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THREE-DIMENSIONAL BOUNDARY
VALUE PROBLEMS OF THE THEORY
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POROSITY



Abstract. The purpose of this paper is to consider three-dimensional
version of Aifantis’ equations of statics of the theory of consolidation with
double porosity and to study the uniqueness and existence of solutions of
basic boundary value problems (BVPs). In this work we intend to extend
the potential method and the theory of integral equation to BVPs of the
theory of consolidation with double porosity. Using these equations, the po-
tential method and generalized Green’s formulas, we prove the existence and
uniqueness theorems of solutions for the first and second BVPs for bounded
and unbounded domains. For Aifantis’ equation of statics we construct one
particular solution and we reduce the solution of basic BVPs of the theory
of consolidation with double porosity to the solution of the basic BVPs for
the equation of an isotropic body.
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INTRODUCTION

In a material with two degrees of porosity, there are two pore systems,
the primary and the secondary. For example, in a fissured rock (i.e., a mass
of porous blocks separated from each other by an interconnected and con-
tinuously distributed system of fissures) most of the porosity is provided
by the pores of the blocks or primary porosity, while most of permeability
is provided by the fissures or secondary porosity. When fluid flow and de-
formation processes occur simultaneously, three coupled partial differential
equations can be derived [1], [2] to describe the relationships governing pres-
sure in the primary and secondary pores (and therefore the mass exchange
between them) and the displacement of the solid.

A theory of consolidation with double porosity has been proposed by
Aifantis. The physical and mathematical foundations of the theory of dou-
ble porosity were considered in the papers [1]-[3], where analytical solutions
of the relevant equations are also given. In part I of a series of papers on
the subject, R. K. Wilson and E. C. Aifantis [1] gave detailed physical in-
terpretations of the phenomenological coefficients appearing in the double
porosity theory. They also solved several representative boundary value
problems. In part II of that series, uniqueness and variational principles
were established by D. E. Beskos and E. C. Aifantis [2] for the equations
of double porosity, while in part IIT M. Y. Khaled, D. E. Beskos and E. C.
Aifantis [3] provided a related finite element to consider the numerical solu-
tion of Aifantis’ equations of double porosity (see [1]-[3] and the references
therein). The basic results and the historical information on the theory of
porous media were summarized by R. de. Boer in [4]. The fundamental
solution in the theory of consolidation with double porosity is given in [5].

In this work we prove the existence and uniqueness theorems of solu-
tions of basic BVPs of the theory of consolidation with double porosity for
bounded and unbounded domains. For the proof of all theorems we used
the method given in [6].

1. FORMULATION OF BOUNDARY VALUE PROBLEMS AND UNIQUENESS
THEOREMS

The basic equations of statics of the theory of consolidation with double
porosity are given by the partial differential equations in the form ([1], [2])

A(0z)u = grad(Bip1 + B2p2), (1.1)
(mlA — k)pl +kpe =0, kp1+ (meA —k)p2 =0, (1.2)
A(0x)u = pAu + (A + p) grad div u, (1.3)

where 4 = (ug,us,us) is the displacement vector, p; is the fluid pressure
within the primary pores and ps is the fluid pressure within the secondary
pores, m; = ;TJ’ 7 = 1,2. The constant A is the Lamé modulus, u is the
shear modulus and the constants 3 and O measure the change of porosities
due to an applied volumetric strain. The constant u* denotes the viscosity
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of the pore fluid and the constant k measures the transfer of fluid from the
secondary pores to the primary pores. All quantities A, p, 55, k (j = 1,2)

and p* are positive constants; A = 86—; + 88—;2 + 68—; is the Laplace operator.
1 2 3
Let DT(D™) be a bounded (an unbounded) three-dimensional domain

surrounded by the surface S. D' =Dtu S; D™ = Ey \ﬁ+. Suppose that
SeCh* 0<a<l.
First of all, we introduce the definition of a regular vector-function.

