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Abstract. We consider the Cauchy problem for the semi-linear fractional
telegraph equation
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Dy
with the given initial data, where p > 1, % <v<land0< g <2 The
Nonexistence results and the necessary conditions for global existence are
established.
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1. INTRODUCTION

The telegraph equation has recently been considered by many authors,
see for instance [2, 3, 8, 12, 15] and references therein. Cascaval et al. [2]
discussed the fractional telegraph equations

D*y+ DPuy— Au=0

dealing with well-posedness and presenting a study involving asymptotic by
using the Riemann-Liouville approach, it has been shown that as ¢ tends to
infinity, solutions of the telegraph equations can be approximated by solving
the parabolic part. Beghin and Orsingher [15] discussed the time fractional
telegraph equations and telegraph processes with Brownian time, showing
that some processes are governed by time-fractional telegraph equations
with well-posedness. Chen et al. [3] also discussed and derived the solution
of the time-fractional telegraph equation with three kinds of nonhomoge-
neous boundary conditions.

To focus our motivation, we shall mention below only some results related
to Todorova and Yordanov [20] for the Cauchy problem

ue — Au+up = |[ulP, w(0) =ug, u(0) = uy. (1)

It has been shown that the damped wave equation has the diffuse structure
as t — oo (see e.g. [20, 22]). This suggests that problem (1) should have
pe(n) := 1+ % as critical exponent which is called the Fujita exponent
[5, 7] named after Fujita, in general space dimension. Indeed, Todorova and
Yordanov have showed that the critical exponent is exactly p.(n), that is,
if p > pc(n), then all small initial data solutions of (1) are global, while if
1 < p < pc(n), then all solutions of (1) with initial data having positive
average value blow-up in finite time regardless of the smallness of the initial
data.
In this paper, we consider the following nonlinear fractional telegraph
equation:
D;u+ DY u+ (—A)3u=h(z,luff in Q=R" xRy
u(0,2) = up(x) and u:(0,z) = uq(x), x € R™

(2)

where D7) 2 u) denotes the so-called fractional time-derivative of
g

0|t 0|t
power 7y (resp. 2v), v € [1/2,1] in the Caputo sense (see [11], [18]), (—A)z
(6 €10,2]) is the (8/2)-fractional power of the Laplacian (—A) defined by

(—A)Fo(z,t) = FHEPF(0)(€))(x, 1),

where F denotes the Fourier transform and F~1 is its inverse, h(z,t) is the
positive function satisfying certain growth condition. We will generalize the
results obtained in [20] to the problem (2). The nonexistence results as well
as the necessary conditions for local and global existence are obtained.
The difficulties we encounter here arise mainly from the nonlocal na-
ture of the fractional derivative operators; to overcome these difficulties, we

(resp. D
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present a brief and versatile proof of the equation (2) which is based on
the method used by Mitidieri and Pohozaev [14], Pohozaev and Tesei [17],
Hakem [6], Berbiche [1], Fino and Karch [4] and Zhang [22]. This method
consists in a judicious choice of the test function in the weak formulation of
the sought for solution of (2).

This paper is organized as follows: in Section 2, we present some defi-
nitions, properties concerning fractional derivative and prove results con-
cerning positivity of solutions; Section 3 contains the proof of the blow-up
result; in Section 4, we establish some necessary conditions for local and
global existence.

2. PRELIMINARIES

In this section we present some definitions of a fractional derivative and
a result concerning the positivity of a solution.

The left-hand fractional derivative and the right-hand fractional deriva-
tive in the Riemann-Liouville sense for ¥ € L'(0,7T), 0 < a < 1, are defined
as follows:

o B 1 d U(o)
Do ¥ ) = v =y %/ =0

where the symbol I" stands for the usual Euler gamma function, and

1 d
DtlT\Il(t): r1l-a) E/ o'—t

respectively.
The Caputo derivative

o \I/
0t (t) = (- a) /

0

requires ¥’ € L'(0,T). Clearly, we have

1 w0 p U (o
PO = gy [+ [ G
0
and
T ’
R 1y V(o)
D0 = i o et O

Therefore, the Caputo derivative is related to the Riemann—Liouville deriv-
ative by

DG, W (t) = Dgj [ (t) — ¥(0)] (4)
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and, in general,

