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SOME PROPERTIES OF THE GENERALIZED
EULER BETA FUNCTION



Abstract. A generalization of the Euler beta function for the case of
multi-dimensional variable is proposed. In this context ordinary beta func-
tion is defined as a function of two-dimensional variable. An analogue of the
Euler formula for this new function is proved for arbitrary dimension. There
is found out the connection of defined function with multi-dimensional hy-
pergeometric Laurichella’s function and the theorem on cancelation of multi-
dimensional hypergeometric functions singularities is proved. Such general-
izations (among others) may be helpful to construct corresponding physical
(string) models including different number of fields, as far the (bosonic)
string theory reproduces the Euler beta function (Veneziano amplitude)
and its multi-dimensional analogue.
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In the articles [1], [2] there was proposed and investigated the function

B, (10,71, ...,7n) = Bp(r) =

B 1 if n=0 ()
det™ a1, jpmdet [2) 7 by], o i n>1
(0:$0<l‘1,1‘2<"'<$n),
where
1 1
The—
by = / (1) '*H(%“ Tk )du (,j=1,...,n).

zj-1/T; k:;é]

The function (1) is a multidimensional generalization of the Euler beta

function
1

B(rg,r1) = Bi(r) = /u”’_l(l —u)" ! du.
0
A multidimensional analogues of Euler’s beta function had been studied
by mathematicians such as Selberg, Weil and Deligne among many others
(see e.g. [3]7[7]) In [1] we have shown that for any n € N and for g > 0,
r; € N (j=1,...,n) an analogue of the Euler formula is valid:

[11(r)
Bp(r) =2

—, (2)
r(xn)

where I'(¢ f e “u!~1 du is the Euler Gamma function.
0
In [2] there is investigated the case of the dimension n = 2. The ana-

logue of the Euler formula has been proved for any complex parameters
ro, 71, r2 (Rer; >0, j = 0,1,2) and the complications arising when n > 3
are shown. The relations between B, (r) and hypergeometric functions of
one and of many variables are shown too. Number of relations for the Gauss
hypergeometric function is obtained. The analytic formulae for some new
definite integrals of the special functions are obtained as well as for the
elementary ones.

In present article we prove (2) for any n € N and for r; € C (Rer; > 0,
j=0,1,...,n). The key of the proof is the known

Carlson theorem ([8]). If the function f(z) of a complex variable z is
regular in the semi-plane Rez > A, A € R, and if the conditions
(a) | llirn |f(2)|exp(—k|z|) < const, 0 < k < 7;
(b) f(z) =0 for z=0,1,2,...,
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are valid, then f(z) =0 for any z € C.
For proving (2) we need the following

Lemma. On the complex plane of the variable rj € C (j =0,1,...,n)

the function By(ro,71,...,7y) = By(r) is bounded when |r;| — oo if other
variables ro, ..., Tj—1,7j41,-..,Tn are fivzed and Rer; > 1 (j =0,1...,n):

|B,(r)] < M < 0. (3)
The bound M does not depend on the variables ro,71,...,7 (Rer; > 1,
j=0,1...,n).

Proof. The substitutions

W=7, j=1; u:l—ﬂ(1—£>, j=2...n (n>2),

give to the formula (1) the form

det [.T;_ 1E¢j]

B, (r) = __Jlij=ln 4
) det[z;’_l]i,jzl,n @
where
b = - 1o )T 1~ro+zf2 a1 TR\ R
a=I10-3) [ H(—*) i
k=2 0
~ Ti_1\ "
b, :(1— j )
J x]
1 _
ro+i—2 r 1
0 A R (T e
T j— Tk
0 e

t1=1,...,n; 7=2...,n
All these integrals converge if the conditions
Rer; >0, j=0...,n; 0=z <1 <22 <---< Ty
are fulfilled. Note that

