̃ϕ‖ =
∥∥∥

∑

i

(
lnk
i ϕ(τnk

i )− l̃iϕ(τ̃i)
)∥∥∥ ≤

≤
N∑

i=−N

∥∥lnk
i ϕ(τnk

i )− l̃iϕ(τ̃i)
∥∥ + C

∑

|i|>N

(|ϕ(τnk
i )|+ |ϕ(τ̃i)|

)
.

Since {cn
i }i∈Z is uniformly bounded as n ≥ 1, the estimation ∀ k ≥ 1

C
∑
|i|>N

(|ϕ(τnk
i )|+ |ϕ(τ̃i)|

)
< ε

2 holds for all ε > 0, where N ≥ 1. Then for

all ε > 0, there exist k(ε) ≥ 1 such that ‖gnkϕ − g̃ϕ‖ < ε ∀ k ≥ k(ε), i.e.
gnk → g̃ in Σ. Hence, g̃ = g, and the theorem is proved. ¤

The Existence of a Global Attractor for a Nonautonomous
Impulsive-Perturbed Evolutional Inclusion

Let ∀ i ∈ Z
Ψi = [fi, gi] =

{
λfi + (1− λ)gi| λ ∈ [0, 1]

}
, (32)

and the sequences {τi}, {fi}, {gi} satisfy the conditions (30), i.e.,

{fi}i∈Z ⊂ H, sup
i∈Z

‖fi‖ ≤ K, {fi}i∈Z is precompact in H,

{gi}i∈Z ⊂ H, sup
i∈Z

‖gi‖ ≤ K, {gi}i∈Z is precompact in H,

{τi}i∈Z ⊂ R, τi = ai + ci, a > 0, sup
i∈Z

|ci| < ∞, τi+1 − τi ≥ γ > 0.

(33)

Let us construct a non-autonomous multivalued dynamical system for
(14), (16).
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On the basis of Lemmas 4 and 5, the set

Σ1 = clL2,w
loc (R;H)

{
h(t + · ) | t ∈ R}

is compact in L2,w
loc (R; H), with the action of continuous group of shifts on

it {T 1(s) : Σ1 7→ Σ1}s∈R, and ∀ s ∈ R T 1(s)Σ1 = Σ1.
By virtue of Theorem 2, both of the mappings h =

∑
i

fiδτi and p =
∑
i

giδτi are translation-compact distributions. Moreover, if the linear con-

tinuous mapping is defined by (h, p) : D 7→ H2, (h, p)(ϕ) := (hϕ, pϕ), then
it is easy to find that the set

Σ2 = clW 2

{
T (s)(h, p) | s ∈ R}

satisfies the following conditions: Σ2 is compact in W 2, T (s)Σ2 = Σ2 ∀ s ∈
R, and for all σ2 ∈ Σ2, we have σ2 = (h̃, p̃), where h̃ =

∑
i

f̃iδτ̃i
, p̃ =

∑
i

g̃iδτ̃i

and {f̃i}, {g̃i}, {τ̃i = ai + c̃i} fulfill (33).
Consider the impulsive problem




du

dt
+ Au ∈ F (u) + l(t), t > τ,

u(τ) = uτ ,
(34)

u(τ̃i + 0)− u(τ̃i) ∈ g(u(τ̃i)) + Ψ̃i = g(u(τ̃i)) + [f̃i, g̃i], i ∈ Z, (35)

for all σ = (σ1, σ2) ∈ Σ := Σ1 × Σ2, where σ1 = l, σ2 = (h̃, p̃).
The impulsive problem (34), (35) is globally solvable in the sense of solv-

ability of the problem (14), (16). Then for all σ = (σ1, σ2) ∈ Σ, τ ∈ R,
uτ ∈ H, one can correctly construct the multivalued mapping

Uσ : Rd ×H 7→ P (H),

Uσ(t, τ, uτ ) =
{
u(t) | u(·) is the solution of (34), (35), u(τ) = uτ

}
. (36)

Theorem 3. Let for the problem (14), (16) the conditions (9)–(13), (21)–
(24), (32), (33) be fulfilled. Then the formula (36) defines the family of MP
{Uσ}σ∈Σ, for which there exists the compact global attractor in the phase
space H.