(n)
w1 v () B
0 () = Ti—a) / T—o)o do, n=[a]+1, a>0,
0
we have the formula of integration by parts (see [18, p. 26]),
T T
[ 1o = [ goDgs@d 0<a<t
0 0
We show the following result:
Proposition 1 (Positivity of solutions). If ug >0, uy =0, f >0 and u
is a solution of the nonhomogeneous problem
8
Dg‘ﬁftu—i—Dgltu—&—(—A)zu:f(amt), (z,t) € R™ x Ry 5)
u(0,2) =uo(z) and u(0,z) =0, =z €R"™,

then u is monnegative.
Proof. Applying the temporal Laplace and spatial Fourier transforms to (5),

we get

s2(x, 8) — 827 tug(z) + 870(w, 8) + (—A)ﬂ/Zﬂ(x, s) = f(ac, s),

s2(k, s) — 27 Vg (k) + s7a(k, ) + |k|Pu(k, s) = f(k, s).
Then we derive

21 =1 1

Shs) = S TS )+ F(hs) =
ik o) = oy |k|ﬁu°( U g |k\ﬁf( :9)
= G (k, s)ilo(k) + Ga(k, 5)f(k,5), (6)
where
= 1
Ga(k,s) = T TP (7)
= §27—1 4 g1 = =
Gi(k,s) i = ————:=G11(k G
1( 78) 827+87+‘k|ﬂ 1,1( 7S)+ 1,2,
I PR R S ”
nlh ) = E e T e

We invert the Fourier transform in (6) and obtain

¢
u(z,t) = /Gl(gc —y)uo(y) dy +//G2(CE —y,7)f(x,7) dr dy,
R" R 0
where G1(z,t), Ga(z,t) is the corresponding Green’s function or the fun-
damental solution obtained when wug(xz) = 0(z), f = 0 and ug(z) = 0,
f(z,t) = 6(x)d(t), respectively, which is characterized by (7), (8).
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To express the Green’s function, we recall two Laplace transform pairs
and one Fourier transform pair,

FO (ct) 1=tV M, (ct™7) L 7 temes
FQ(W)(ct) = cw,(ct) L e*(s/c)w,

where M., denotes the so-called M function (of the Wright type) of order
v, which is defined by

N (=2)*
M”(Z)_gi!F(—qu(l—u))’ 0<pu<l.

Mainardi, see, for example, [12] has shown that M, (z) is positive for z> 0,
the other general properties can be found in some references (see e.g. [12,
13, 16]).

wy (0 < p < 1) denotes the one-sided stable (or Lévy) probability density
which can be explicitly expressed by the Fox function [19]

wilt) =2 (1

(_17 1) )
(=1/p,1/p) )-
It is well known that

N p(z,\), 0< <2,

where p(z, A) is the probability density function.
From ([21, pp. 259-263]) we have

+oo
p(x,\) = / f)\,g(T)T(Z‘,T) dr for 0 < <2,
0

and
p(z,A) =T(z,\) if =2,
where
T4+100
Y g 1 5 |z
fA,g(S): /ezs % dz>0, T(x,)\):(m) e” ™, 7>0, A>0.

Then the Fourier—Laplace transform of Green’s function G; can be rewritten
in the integral form
—+oo
Galkos) = (7 H a7 [ e gy

0
—+oo —+oo

1 —wvs2Y\ —usY — B 1 —usY\ —us2Y B
— /(827 16 vs )e vsT o v|k| dv+ /(87 16 vs )6 vs"T, v|k| dv =
0 0
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+o0
_ / L{EC) (i) L{ES (6= 0) Y Fp(a, v)} dot

0
+oo

+ / L{FD (ut) }L{FS (0™ 271) Y F{p(a, v) } dv =

0
+oo

= / L [Fl(h) (vt) * Fév)(v_l/yt)}f{p(m, v)} dv+

0
+oo

+ / L [Fl(’Y)(vt) * FQ(QV) (v_l/%t)}}'{p(x, v)} dv.
0
Going back to the space-time domain, we obtain the relation
+o0
_ (27) (V) —1/v
Gi(z,t) = / Fi77 (wt) « By (v Hp(z,v) dv+

0
+oo

+ / Fl(v)(vt) * FQ(M) (0™ Y28 p(x,v) dv.
0
By the same technique, we obtain the expression of Gy(z,t)