Definition 1. A vector-function U(Uy, Uz, Us, Uy, Us) = (u1, u2, us, p1, p2)
defined in the domain D+ (D7) is called regular if it has integrable continu-
ous second order derivatives in DT (D7), and U and its first order derivatives
are continuously extendable at every point of the boundary of DT (D7), i.e.,
UecC*DH)nCY(DT) (U € C*(D~)NCY(D~)). Note that for the infinite
domain D~ the vector U(x) additionally satisfies the following conditions
at infinity:

oU}

Ur(w) = O(J=| ™), B, O(jz|2),

jo)? =af + a3 + 23, k=12,...,5 j=123

(1.4)

For the equations (1.1)—(1.2) we pose the following boundary value prob-
lems:

Find a regular vector U satisfying in D™ (D™) the equations (1.1)—(1.2),
and on the boundary S one of the following conditions is given:

Problem 1. The displacement vector and the fluid pressures are given
on S :

uF(z) = f(2)%, pi(2)=fi(2), p3(2)=fi(2), z€8.

Problem 2. The stress vector and the normal derivatives of the pressure

. ops .
functions 3 are given on S :

(Pu)* = 1= (PN g, (22E)) = g, zes

on on
Problem 3.
b + 9 +
=) = s (B ) (Y Z g, e
Problem 4.

(Pu(2))* = f(2)*, pi(2)=fi(2), pa(2)=f5(2), z€8,
where (-)* denote the limiting values on S from D* and f = (fi, fa, f3),
fa, f5 are given functions. Pu(z) is the stress vector which acts on an
element of the surface with the exterior to D unit normal vector n(z) =
(n1(x),ne(x),n3(x)) at the point z € S,

P(0xz,n)u = T(0z,n)u — n(Lip1 + B2p2), (1.5)



Three-Dimensional Boundary Value Problems 17

where [6]
T(0x,n) =|| Trj(0x,n) ||3x3,

0 7] 0
Ty;(0 = plp; — + Ing — i—, k,j,=1,2,3,
kj( xan) MOk on + Ang 8mj + un; Ozr y RyJs (1.6)
R R
on ' ox, 2 Oy 3 Oxs
Now we introduce the generalized stress vector. Denoting the generalized

K
stress vector by P(dz,n)u, we have

f’(ax, n)u = %(3% n)u — n(Bip1 + P2p2),

where x is an arbitrary positive constant and

’%(Bm, nyu= (2u — K) g—z + A+ k)ndivu + (k — p)n X rot u, (1.7)

with a x b denoting the cross product of two vectors a and b. Further, let
us introduce the generalized stress tensor, ||oy;(0z,n)|[3x3 : [6]

O
0jj :()\+/ﬁ)divu+(2u—n)& j=1,2,3,

&z:j ’
N (%) Ouy Ouy 8u2
T12 = H o + (1 —k) 5‘:@’021 o +( )&vl ; "
us3 Juq Ouy Ous .
T13 = M +(“_'€)87’U31:“873+( - )6‘7:17

If Kk =0, from (1.7) we have f‘(@x,n)u = T(0z,n)u. We set r’f(@x,n)u =

_ 22 +3u
N(0z,n)u for k = e

Generalized Green’s formulas. Let us write the generalized Green’s
formulas for the domains D+ and D~. Let u be a regular solution of the
equation (1.1) in DF. Multiply first equation of (1.1) by . Integrate the
result over DT and apply the integration by parts formula to obtain

/ [E}(u,u) — (B1p1 + Bape) div u} dx = /u f’(ax,n)u ds, (1.9)

D+ S

K A+ 2u—K o K 9 22—k Oup  Ouj\2
E(u,u) = 2 (div)" 4 5 (votw)” + = %(azj+au)+

+2[LI€|:(8U1 8uz>2+(8u1 6u3)2+(au2 8u3)2}

6 [\Ox; Oz

8$1 83:3

8:32 8:53
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If the vector u satisfies the conditions (1.4), Green’s formula for the
domain D~ takes the form

/ [ﬁ(u,u) — (Bip1 + Bap2) div u} dx = —/u}g(ﬁx,n)ud& (1.10)
D- s
For the positive definiteness of the potential energy, the inequalities
3AN+2u—kKk>0, k>0, K<2u

are necessary and sufficient.
Analogously we obtain Green’s formula for p;, j = 1,2,