1
1_ cal 1_ bkd I
c—a) /u w) H zpu)’* du =
0

k=1

= F(i;bl,zl;...;bn,zn) (Rec > Rea > 0),

where F' (Z; b1,21;...;bp, zn> denotes the multi-variable hypergeometric fun-

ction — one of the four Lauricella’s functions of the arguments z1, . .., z, (see
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[9]), which can be expressed as absolutely convergent power-sum

a f— . . . J—
F(C,bhzl,...,bmzn) = Fp(aiby,. .. buici21,. ..y 2n) =

o0

n k;
- (@) byt (bj)kaj]
- Z H kil

O oy ST O st

if |z;] <1, j=1,...,n. Here (a); denotes the Pochhammer symbol:
(a)o=1, (a)p=ala+1)---(a+k—-1), keN.

Thus the formula (4) expresses the above-defined function (1) via the de-
terminant of Lauricella’s multi-variable hypergeometric functions.
Let us rewrite the formula (4) as follows

B, (r) det[z;_l]i’j:ﬁ =M, det[z;_lbij]i’jzlfn, (5)
where
T
zr=—, 0<zp< 21 < - <2zp_1<2zp,=1, (6)
n 1—r r
m=TI(-3) "(-7) -
Pl Zk Zk
. 21\ T (#h — Zh—1\"*
SIEONI(E= 7
]};[2 ( Zk kl;[?) ZE — 21 ( )
and
1 n )
= Tk
bi — ro+i—2 1 ri—1 ( _ é)
1 /u (1—w) H 1 p” du,
) k=2
~ 1 n
bij = / (1 _ZT A 1)”]Jrz Qumfl H (1 _ Zy—l)” 1du,
Zj - Zj — 2
0 k=1
k#j
ji=2...,n

Due to the inequalities (6), the expression (5) can be estimated as follows:

| B,y (x)| det[2i Y], 17 =

i,7=1,n
= M| detlzd bl | < IMlper [ byl), e (9)
where per[a;;]; ;_17 stands for the permanent of a matrix [a;;], ;_75 (see

e.g. [10]):

per[aij]i’j:ﬁ = Zalg(l) S Ope(ny, O o(i).
o



62 I. R. Lomidze and N. V. Makhaldiani

Further estimations give:

1 n

= X r—1
|bﬂ|g/ w21y T (L) =
0 k=2 “k
1 n
_ /uRero+i72(1 . u)Rerlfl H (1 _ uﬂ)Rerk_l du =
2
0 k=2
1
= [ gnw)fi(w du
0
|bij| < (9)
1
n
</ (1_ Rj — Zj 1)”’Jrz 2urj—1 H (1_UZJ ZJ—l)” du —
N Zj Zj — 2k
0 k:l
k#j
1
n
:/ (1_ 2j—2; I)Rero+z—2uReTJ_1H<1 UZJ_Z] 1)Rem—l =
% k=1 %%k
0 =
1
= [ fi@gdn, j=2.....n.
0
where we have denoted
n
21 Rerg—1
-1 (-2)"
(u) kl;[l -
gzl(u) — uRer0+zf2’
f ( ) (1 Zj — Z2j—1 ReTo-‘rl—Q‘j*l ) zj Zj—1 Rerp—1
ij(u) = —Uu ) ( — U )
% k=1 7T Rk ’
n
Rer: —1 ZJ ijl Rerp—1
gj(u) = u™e" 1+u )
klll kT ,

Let us use the mean value theorem in the integrals (9). As it is known,
if the function f(z) is monotonic and f(z) > 0 when z € [a,b], and if g(z)
is integrable, then the Bonnet formulae are valid (see e.g. [11, II, n°306]):

/f(u)g(u) du = f(a)/g(u) du, a <n<b if f(x) decreases,

a



Some Properties of the Generalized Euler Beta Function 63

b

/ F(w)g(u) du = 1(b)

a

glu)du, a<&<b if f(x) increases,

m— .

(x € [a,0]).