“+o0 “+o0

Go(k,s) = / e TTHSTHIR) gy — / e e eIkl gy =
0 0
+oo
= / L [Fg(zy)(v_l/ht) * Fév)(v_l/'yt)} F{p(z,v)}dv.
0

Going back to the space-time domain, we obtain the relation
“+oo
Gola,t) = / (A 210« B w7 0)| {p(e, v) } o
0

Thus, by the nonnegativity property of functions Fl(v), Fz(’Y), p(z,v), we
deduce that the solution u is nonnegative. ([l

3. BLOW-UP OF SOLUTIONS

This section is devoted to the blow-up of solutions of the problem (2),
where we have assumed that the function h satisfies h (Ry,T9/77) =
ReTPB/7h, (y,7) for large R and T', where o, p are some positive constants,
under some restrictions on the initial data.
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Definition 1. Let ug > 0, ug € L'(R"), uy = 0. A function u € L} (Qr)
is a weak solution to (2) defined on Q7 := R™ x [0, 7], if

/h<p|u|P d:cdt+/u0Df|}‘1<p(o) dm—i—/uoDZ‘T@ de dt =
Qr En Qr

= /uD?&gp dwdt+/u(fA)g<p d;vdtJr/uD;’lTap dz dt
Qr Qr Qr

for any test function ¢ € C'i:,}(QT) such that

If in the above definition 7" = +o00, the solution is called global.
We now are in a position to announce our first result.

Theorem 1. Letn > 1,1 < p < min (p—l— 1,&). Assume that ug €
LY(R™), ug(x) > 0, and u; = 0. If

(I=7)8+ny’

then the problem (2) admits no global weak positive solutions other than the
trivial one.

Proof. The proof proceeds by contradiction. Suppose that u is a nontrivial
nonnegative solution to problem (2) which exists globally in time. For later
use, let ® be a smooth nonincreasing function such that

1 if 2<1
LOEE SO
0 if z>2,

and 0 < ® < 1. Let

ooty = 0 (L) e () = lgh o),

where R is a fixed positive number and [ is a positive number to be chosen
later. Multiplying the equation (2) by ¢(z,t) and integrating the result on
Q1 Rs/~, We obtain

/hgp\u|p dxdt—&—/uthQl'YT_;BM(p(O)dx—F / wo D} s p drdt =

QTR,@/’Y R QTR/H/’Y

B
:/qu‘WTRB/Wga d:rdt—«—/u(—A)?gpdwdt—i—/uDZ‘TRBMga dzdt. (9)

QTRﬁ/‘Y QTRﬁ/‘Y QTﬁﬁ/‘Y
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Now we estimate the right-hand side of (9). We have

/ w(—A) 2 da dt = / (h®!) S u(hd) 5 (—A) 5 B! da di <
Qrrs/y Qrrs/v
<1 / (hd!)ru(hd!) "7 d "1 (—~A) 2 ® da dt,
Qrro/~
where we have used the Ju’s inequality (—A)?%/2¢! () <11 (x)(—A)P/2¢(x)

which is satisfied for every £ € C5°(R™) (see [10]).
By the e-Young’s inequality, we can estimate

/ w(—A) 3o drdt < el / hduP dx dt-+
QTRﬁ/’Y QTRﬁ/"/
+C(e) / B @010 (—A) 2P| do dt =
QTRﬁ/’Y

q

=l / hduP dx dt + C(e) / W7 o= D|(=A) 2ot [T dedt<oo, (10)

QTRﬁ/’Y QTRB/’Y

so, we choose | > ¢ to ensure the convergence of the integral in (10).

/ quler[,Mgo dx dt <

QTRﬁ/’Y

<e / houP dz dt 4+ C(e) / (hgo)l—Q|Df|7TRM¢|dedt, (11)

Qurps/y QrrB/v

and

/ uDZlTRBMgo de dt <

QTRﬁ/’Y

<e / hou? dx dt + C(g) / (h¢)1*Q|Dj|TRM¢|‘dedt, (12)

QTRﬁ/’Y QTRﬁ/'Y
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where ¢ is the conjugate of p. Gathering up (10), (11) and (12), with &
small enough, we infer that

/ ho|ulP dx dt + / u D;Y|TR5/7<'O dx dt <

QTRB/’Y TRﬁ/’Y

<c / W5 =D |(—A) S ot |7 do di+

TRB/’Y

+C / (he)'™ q DfﬁmmpwﬂDtlmm |‘I) dxdt, (13)