/ [ml(gradp1)2 + mo(grad p2)? 4 k(p1 — p2)2] dr =

D+
0 0
:/{mlpl 9 + ma 2%] ds,
§ (1.11)
/Tmﬂgmmnz+mﬂgMMﬁ”+Mm—wwﬂde
e
_ Ip1 Ip2
= —/ [mlpl o + map2 %} ds.
s

Note that if S1p1 + Bops = const, in view of the equality [ divudz =
D+
J nudS from (1.9) we get
s

/}%(u,u) dx:/u%(ax,n)ud& (1.12)
D+ S
Uniqueness theorems. In this subsection we prove the uniqueness
theorems of solutions to the above formulated problems. Let the above
formulated problems have two regular solutions U*) and U®), where U¥) =
(u(lk),uék),uék),pgk),pgk)), k=1,2. We put
U=uW_u®,
Evidently, the vector U satisfies the equations (1.1)—(1.2) and the homoge-

neous boundary conditions

1. u®(2) =0, pf(z) =0,j=1,2,2z€ 85,

. +
2¢Pw@mmgﬁzm(@%?) =0,j=34,z€8,
Ip;(2)\* .
+ _ J _ _
au(@_m( an) —0,j=1,2z2€08,

4. (P(Bzm)u)i(z) =0, p;t(z) =0,j=1,2,2€8.

Now we prove the following theorems.
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Theorem 1. The first boundary value problem has at most one reqular
solution in the bounded domain D™ .

Proof. Evidently, the vector U satisfies (1.1)—(1.2) and the boundary con-
dition Ut = 0 on S. Note that if U is a regular solution of (1.1)-(1.2),
we have Green’s formulas (1.9), (1.11). Taking into account the fact that

the potential energy E}(u, u) is positive definite, we conclude that U = C,
x € DV, where C = const. Since UT = 0, we have C = 0 and U(x) = 0,
x € DT, O

Theorem 2. The first boundary value problem has at most one regular
solution in the infinite domain D™ .

Proof. The vectors UM and U®?) in the domain D~ must satisfy the condi-
tion (1.4). In this case the formulas (1.11) are valid and U(z) =C, z € D™,
where C' is again a constant vector. But U on the boundary satisfies the
condition U~ = 0, which implies that C' =0 and U(z) =0, x € D™. O

Analogously can be proved the following theorems.

Theorem 3. A regular solution of the second boundary value problem is
not unique in the domain DY. Two reqular solutions may differ by a vector
(u, p1,p2), where u(z) = a+bxz+c(f1+P2)z, pj(x) =c, j=1,2, x € DT,
with a and b constant vectors, and c be an arbitrary constant.

Theorem 4. Two regular solutions of the boundary value problem (I11)*
may differ by the vector (u,p1,p2), where u =0 and p; = ¢, j = 1,2, with c
be an arbitrary constant.

Theorem 5. Two regular solutions of the boundary value problem (IV)™
may differ by the vector (u,p1,ps2), where u is a rigid displacement and
p;j=0,7=12.

Theorem 6. The boundary value problems (II)~, (I11)~, (IV)~ have
at most one regular solution in the domain D~ .

Note that from the equation (1.2) one may define the functions p;(z),
j =1, 2. Further we assume that p; is known, when x € Dt orx € D~. Sub-
stitute B1p1 + Baps in (1.1) and search a particular solution of the following
equation
pAu+ (A + p) grad divu = grad(B1p1 + f2p2)-

We put
1
uo ==~ ['(x —y) grad(Bip1 + B2p2) dx, (1.13)
D
where
Pz —y)=
1 A+3u)ok;  (Ap)(zp— Ti—Y,;
- H( 1k | (At (i 3yk)( j yJ)H e lo—yl.
w(A+2u) r r 3x3
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Substituting the volume potential ug into (1.1), we obtain (see [6])
pAug + (A + p) grad div ug = grad(Bi1p1 + B2p2). (1.14)

Thus we have proved that ug(z) is a particular solution of the equation
(1.1). In (1.13) D denotes either Dt or D~, grad(B1p1 + B2p2) is a contin-
uous vector in DT along with its first order derivatives. When D = D,
the vector grad(B1p1 + Bap2) has to satisfy the following decay condition at
infinity

grad(Bip1 + fop2) = O(|$|72ia), a > 0.