It is obvious that if Rer; > 1, j =0,1,...,n, then the factors fi(u) and
fij(uw) in (9) decrease for u € [0, 1] and the factors g;1(u) and g;(u) increase

(j=2,...,n;i=1,...,n). Hence, according to the Bonnet formulae, for
Rer; >1,j=0,1,...,n (due to this conditions all integrals converge) one
gets
_ 7Ni1 i1
|bi1| < fl(o)/gil(u) du = f1(0)gi1(mi1) /du <
0 67,1
< f1(0)gir (1) (min — &in) < 1,
N 1 ni1
|bij| < gj(l)/fij(u) du = g;(1) fi;(&i;) /du < (10)
&ij &ij
n 2 — Zi_1 Rerp—1
< g (W) fi (0 — &) < [] 7J) ;

: 2k — 2§
k=j+1
O=zp<21< - <zp, 0<5&;<n; <1, 4,j=1...,n.
According to (7), (8) and (10) one has
|Bn(r)’det[2§71]i 4

< |Mq| per [zi-*l|pl;ij|}i,j:— < Myper[zi7Y], ._

J 1n
n n n—1 n
— Rer — Rer,—1
21 Rk — Rk-1 k fk — Zj—1 k
My =TT (- 2) IT (=5 11 ]
z 2k — 2 2k — 2
=2 k2 p=g > kT A =2 k=j41 - kT
Because of obvious equalities
n—1 ﬁ (Zk_Z] 1)Rerk—1
2k — 2
i=2k=j41 KT
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Inserting these results into the inequality (8), one obtains the estimation:

n

1—1
€er(z s T _
!&(ﬂk%ﬂ(l—zk 1), Rer; >1, j=0,1,...,n.

— 1
detlz;™ ]; j=Tm 2 %k

Hence, we have got the estimation (3) with M to be expressed as

er Zi,_l . T
M = p [ Z,l]hjil,n H (1 _ Zk—1)7 (11)
detlz;™"]; j—tm 1 %k
which, obviously, does not depend on the variables ro,71,...,7, (Rer; > 1,
i=0,1,...,n). O

Note. The restriction Rer; > 1, j = 0,1,...,n, is essential. Let, e.g.,
n = 1. In this case (11) gives M = 1 and one gets

1

|Bi(r)| = ’/u"o_l(l —u)" " du

0

F(TO)F(H)‘ .
= |21 < >
‘F(ro—&—rl) <1 if Rerg,r1 >1,

while in the opposite case when Rerg,r; < 1, e.g. for rg = r4 = 1/2 one
has B;(1/2,1/2) = m > 1, and the estimation (3) is not fulfilled.
Now we get the following

Statement. The function

0
flro,r1, ... rn) = Bu(ro,m1, ..y 1) — — (12)
L( X))
j=0
satisfies all conditions of Carlson theorem on the complex plane of each vari-
able r; if other variables ro,r1,...,7j-1,7j41,...,7n are fized and Rer; > 1,
7=0,1,...,n.

Proof of the Statement. Due to the fact that the function I'(z) is analytic
everywhere on the (open) complex plane except the points z = 0, -1, -2, .. .,
the function (12) is analytic if Rer; > 0, j = 0,1,...,n (r; = +o0 is a
regular point of both summands of (12), j = 0,1,...,n). In [1] we have
proved that fo(ro) = f(ro,r1,...,7n) = 0 if the variable rq is real and
ro > 0,7, €N, j=1,...,n. Hence, according to the analytic function
uniqueness theorem, if r; € N, j = 1,...,n, then fo(rg) = 0 everywhere
on the complex plane of the variable ry except, may be, the points z =
0,—1,—2,.... So, the function fy(rg) satisfies the Statement.

Let us fix the numbers r; € N, j = 1,...,n and 70 € C, Rerg > 0.
Under these conditions the function fi(r1) = f(ro,r1,...,7,) is analytic on
the complex semi-plane Rer; > 0 and fi(r;) =0for ry =1,2,....

Let us show that if Rerg > 1, 7; €N, j =2,...,n, then

lim |f1(r1)| exp(—k|r1|) < const, Rer; > 1, 0 <k <.