TRﬁ/’Y

for some positive constant C' independent of R and T'. At this stage, let us

perform the change of variables 7 = t/R%, y = %, and o(x,t) = Y(y,7),
clearly

8 —
T=t/Rv, x =Ry, dxdt=R""~dydr.
‘We have the estimates

/ h -t ( A)gwﬂq dx dt =

TR["/’Y
— R Batn+B/v+(1=a)(o+5p) / hlqu(lf%)“fA)%wﬂq dy dr,
Qr

/ (ho) =D} s 0| dadt =

Qupps/y
_ p-L@nen+E+0-ae+Ly) / h) 9 D2 | dydr,
Qr
and
/ (h) ™ q’Dt\TRﬁM(p}q dedt =
QTRﬁ/’Y

_ pfetnti+i-o(o+4s) /(h¢)1*Q|DZ|T¢|" dy dr.
Qr
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It is clear from (3) that D?Y), » >0, D

HTRA/ ¢ > 0. Then we obtain

y
t|TRB/

/ ho|u|? dzdt <

QTRﬁ/‘Y
< C(e)RﬁqJ“”*ﬁ/”(lQ)(”g”){ / noapt=H (—a) Syt dydrt
Qr
+/(hw)l—q(\DlequJr|D37T¢]”) dydr], (14)

Qr

where C' is positive constant independent of R. Now let R — +oo in (14).
We distinguish two cases. If p < p. (which is equivalent —3q +n + 8/v +
(1—q)(c+ %p) < 0), then we have

/ hlu|P dx dt < 0.

R7 xR+t

This implies that « = 0 a.e. on R™ x R since h(z,t) > 0 a.e. on R” x RT,
This is a contradiction.
In the case p = p, (i.e. critical case), from (14) we find that

hlu|P dx dt < C. (15)

R xRt

Let us modify the test function ¢ by introducing a new fixed number S
(1 < S < R) such that

we set x = yR, t = (SR)%Tv
Qsp = {(x,t) ER" xR : |z <2R, %7 < 2(SR)25}’
0= {(y,r) eR" xR : |y <2,7%7 < 2}'
Then we have
=4 (1-9) 8 1.q _
he oD |(=A)2 7| dadt =
Qsr

- 55/7“1—”%’)/hlqulfﬂ(—A)gwﬂq dy dr,
Q
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[ 01 ol =
Qsr
_ —q)& -
= s 0080 [uytn| Dyl dydr,
Q

and

/ (hw)l_q‘DfErRﬁ/v‘P‘q dzdt =

Qsr

— 57270030 [ (quyt-a| D2 dyar,
Q

Combining the above estimates we find

(1-3e¢) / houPe dx dt <

Qsr

< Sf+(1—q)5p</h1q¢l‘{(_A)gw}q dyd7> 4+ BB/ (1= 5p

< (fynprgoayar + [y ayar). o)
Q Q

Now, by taking ¢ = % and using (15), we obtain via (16), after passing to
the limit as R — oo,

i d dt < C (S0P 0m050 4 gE 0 S0 )

R™ xRy

we notice that the assumption p < min(p + 1, ﬁ) yields —8q + B/~ +
(1—-9q) %p < 0 and g +(1—-9q) %p < 0, and the left-hand side of (17) is

independent of S. Passing to the limit S — oo, we get immediately
/ hlu|P dx dt < 0.
R7 xR+
Thus [ hlufP dzdt = 0, which implies u = 0 a.e. and completes the

R xR+
proof. O

Remark 1. When 8 = 2, v = 1 and h = 1, this agrees with Todorova—
Yordanov [20].
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4. THE NECESSARY CONDITIONS FOR THE LOCAL AND GLOBAL
EXISTENCE
In this section we assume that t1r>1£ h(z,t) > 0, we see that the existence
of solutions of the problem (2) depends on the behavior of initial data at

infinity.