Thus the general solution of the equation (1.1) is representable in the form
u =V 4+ ug, where

A(0x)V = pAV + (A + p) graddivV = 0. (1.15)

This equation is the equation of an isotropic elastic body. Thus we have
reduced the solution of basic BVPs of the theory of consolidation with
double porosity to the solution of the basic BVPs for the equation of an
isotropic elastic body.

First of all we will construct a fundamental matrix of solutions for the
equation (1.2). We look for p; in the form

p1\ _ [(m2A—k —k
QD_<2%; mA_Qw, (1.16)

where the vector ¥(z) is the fundamental solution of the scalar equation

k k e~or — 1

AA =D )Y =0, o= — + — = —

( 0)1/) ’ 0 my + mo ) 1/1 /\(%7'

From (1.16) it follows that the fundamental matrix of solutions of the equa-
tion (1.2) is the following matrix

M(z —y) =
e~ or k e tor—1 ke tor—1
my - — —_—
. r )\(2, r /\(2) r
- ke Mor—1 e~ or E e or—1 (1.17)
_rEs T m _
)\% r L )\(2) r

The following theorem is valid:

Theorem 7. Fach column of the matriz M(x — y) is a solution to the
equation (1.2) with respect to x for x # y.

2. INTEGRAL EQuUATIONS OF BVPs

A solution of the first boundary value problem (pli = ff7 p2jE = fsi7
V* = F*) in the domains D* for the systems (1.2), (1.15) will be sought
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in the form of the double layer potential

(pz ) gw an —y)e(y) dyS, (2.1)

V(z) = / [N @y, n)T (@ — )] "a(y) d, S, (2.2)
S

where S € C1, o € C% g C%8, 0 < 3 < a <1, M(x—1y) is given by
(1.17),

[N(dy,mT(z - y)], =

J

_ 0 0k A+ )@k — yi) () — y5)

T on v JrZMkj (9, )[ (A +3u)r3 }’
0 0

Mkj—njﬁixk—nk%j.

Then for determining the unknown vectors ¢ and g we obtain the following
system of Fredholm integral equations of the second kind on §

£(g ) o)+ 5 S/ Mo as= (L), e

1
F92)+ - [ 000w - )o@ d,S = FE). (24
S
If a solution of the first BVP is sought in the form
1
Vi) =+ [ 1@y 0re - )] 90,5, (25)
S

for determining of the unknown vector g we obtain the following singular
integral equation of the second kind

1
F9(2)+ ¢ [ [TOnnw - s 4,5 = FE@). (20
S
A solution of the second boundary value problem (( 7= 9ps L)E = fi, (% 2)E =
)—(1.1

fE, (T(8z,n)V)* = &) in the domains D* for the systems (1.2)—(1.15)

will be sought in terms of the single layer potential

<p2 ) %/sz y) d,S, (2.7)

Vir) =T / Pz — y)h(y) dy S, (2.8)
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Then for determining the unknown vectors ¢ and g we obtain the following
system of Fredholm integral equations of the second kind

F (”82 ﬂgl) o(z) + % / ana(z) M(z —y)p(y) dyS = (EE?;) CE)
S
1

+h(z) + - /T(&'z, (2 — y)h(y) d,S = d*(2), (2.10)
S
where [6]
T(0y,n)I'(x —y) =

_||9 % - _ 20k; 2(A+p) (zk —y) (T —y;)
‘ on r Jr;M’”(ay’n)[(AHu)r (A+2p)r? }

3x3

3. ANALYSIS OF THE Basic BVPS IN THE DOMAINS DT AND D~

Problem (I)". First let us prove the existence of solution of the first
boundary value problem in the domain D*. Consider the equation (2.3)

- ("82 77(1)1> o+ ;TS/;;M(Z—y)w(y) d,S = (ggz; ) ;o (31

Let us prove that the equation (3.1) is solvable for any continuous right-
hand side. To this end, consider the associated to (3.1) homogeneous equa-
tion