[r1]—o0
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Indeed, if |z] — oo and Rez > 0, in accordance with the asymptotic
behavior of the Euler’s Gamma function (see e.g. [12, Eq. 1.18(5)]) for any
fixed number p € C we have

i 71—‘(2) ex n|z[) = lim 71—‘(2) z|P =

Hence, due to the estimation (3) we obtain:

0< lim [fi(r1)[exp(=k[r1]) =

|r1][—o0

- et~ S e [T <
. I'(ry) -
< |T11\lgloo exp(—k|7“1|){|3n(r)| + ’M F(TO)};[QF(TJ) } <

n

< M‘ l}m exp(—k|r1|) + T (ro) H [(ry)x
r1|—00 j:2

. F(ﬁ) } . _
X lim {———"—ex In|r lim {r Prexp(—klr }:0,

|T1—>oo{l_‘(’l“1+p1) p(p1 | 1|) |71 |—00 | 1| p( ‘ 1|)
where we denote py =rg +ro + -+ + r,. Therefore we get

lim | f(r1)]e *ml =0

|7y |—00
for any fixed values of k > 0 and p;. In particular, one can choose 0 < k < T,
Rerg>1,r, €N, j=2,...,n.

Thus, if Rerg > 1, r; € N, j = 2,...,n, then the function fi(r1) =
flro,r1,...,ry) satisfy all conditions of the Carlson Theorem and therefore
fl(Tl) = 0, RET1 > 1.

Now let us suppose that the Statement is valid for the variables r; with
the indices j = 0,1,...,m, where 1 <m <n — 1, i.e. let the function

f(frOaTla s Tm—1,Tm, - - 'arn) = fm(rm)

satisfies the conditions:

fm(rm) = f(rosT1, - s Tm—1sTmy -y Tn) =0 if 7y = 1,200,
| lilm | frn(rim) | exp(=k|rm|) < const, 0 <k < if Rery, >1

(Rerj >1, 7=0,1,....m—1, rpir €N, k= 1,...,nfm).
Therefore, according to the Carlson Theorem one gets
fm(rm) = f(ro,m1, - s Tm—1Tms - -7Tn) =0 if 7, € C (14)
(Rerj >1, 7=0,1,....m—1, rpir €N, k= 1,...,n—m).
Thus we have shown that

fm+1(rm+1) = f(TOarlv s Ty Tm1, - 7rn> =0
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ifRer; >1,j=0,1,...,m, rpyr €N, k =1,...,n — m. Besides, due to
the estimates (3) and (13)

lim |fm+1(rm+1)|eXp(*k‘rm+l|) <

[Pm1]—00

< lim |exp(—krm+1|){M+ F(F(Tmﬂ)) H F(rj)} =0
7=0

T rmaa]—oo Tm+1 T Pm+1
j#m+1
if Rer;41 > 1, where k and p,,, 41 are fixed numbers such that
0<k<m pmi1=7ro+71+ +rm+rmi2+- -+
(Rerj >1, 7=0,1,....,m, Tmir €N, k:2,...,n—m).

So, the proposition of the Statement is fulfilled according to Full Math-
ematical Induction Principle. |

The Statement enables one to prove the following

Theorem 1. For any number n € N the function B,(r) satisfies the
formula (2) — n-dimensional analogue of the Euler formula — if Rer; > 0,
7=0,1,...,n.

Proof. According to the Statement the formula (2) is fulfilled if Rer; >
1, 5 = 0,1,...,n. Therefore, due to analyticity of the function (12) if
Rer; > 0,5 =0,1,...,n, (2) is fulfilled on the open semi-plane Rer; > 0
of each variable r; € C, j =0,1,...,n. ([l

We have shown in [2] that the limits of the function Ba(r) = Bs(rg,71,72)
when 1 — xo =0 (21/22 = 2 — 0) and z2 — x1 (x1/22 = 2 — 1) (see the
definition (1)) exist and satisfy the relation

detlz} ™ bijli j=1.2 ~det[z} bygli =10

det[e  ijm12 loymomo etz ijmr2 luya,
= Bi(ro,m1)B1(ro + 11, 72).