Theorem 2. Let u be a local solution to (2), where T < +oo, and
1<p< ﬁ Assume that ug > 0 and uy > 0. Then the following two
estimates

lim inf (gg h)qiluo(@ < C(Tv(lfq) + T«/—zyq)’

|z]|—+o00
lim inf (inf 7)) < /(TP 19 -0l
ol I ()™ () < TR )

hold for some positive constants C and C".
Proof. Multiply the equation (2) by ¢(z,t) and integrating the result on
Qg x [0,T], we get
ho|ulP dx dt + /uonl'YT_lgz(O) dz+
QRX[07T] QR

+ / uODZngo dz dt + / ulDflvT_lw dx dt =
QRX[O,T] QRX[O,T]

= /uDi}(pdxdt—l— / u(—A)ggoda:dt—&— / uDZ‘Tgpdxdt. (18)
QRX[O,T] QRX[O,T] QRX[O,T]

where Qp = {z € R"; R < |z| < 2R}. Let us consider the function & €
HP([1,2]), ® > 0, such that (—A)?/2® = K® for some positive constants

K. We take
x t2\!
oz, t) = (I)(E) (1 — ﬁ) , (x,t) € Qp x [0,T], I>gq.
Applying the e-Young’s inequality to the right-hand side of (18), one obtains

/uopf‘}*1¢(0)dx+ / oD}l pp der dt + / Dy dw dt <
Qr QRX[O,T] QRX{O,T]
=g 8
<C / (h) > (y(_A)w\q+|DfﬁT<p|q+|D3|T<p|q) dadt. (19)
QRX[O,T]

In order to estimate the right-hand side of (19) in terms of T and R, we
have

/ () =7|(~A)"2p|* dwdt = CTRP4 / hlwp(%) de,
QRX[O,T] Qr
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KR™P®(%). An easy computation

where we have used ( 5/2@(%)
5=t ylelds

(using the Euler substltutlon Y= 7

L)

t

2 1 _ 2l
DY ( L) = 71—1 X
4\ T T2) T T —)

l
X 32 HOMt! T =)= T = 2+ 1= )], (20)
k=0

k
where My, :=T(L+1) Zo ck % and Cf = ¢

DQ’Y TQZ

1 _ L=k Gl g2 I—k—2

><[(lfk)(lfkf1)T272tT(l—k)(21727+1)+(2172~y+1)(21727+2)t2}, (21)
and
/ D) dt = e EZ:L Cl (22)
t|T - L(1—7) — vk~ ko
where T+ D)0k +1—7)

F'l+k+2-7)
By (20) and (21), we can see that

L'yk =

‘DHT( T2>‘—F7221k) 341y —k)CLMy  (23)

and

—2y
D5 (- 12) | = F
‘tlT T? —F2—27)X

XZW_’“)C}CM”C{(l—k)(l—k:—1)+(2l+1—27)(4l—2k+2—27)}. (24)
k=0

Passing to the new variable ¢ = T'T and by the relations (22), (23) and (24),
we obtain

/ u1Dt2|Z:1<P dz dt = C?’)T_Q"Y‘|r2 /m(@@(%) dz, (25)

Il -«
QRX[O,T] Qr
(he)' 1| Dyl dode < OT'0 [[inf b 6] "85 ) o, (20)
QRX[O,T] QR

(he)' 1| Dyl dode < OT20 [[inf b 0] "5, ) o, (2)

Qrx[0,T] Qr



The Necessary Conditions for the Existence ... 51

and

(h) =9 (~A) 2 | dadt <
QRX[O,T]
—Bq . 1—q E
<CTR / [inf h(a,1)] @(R) dz. (28)
Qr
Gathering all the estimates (25)—(28) together with (19), we find

T /udx)@(%) dz+T2727/u1(x)‘I><%> dr <

QR QR

< C(T*9 4 71299 4 TR-PA) / [inf h(a,1)] 1’q(x)<1>(f) dz. (29)

Qr

The estimate (29) and the following estimates

/udx)@(%) dx >

Qr
> ot (s g te0]"™) | (e 0)' "o () do
Qr
/ul(x)q)(%) dx >
Qr
> it (sn(a0 g 0]) | ()] ()
yield -
(77, (e gt 0] )+ 7475, (o gt )
[ Gt ()
Qr
< O[T + T4 4 p04] / (it bz, 1) () dr. (30)
QR

Dividing the both sides of (30) by [ [tiggh(x,t)]lfq@(%) dx > 0, after
Qr
passing to the limit R — 400, we deduce