Proof. Let us prove that (36) defines the family of processes and Uσ(t +
h, τ +h, x) = UT (h)σ(t, τ, x) holds for all (t, τ) ∈ Rd, h ∈ R+, x ∈ H. Let ξ ∈
Uσ(t, τ, x). Then ξ = u(t), u(·) is the solution of (34), (35), u(τ) = x. Thus,
∀ s ∈ (τ, t) u(s) ∈ Uσ(s, τ, x). Let ω(p) = u(p), if p ≥ s. Then ω(·) is the
solution of (34), (35), ω(s) = u(s), i.e., ξ = u(t) = ω(t) ∈ Uσ(t, s, u(s)) ⊂
Uσ(t, s, Uσ(s, τ, x)). Let ξ ∈ Uσ(t + s, τ + s, x). Then ξ = u(t + s), u(·) is
the solution of (34), (35), u(τ + s) = x. We put v(p) = u(p + s), p ≥ τ . If
τ +s ∈ (τ̃i−1, τ̃i], then u(·) is the solution of (34) on (τ +s, τ̃i), (τ̃i, τ̃i+1), . . . ,
such that

u(τ̃j + 0)− u(τ̃j) ∈ g(u(τ̃j)) + Ψ̃j , j ≥ i,
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holds. Thus, v(·) is the solution of (34) on (τ, τ̃i − s), (τ̃i − s, τ̃i+1 − s), . . . ,
such that

v(τ̃j − s + 0)− v(τ̃j − s) ∈ g(v(τ̃j − s)) + Ψ̃j , j ≥ i,

and v(τ) = u(τ + s) = x hold. Hence, ξ = u(t + s) = v(t) ∈ UT (s)σ(t, τ, x).
Let ξ ∈ UT (s)σ(t, τ, x). Then ξ = u(t), u(·) is the solution of (34), (35) with
parameter T (s)σ, u(τ) = x. We put v(p) := u(p− s), p ≥ τ + s. Then v(·)
is the solution of (34), (35) with parameter σ, v(τ + s) = u(τ) = x. Thus,
ξ = u(t) = v(t + s) ∈ Uσ(t + s, τ + s, x).

Let us check the conditions of Theorem 1, using both the equality proven
above and the equality T (s)Σ = Σ. Since {f̃i}, {g̃i}, {τ̃i = ai + c̃i} satisfy
(33), and basing on Lemma 5 ‖l‖2+ ≤ ‖h‖2+, from Lemma 2 we can get

∃R0 >0 ∀ r≥0 ∃T =T (r) ∀ t≥T (r) UΣ(t, 0, Br)⊂BR0 (37)

and thus we obtain the uniform dissipativity condition 1) from Theorem 1.
Let us show that condition 2) from Theorem 1 holds, that is, the sequence
ξn ∈ UΣ(tn, 0, Br) is precompact for any tn →∞ and r > 0. Since

ξn∈Uσn(tn, 0, Br)⊂Uσn(tn, tn − t̃, Uσn(tn − t̃, 0, Br)⊂UT (tn)σn
(t̃, 0, BR0),

it remains only to prove that ξn ∈ U(σ1
n,σ2

n)(t̃, 0, u0
n) is precompact in H,

when t̃ ∈ (0, γ), u0
n → u0 weakly in H, σ1

n = ln → σ1 = l in Σ1, σ2
n =

(h̃n, p̃n) → σ2 = (h̃, p̃) in Σ2, h̃n =
∑
i

f̃n
i δτ̃n

i
, p̃n =

∑
i

g̃n
i δτ̃n

i
, τ̃n

i+1 − τ̃n
i ≥

γ > 0, τ̃n
i = ai + c̃n

i . By Theorem 2, h̃ =
∑
i

f̃iδτ̃i
, p̃ =

∑
i

g̃iδτ̃i
, where

τ̃i = ai + c̃i and f̃n
i → f̃i, g̃n

i → g̃i in H, τ̃n
i → τ̃i in R ∀ i ∈ Z. Thus,

ξn = un(t̃), where un(·) is the solution of the problem




dun

dt
+ Aun ∈ F (un) + ln(t), t > 0,

un(0) = u0
n,

(38)

un(τ̃n
i +0)−un(τ̃n

i )∈g(un(τ̃n
i ))+Ψ̃n

i =g(un(τ̃n
i ))+[f̃n

i , g̃n
i ], i∈Z. (39)

There exists no more than one moment of impulsive perturbations τ̃n
i on

[0, t̃) for any n ≥ 1, and the number i depends on n, i.e., i = i(n).
If for infinitely many numbers n ≥ 1 there are no moments of impulsive

perturbations on [0, t̃), then {ξn = un(t̃)} is precompact by virtue of Lemma
1, estimate (13) and the dissipativity condition (37).