Therefore for n = 2 the formula (2) remains valid even if the only restrictions
on the variables xg, 21,...,2, are x; > 20 =0, j =1,...,n (instead of the
restrictions 0 = zg < 27 < --- < x, which we have in (1)). It is easy to
show that the same is valid for any » > 3. Namely, one has the following

Theorem 2. For any n,l,k € N, I <k <n-—1and z; > x9 = 0,
Rer; >0, j=1,---,n, the function B,(r) satisfies the formula

B, (ro,m1y...,mn) =

= By i (10, 71,y Ti—1, 71+ Tl Tl 1y - - o) Bre(re, oo i) =

ﬁ L(r;)
- = (15)
L( X )

7=0
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Proof. The theorem is trivial for n = 0 and n = 1; for n = 2, in fact,
the formula (15) is proved in [2]. In the case n > 3 one has to consider
separately the cases x1 — xg =0 and x; — 271, [ > 2.

In the case £1 — 9 = 0 from the definition (1) one gets:

1
i— i— _ iU — T\ TRL
le lbil :xll 1 r0+1 2 rl 1 H( ) du
T — Tk z1—0
0
Bl(To,T'l), 1= 1,
— .
z1—0 | 0 1> 2,

i—1y

xj bij =
Tiu—Tp\"* L rxiu —xp\"1L
_ il r0+121u71H(J ) (] ) du
j l'j—il'k (Ej—xl z1—0
zj_1/zj k;;é]
1
- s - Tiu— T\ L .
2t 1 u7o+71+1 1 H( J ) d’LL7 j > 2’
z1—0 7 xTj — Tk
zj-1/T; k};&]
i=1,...,n.

Hence, according to (1) and (2),

Bn(r)‘ml_,ozBl(TOarl) H (xj —xp)” H Ty

2<k<j<n 2<j<n
1 n
. L Tiu— T\ L
% det x; 1 7‘0+7‘1+l 3 IH( J ) du —
l‘j — Tk .
Tj1/; k;ﬁj “=2
O=21 < <)
= Bl(TQ,Tl)Bn_l(TO +7r1,ro,. .. ,’I“n) =

_ Lol r)L(ro + 71)L(r2) -~ L(rn) _ Tro)l(ry) - T(rn) (16)

F(T‘o+T1)F(7‘Q—|—T1—|—T2+"'+Tn) F(T0+T1+"'+Tn)

Similarly, in the case when z; — x;_1, [ > 2, one obtains:

. ) 1-m
i—1 1—1 Ti—1
b1 =7 (1 — ) X
g

n
j— - xp_1 \"L Tj_qu—Tp\ "L
[ e (1T T (B,
Z Lj—1—Tk




68 I. R. Lomidze and N. V. Makhaldiani

1

Tu—x_1\"-1-1 TyU— T rp—1
1bd_ i—1 [ i (7) )= 1H du,
Tp—T)-1

zi—1/m K
: —1
i—1 i—1 ri—1 LU — Tk
Ty by = / 11— w) H (h) du,
k=g Ik
zj-1/T; k£j
j=1,...,n, j£1—1,1
(i=1,...,n).

The substitution

TiU — Tp—1 ~ Ti—1\~
— =1—u, u:l—(l— )u,
Ty — Xp-1 Z

Tu—xp = — 2 — U] — 21-1)