77 lim jnf(uo(x)uggh(:v,t)]qfl)Jr

2| —+o0

FTY lim  inf (ul(x)[tigg h(m,t)}q‘l) < C(T™9 4+ T-209),

|| —+o0
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Then we have
. . . q—1 _ )
< Y=va L Y274
Iarlhni inf (uo (x) [t11>1£ h(z,t)] ) c(T +T )

and

lim inf (ul(x)[tigg h(x,t)}q‘l) <ot rni-o-ly g

|| —+o00

Corollary 1. Assume that the problem (2) has a nontrivial global solu-
tion. Then at least one of the following conditions is satisfied:

lim inf (uo(x)[%r;g h(w,t)]q_l) =0,

|| o0

lim inf (ul(os)[glg h(x,t)]qil) =0.

|z]—+o00

Corollary 2. If one of the conditions
o[l uie) <
or
tim _inf ([ nf h(z,0)]" ur (@) = +o0

|| —+o0
is fulfilled, then the problem (2) cannot have any local weak solution.

Theorem 3. Suppose that the problem (2) has a global solution. Then
there exist two positive constants K1 and Ko such that

lim inf (uo(aj)|x|ﬁ(q71) [g(f) h(x,t)]q_l> < Ky,

|z|—+00

and
. . 8 —1)+1— . q—1
lim inf (ul (x)|z| ¥ (la=1)+1-7) [t1r>1f(; h(x,t)} ) < Ko.

|z|—+o00

Proof. From the relation (30) we infer that

. . -1 . 1— xT
it (L) a0(2) [ (] () ar <
Qr
ghual! v —27q Y R—Ba ; mag (2
< O[T 4 T2 4 TR ]/[g(f)h(a:,t)] o(%)de

Qr

Then, by taking T' > 1, we have

inf (uo(x)[tn;(f) h(x,t)rkl) / [%ggh(%t)]lfq@(%) dx <

|z|>R
Qr

< C[T7 4+ T7RP] / [inf he, )] "0( ) da. (31)

Qg
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Now, taking in (31) T = R%, we find

inf (uo(x)[tlgg h(x,t)}q_l) / [ingh(;c,t)]l_q@(%) dx <

lz|>R t>
Qr
s—a) [ [; lmag (X
<CR / [t1r>1£ h(z,t)] @(R) dz.
Qr

The last inequality implies
. )T q—1
inf (uo(x)|m|ﬁ<q [ inf bz, 1) )><

|z|>R
B-a)[; g (2
X /|a:| d [t1r>1f(;h(x,t)] (I)(R) dx <
Qr

28(q—1) Bl—a)[; Imag (T
<2 /|x| (it bz, 1) () dr. (32)
Qr

After division of both sides of (32) by
2309 [inf h(z t)]1*q¢(f) dz >0
>0 R ’
Qr

we deduce that

(e gt ) ) < 00,

Finally, we pass to the limit |z| — 4o0.
Similarly, we have

. : —1 . 1— x
|xl|n>fR (ul(x)[tlr;g h(z, t)}q ) / [%g(f)h(x,t)] q<I’<E> dx <
Qr
< C[Tzv—l—vq +T2r1=2va T27—1Rfﬁq} / [%gg h(x,t)] 1—4(1)(%) de,
Qr
and, by taking T' > 1, we get
. . q—1 . 1—q x
it (L 01 ) [ Lt 0] () o <
Qr
< 7> 4 T2 R / [inf (e, 0)] "0 () da.

Qr
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Likewise, T' = R%. Therefore, by the substitution, we find

inf ([infh(x,t)]q_lul(x)>/[infh(x,t)]l_qd)(%> du <

lz]>R \Lt>0 >0
Qr

2(2y-1)-5 ; mag (2
< CR~YY q/ [%I;f(;h(x,t)] (I)<R) dx.
Qr

Hence

; Ba—22y=1)[; a1

|3:1|n>fR (|x| [t1r>1£ h(z,t)] ul(x)) X

X / |x|5<27—1>—5q[ggh(m,t)]“%(%) dz <
Qr

§022(%<2v71>7ﬂq)/|x|%<2v—1>—5q[tiggh(x,t)}l’q@(%) do. (33)

Qr

Finally, we divide both sides of the resulting relation by the expression

/ |x|%(27—1>—ﬁQ[tn>1£ h(z, t)]17q©<%) dz > 0,
Qr

and pass to the limit as |z| — +o0. ]

10.

11.
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