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Abstract. It is proved that the characteristic initial value problem for
the second order hyperbolic equation

Ugy = f((E,yﬂJ),
where f : [0,a] x [0,b] x R — R is a continuous function, has at least one
global, or local blow-up solution. Unimprovable in a sense conditions of

existence and nonexistence of global and local blow-up solutions are estab-
lished.
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1. FORMULATION OF THE MAIN RESULTS

Global solvability of initial and initial-boundary value problems for dif-
ferential equations and blow-up phenomena of such problems have been
attracting the attention of many mathematicians and are subjects of nu-
merous studies (See [1-24] and the references cited therein). In the present
paper we consider the characteristic initial value problem

Ugy = f(z,y,u), (1.1)
u(xz,0) =ci(z) for 0<z<a, u0,y)=co(y) for 0<y<b (1.2)

from that viewpoint. More precisely, we have proved a theorem on exis-
tence of either of global and local blow-up solutions of problem (1.1),(1.2),
and obtained unimprovable in a sense conditions guaranteeing that problem
(1.1),(1.2) : (¢) has at least one global solution and no local blow-up solu-
tion; (4¢) has at least one local blow-up solution and has no global solution.
Let
Q(avb) = (O,CL) X (Ovb)v ﬁ(a’ﬂb) = [Oﬂa] X [Oab]

For arbitrary ag € (0,a] and by € (0,b] set

Qo(a, bo; ag, b) = Q(a, bo) U Q(ao, b), ﬁo(a, bo; ao, b) = ﬁ(a, bo) @] ﬁ(ao, b)

If either ag = a or by = b, then it is clear that Q¢(a, bo; ag,b) = Q(a,b).
Throughout the paper it is assumed that the function f : Q(a,b) xR — R
is continuous, and ¢; : [0,a] — R and c¢p : [0,b] — R are continuously

differentiable functions satisfying the matching condition
¢1(0) = ¢2(0). (1.3)
We will use the following definitions:
Definition 1.1. Let D be a domain contained in Q(a,b). A function
u: D — R will be called a solution of equation (1.1) in D, if it is continuous

together with its partial derivatives ug, uy, ug, and satisfies (1.1) at every
point of D.

Definition 1.2. A function u : Q(a,b) — R will be called a global solu-
tion of problem (1.1),(1.2), if it is a solution of equation (1.1) in the domain
Q(a,b), is uniformly continuous in Q(a — &,b — ) for any sufficiently small
€ > 0, and satisfies the initial conditions (1.2), where

u(z,0) = gii%u(x, y), u(0,y)= alclg%) u(z,y).

Definition 1.3. Let ag € (0,a) and by € (0,b). A function
u: Qo(a,bo;ag,b) — R

will be called a local solution of problem (1.1),(1.2), if it is a solution of
equation (1.1), is uniformly continuous in the domain Qg (a, by —&; ag — €, b)
for any sufficiently small € > 0, and satisfies the initial conditions (1.2).
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Definition 1.4. A local solution u of problem (1.1),(1.2) defined in the
domain Qg(a, by; ag, b) will be called a blow-up solution, if

sup{|u(z,y)| : 0 < x < a} — +o0 as y — bo, (1.4)

sup{|u(z,y)| : 0 <y < b} — +o0 as z — ao. (1.5)

Theorem 1.1. If a1 € (0,a) and by € (0,b) are sufficiently small,

then problem (1.1),(1.2) has at least one uniformly continuous solution

u in Q(a,b1;a1,b). Moreover, for any such solution there exists either

global, or a local blow-up solution of problem (1.1),(1.2) coinciding with
w in Q(a,by;a1,b).

Remark 1.1. In particular, Theorem 1.1 implies that if problem (1.1),(1.2)
has no local blow-up solution (global solution), then it has a global (local
blow-up) solution.

Theorem 1.2. Let the inequality
|f(2,y,2)] < e(]2]) (1.6)

hold on 2(a,b) x R, where ¢ : [0, +00) — [0, +00) is a nondecreasing con-
tinuous function. If, moreover,

N dz
O/ (%) = +00, (1.7)
where ] ,
O(z)=1+ L/tp(s) ds} for z>0, (1.8)

then problem (1.1),(1.2) has at least one global solution and has no local

blow-up solution. Moreover, its every global solution is uniformly continuous
in Qa,b).

Theorem 1.3. Let the inequality

f(@,y,2) = ¢(2) (1.9)

hold on Q(a,b) x [0,400), where ¢ : [0,400) — [0,4+00) is a nondecreasing
continuous function such that the function ®, given by (1.8), satisfies the

condition
+oo

dz
0/ @ < 4-o00. (1.10)

Then there exists a positive number r such that if
c1(z) + ca(y) — c1(0) > r for (x,y) € Qa,b), (1.11)

then problem (1.1),(1.2) has no global solution and has at least one local
blow-up solution.