_(me O L9 _

(0 )0+ 5 [ MG usmas =0 62
s

and prove that it has only the trivial solution. Assume the contrary and

denote by 1y a nontrivial solution of (3.2). The equation (3.2) corresponds

to the boundary conditions

(5e) =0 (52) =0
whence we have [, ds =0, k =4,5.
5

Now taking into account the continuity of the simple layer potential and
using the uniqueness theorem for the solution of the first boundary value
problem, we will have py(z) = ¢, x € D™

Note that

Opi\~ (Opi\* Op2\~  (Op2\*
) () =amn=o. () () =amn s

( v ) ( v ) M2 ’ v v mys ’
hence the equation (3.2) has only the trivial solution. This implies that the
associated to (3.2) homogeneous equation also has only the trivial solution,
and the equation (3.1) is solvable for any continuous right-hand side.
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For the regularity of the double layer potential in the domain DT it
is sufficient to assume that S € C?# (0 < B < 1) and fi € C1(9)
0<a<f),k=4,5.

Problem (I)~. Now consider the first boundary value problem in the
domain D~. Consider the equation (2.3)

(3 L)oo e (5). o

Prove that the equation (3.3) is solvable for any continuous right-hand
side. We consider the associated to (3.3) homogeneous equation

(n(%)2 7731) P % S/ % M(z = y)e(y) dyS = 0. (3.4)

Let us prove that (3.4) has only the trivial solution. Suppose that it has
a nonzero solution ¢(z). From (3.4) by integration we obtain

/gadSzO.

s
In this case the equation (3.4) corresponds to the boundary condition
0 +
<ﬂ) —0.
v
We find that py, = ¢, x € DT, where c is a constant vector.
Taking into account the equation [ ¢ ds = 0 and the fact that the single
s

layer potential is continuous while passing through the boundary, and using
Green’s formula for k = k,,, we obtain p, =0, x € D~. Since

(3) - (5) =m0 (32) - (G2) " =2mes =

we have p(z) = 0.

Thus we conclude that the associated to (3.4) homogeneous equation has
only the trivial solution, and the equation (3.3) is solvable for any continuous
right-hand side.

To prove the regularity of the potential (2.1) in the domain D™, it is
sufficient to assume that S € C?8(0 < 8 < 1) and fr € CH*(S) (0 < a <
B), k=4,5.

4. PROBLEMS (1)™ AND (2)~
Consider the equations (2.4), (2.10)

9+ [ TOnmrw - s ds=Fr e, @)
S
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b+ [TEIP - DS =@, 42)
S

where F* € C1A(9), @~ € CVP(S), 0 < a < 3 are given vectors on the
boundary.

Let us prove that the homogeneous equation corresponding to (4.2) has
only the trivial solution. Assume that it has a nontrivial solution denoted
by ho(z). Compose the simple layer potential

1

V(@) = 4 [ T~ o)haly) ds. (4.3)

5
It is obvious, that [T'(0z,n)V(2)]” =0, [ho(y)ds =0. V € C®F(D~) and
S

satisfies the conditions (1.4). This implies that V(z) =0, z € D™, whence
VTt = V-~ = 0. Now taking into account the continuity of the simple
layer potential and using the uniqueness theorem for the solution of the
first boundary value problem, we will have V(z) = 0, x € D¥. Thus V(z)
vanishes on the whole space and therefore hg(xz) = 0. Due to the fredholm
theorem we conclude that the nonhomogeneous equation is solvable for an
arbitrary Holder continuous vector ®~.

Finally, from the solvability of the equations (4.1) and (4.2) it follows
that the solutions of BVPs (1)* and (2)~ are representable in the form of
second kind double and single-layer potentials, respectively. On the basis
of the general theory, the following theorems are valid.

Theorem 8. If S € C%5(S) and F+ € C*#, then the BVP (1)* has
unique solution. Moreover, this solution is given in the form of the double-
layer potential (2.5), where g is a solution of the equation (4.1).