Let i(n) ∈ Z to be exist for any n ≥ 1, such that τ̃n
i(n) ∈ [0, t̃). As τ̃n

i(n) =
ai(n) + c̃n

i(n) and {c̃n
i } is uniformly bounded on n ≥ 1, then there exists

i0 ∈ N, such that i(n) ∈ [−i0, i0] ∩ Z ∀n ≥ 1. Then i(n) ≡ i ∈ [−i0, i0] ∩ Z,
for infinitely many n ≥ 1, and for some subsequence {un(·)} we have the
following impulsive problem:

un(τ̃n
i + 0)− un(τ̃n

i ) ∈ g(un(τ̃n
i )) + Ψ̃n

i = g(un(τ̃n
i )) + [f̃n

i , g̃n
i ],
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for fixed i ∈ Z. Since for any yn ∈ Ψ̃n
i yn = λnf̃n

i + (1− λn)g̃n
i , λn ∈ [0, 1],

therefore on the subsequence yn → y ∈ λf̃i + (1 − λ)g̃i ∈ Ψ̃i = [f̃i, g̃i]. Let
us consider all possible situations.

If τ̃n
i ∈ (0, t̃) and τ̃n

i → τ̃i ∈ (0, t̃), then by Lemma 1 un(τ̃n
i ) → u(τ̃i),

where u(·) is the solution of (14), u(0) = u0. Since

ξn = un(t̃) ∈ Uσ̃n

(
t̃, τ̃n

i , un(τ̃n
i )

) ⊂ UT (τ̃n
i )σ̃n

(
t̃− τ̃n

i , 0, un(τ̃n
i )

)
, (40)

therefore ξn = vn(t̃− τ̃n
i ), where vn(·) is the solution of the following prob-

lem: 



dvn

dt
+ Avn ∈ F (vn) + ln(t + τ̃n

i ),

vn

∣∣
t=0

= vn(0) ∈ un(τ̃n
i ) + g(un(τ̃n

i )) + Ψ̃n
i .

(41)

Denote l̃n(t, x) = ln(t + τ̃n
i , x) = T 1(τ̃n

i )ln(t, x). Since ln ∈ Σ1 is compact
in L2,w

loc (R; H) and T 1(p)Σ1 = Σ1, ∀ p ∈ R, the subsequence l̃n → l̃ in Σ1.
Then vn(0) → v0 weakly in H, hence, ξn = vn(t̃− τ̃n

i ) → v(t̃− τ̃i) and {ξn}
is precompact in H, by Lemma 1.

If τ̃n
i ∈ (0, t̃), τ̃n

i ↘ 0 (or τ̃n
i = 0 for infinitely many n ≥ 1), then

un(τ̃n
i ) → u0 weakly in H, by Lemma 1. In a similar way,

ξn = un(t̃) ∈ UT (τ̃n
i )σ̃n

(
t̃− τ̃n

i , 0, un(τ̃n
i )

)
,

i.e., ξn = vn(t̃− τ̃n
i ), vn(0) ∈ g

(
un(τ̃n

i ) + un(τ̃n
i ) + Ψ̃n

i

)
.

Due to the weak convergence of un(τ̃n
i ) to u0, it is easy to find that

the sequence {vn(0)} is bounded in H. Thus the sequence vn(0) → v0

converges weakly in H. Then ξn = vn(t̃ − τ̃n
i ) → v(t̃), by lemma 1, hence

{ξn} is precompact in H.
If τ̃n

i ∈ (0, t̃), τ̃n
i ↗ t̃, then

ξn = vn(t̃− τ̃n
i ) ∈ UT (τ̃n

i )σ̃n

(
t̃− τ̃n

i , 0, un(τ̃n
i )

)
,

where un(τ̃n
i ) → u(t̃) ∈ U(l,σs0 )(t̃, 0, u0), vn(0) ∈ g(un(τ̃n

i )) + un(τ̃n
i ) + Ψ̃n

i ,
vn(0) → v0 weakly in H. Since t̃ − τ̃n

i ↗ 0, and by Lemma 1 ξn = vn(t̃ −
τ̃n
i ) → v0 and {ξn} is precompact in H. Thus the theorem is proved. ¤

Remark. In many dissipative nonautonomous problems it is expected
that for a global attractor ΘΣ ⊆ UΣ(t, τ, ΘΣ). But a trivial example of peri-
odic one-dimensional problem shows that in impulsive problems, in general,
this is not true.
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