gives to the second of these integrals the form

bl—xl (1—xl_1)l><

z
/ 1
Ty —x—1 —1,m—1 Li—Zyp—1\"*™
Bl | S (==
/( Ty ( ) H —Tk
0 k;él 11
Inserting these results in (1), after obvious simplifications we find:
Bu(v)],, ,, , =
— Bl(rl—larl)det B(l) (17)
todetle ey I (@e1—20? 11 (@ =)
j=Tm 1<k<I-2 I+1<m<n
JAI-1
where B = [BZ(,?} is the matrix whose i-th row, ¢ = 1,...,n, has the form
[:c’i_lbil, N ,x?:%b”_g, x;:%bil—la x;;ibil—&-l; ce ,.’ﬂ;ﬁlbin] (18)
and
1
~ i—1 2 n xl_lu_xk rp—1
bil—l = / UZ_ (1 — u)”*l"'”_ H (7) du,
Pl Ti—1 — Tk
Tp—2/T1—1 k;élil,l
1
~ , Tiu—Tp  \"1 =2 s — g\ TR
bij = / ul_l(l—u)”_l (7j ! 1) H <7J k) du,
Tj—T|—1 Tj— Tk
. k=0
xj_1/x; k#3,l—1,1

ii=1,....n, j#1—1,L

The last step of our transformations is to multiply the row with number
i — 1 in the determinant of the matrix (18) on x;—1 and to extract it from
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the row with number ¢. Then in the [-th column of the determinant we
obtain the Kroneker symbol dy;,

1, i=1
01 = .
0, i#1
and in the other ones we get:

i—17 i—137 _
;11— » @ _1biq =
1

n
o o _ Tj_qU — Tp\ kL
= —aj7] / w21 =yt T (ST g,
Ti—1 — Tk

k=0

T/ 1 kAl—1,1
i—17 i—177 i—2
} bij — } bi; = (x; — xl,l)xj X (19)
1 n
i _(xju—x_g\T-rtni—l TjUu—Tp\ Tl
[ i (B ] (s,
Tj—T—1 = T;—Tk
zj-1/%; k#j1—1,l

ij=1,...,n, j#1—1,L

Expanding the determinant obtained with respect to the [-th column
elements and inserting the result in (17), one gets

Bi(ri_y,m)(=1)"!

_ 141
- i—1 (—1)""'x
det[zi ], 7= Il (m-1—2) II (zm—21-1)
j=In 1<k<l-2 I+1<m<n
J#AL-1,1
i—177 i—177 i—177 i—177 i—177 _
x det {1'1 bivs ooy 8 b5y 2, @) "1 051, T 1 by s T, bin}iﬂ — =
i—177 i—177 i—177 i—177
det [ 0y, o a T by by T bm]i:Lnfl
= Bi(ri-1,m1) dot [2—1 i1 i1 i1 )
e [zl yer s T T s T ]i:ﬁ
where the entries b;;, i,j = 1,...,n, are defined in (19). So, we obtain

the formula (16) in the case under consideration, too. Now the statement
of Theorem 2 follows from (16) according to Full Mathematical Induction
Principle. O

Theorem 3. The integrals’ singularities of the formula (1) determinant’s
entries, i.e. the singularities of Lauricella’s hypergeometric functions on the
complex plane of each variable z; € C, j = 0,...,n, cancel each other in
the formula (1).

Proof. According to Theorem 2, the function (1) does not depend on the
variables x; > 0 if Rer; > 0, j = 0,...,n. Hence, according to the analytic
function uniqueness theorem, the function (1) does not depend on the vari-
ables z; € Cif Rer; > 0, j = 0,...,n, while the integrals in the formula
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(1) — Lauricella’s hypergeometric functions — have singularities with respect
to variables z; € C. (]

As far as the (bosonic) string theory [13] reproduces the Euler beta func-

tion (Veneziano amplitude) and its multidimensional analogue, it seems to
be helpful to take an advantage of the proposed generalization of the Euler
beta function when one attempts to construct physical (string) models [14]
including a number of fermionic fields, as far as the expression

1
. . AL — rr—1

det x;fl / w1 — )t H (w) " du =

Tj — Tk L

zi_1/x; k;O i,7=1,n

n
[T I(ry)
. j=

= detlaf o
)

I(

<. o
i

is skew-symmetryc with respect to the variables z; € C.
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