Theorem 9. If S € C*A(S) and &~ € CYP, then the BVP (2)~ has
unique solution satisfying the conditions (1.4) in the neighborhood of infinity.
Moreover, this solution is given in the form of the single-layer potential
(2.8), where h is a solution of the equation (4.2).

5. PROBLEMS (1)~ AND (2)7

Consider the first external BVP (when on S it is given V— = F~). A
solution of the equation (1.15) is sought in the form

V(e.g) = o [ INOunTG - 2] @) 4,5 + 3 Twa, (51
S
where )
a=— [ [N@y,m()] gy) S
S

The origin is assumed to lie in the domain D*. Taking into account the
boundary behavior of the potential V' (z) and the boundary condition, to
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define the unknown vector g from (5.1) we obtain the Fredholm integral
equation of the second kind

1

92)+ 5 [ N0 - 2] 9)dyS + 3 TEa=F (). (52
S

The conjugate equation is

h(z)Jr%/ [N(@y, n)F(yfz)+% N(9z,n)T(2)a|h(y) d,S = T (2). (5.3)
S

Let us show that the equation (5.3) is always solvable. For this it is sufficient
to show that the homogeneous equation corresponding to (5.3) has only the
trivial solution. Denote the homogeneous equation by (5.3)p and assume
that it has a solution hq different from zero.

From (5.3)¢ we get

1
27
S

D(y)h(y) dyS = 0. (5.4)

and the equation (5.3)¢ obtain the form
1
h(z) + o /N(@y, n)I'(y — 2)h(y) d,S = 0. (5.5)
5

Construct now the potential

V(@) = 5= [T = 1o d,S.

S

Here N(V)* = 0 and V(0) = 0. From this we get V(z) = 0, z € D™
Since hg(xz) = 0. Thus our assumption is not valid. The equation (5.2)
has a solution for an arbitrary right-hand side. Note that a solution of the
equation (5.2) exists if S € C?#(9), F~(2) € CVP(S),0< B<a < 1.

Consider the second BVP. The solution of the equation (1.15) is sought
in the form (when on S it is given (TV)" = &)

T o
S

1 1 1
V@) =5 [T=2hw)d,S - ;A= @B, (50)
where A and B are defined as follows:

A=y [Twmd,s, B=5 [Twhe)ds.  61)
S S

Ty =rot, T'(z — y)z=0-
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To define h(z), we have the integral equation

1
+ 5= [ T@y T (y — 2)h(y) dy5—
S

iT(az,n)F(z)A _ iT(az,n)Fo(z)B — ot (2), (5.8)

Let us now show that the integral equation (5.8) is always solvable. Let
h(y) # 0. From (5.8) we have

A= / B+ (z) dS, (5.9)
S
= % r(y) x @ dS, (5.10)
S

where 7(y) = (y1,y2,93). If ®© = 0, then A = 0, B = 0, (Tu)™ = 0,
u = a+ [b,r]. If the principal vector A and the principal moment B are
equal to zero, we have u = 0, h = 0. Thus (5.8) is solvable for any right-hand
side.

Consider the conjugate equation

9(:)+ 5 [ T = 2)°9(0) 4, ~ 3 T~ Talz)5 =
S
= F(2) (.11)
where
S
% / By, mTo(y)] g(y) dyS.
S

The equation (5.11) is always solvable if F~ € C12(S), S € C1%(8S), 0 <
b<a<l.
If the solution of BVP (1)~ is sought in the form

V() = 5- [ [T@nmI - 2)]"9(u)dS - 3@~ ;Ta(@). (512)

2
s
then to define the unknown vector g we obtain the integral equation (5.11).
Therefore we formulate the final result.

Theorem 10. The problem (1)~ is solvable for an arbitrary vector F~ €
CHB(S) for S € C*(S), and the solution is represented by the formula
(5.12).
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Theorem 11. The problem (2)% is solvable for the vector ®+ € CYP(S),
only if the principal vector and the principal moment of external stresses are
equal to zero, A =0 and B = 0. The solution is represented by the formula
(5.6). The solution is defined to within rigid displacement.

The existence theorems for the third and fourth BVPs will be proved
analogously.
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