Global and Blow-Up Solutions of a Characteristic Initial Value Problem ... 125

As an example consider the differential equation

Ugy = g(z,y) fo(u), (1.12)

where g : Q(a,b) — (0,4+00) and fo : R — R are continuous functions, and
fo is nonnegative and nondecreasing on [0, +00).
Set

Ae -1+ [aea] o z0
0

Theorems 1.2 and 1.3 imply

Corollary 1.1. Problem (1.12),(1.2) is globally solvable for arbitrary
continuously differentiable functions ¢; : [0,a] — R and ¢3 : [0,b] — R
satisfying the matching condition (1.3) if and only if

“+o0

/ Fj(zz> - e

0

2. AUXILIARY STATEMENTS

2.1. Lemma on existence of locally uniformly continuous solution
of a characteristic initial value problem. For equation (1.1) consider
the characteristic initial value problem

u(z,yo) = vi(w) for mg <z <a, wu(wo,y)=wv2(y) for yo <y <b,
(2.1)
where zg € [0,a), yo € [0,b), and vy : [zg,a] — R and ve : [yo,b] — are
continuously differentiable functions such that

v1 (o) = v2(yo)- (2.2)

The function f : [zg, a] X [y, b] — R, as above, is assumed to be continuous.
Let 1 € (zg,a] and y; € (yo, ). Set
M1 = (20,a) X (Yo,41), 2 = (o, 1) X (Yo,0), U = Q1 UQso,
My; = sup{|vi(x) + v2(y) — vi(zo)| : (z,y) € Q1;} (i =1,2), (2.3)
Mi = Sup{|f(x,y,z)| : (fE,y) € Qliv |Z| é 1+ MOl} (Z = 172) (24)

By Q; denote the closure of €21, and by C (€21) denote the Banach space
of continuous functions u : Q1 — R.

Lemma 2.1. If

(a—zo)(y1 — yo) M1 <1, (2.5)
(1 —20)(b—yo) M2 <1,
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then problem (1.1),(2.1) has at least one solution in 1. Moreover, every

such solution is uniformly continuous in Q1 and admits the estimates
lu(z,y)| <14+ Moy for (x,y) € Q1 (2.7)
lu(z,y)| <1+ Moy for (x,y) € Q2.

Proof. First assume that problem (1.1),(2.1) has a solution u in the domain
Q4. Then the representation

z vy
u(w,y) = 0@ +oalw) i) + [ [ S tuts)dsde (29)
o Yo
is valid. On the other hand, in view of (2.1)—(2.3) it is clear that either u
admits the estimate (2.7), or the inequality

lu(z®, y")| > 1+ Moy
holds for some z* € (xg,a) and y* € (yo,y1). In the latter case, according
0 (2.1)—(2.3), there exist z, € (zg,z*) and y. € (yo,y™) such that
lu(z,y)| <14 Moy for zo <z <mi, yo <y < ya
and
[u(z, y:)| = 1+ Moa.
If along with this we take into account notations (2.3), (2.4) and inequality
(2.5), then from (2.9) we get

Ty Ys
1+ Mo < Moy +// |f(s,t,u(s,t))|dsdt

Zo Yo

< Mor + My (z — 20) (Ys — Yo) < Mor + 1.

The obtained contradiction proves the validity of estimate (2.7). The valid-
ity of estimate (2.8) can be proved similarly.
In view of (2.4),(2.7) and (2.8), from (2.9) we have

lu(z,y) —u(s,t)] < M(lx —s|+ [y —t]) for (z,y), (s,1) € L, (2.10)
where
M = max{[v}(z)| + [v3(y)| : 20 Sz < a, yo <y < b}
+(M1 +M2)(a+b—a:0 —y()). (211)
Hence it follows that u is uniformly continuous in €2; and, consequently,
admits a continuous extension onto {2;.

Thus we have proved that the solvability of problem (1.1),(2.1) yields the
solvability of the integral equation (2.9) in the space C(€21). On the other
hand it is clear that if u € C(€4) is a solution of (2.9), then its restriction
on {2 is a solution of problem (1.1),(1.2). Therefore, to complete the proof

we need to show that the integral equation (2.9) has at least one solution
in C(Ql)
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Introduce the operator

W(U)(l‘ay)=U1($)+112(y)—vl(xo)+//f(s,t,u(s,t))dsdt.

The continuity of the functions vy : [z9,a] — R, vs : [yo,b] — R and

f: Q1 x R — R implies that W : C(€;) — C(Q1) is a continuous operator.
Let B be the set of all functions u € C/(€2) satisfying conditions (2.7),(2.8)

and (2.10), where M is the number given by (2.11). It is clear that B is a

convex and closed set. Moreover, by Arzella—Ascolli lemma, B is a compact.
By virtue of (2.3)—(2.8) for an arbitrary u € B we have

W (u)(z,y)| < Moy + (a — 20)(y1 — yo)M1 < Moy +1 for (z,y) € Qu,
W(u)(z,y)| < Moz + (x1 — 20)(b— yo) Mo < Moo +1 for (x,y) € Qo,
IW(u)(z,y) = W) (s, t)] < M(Jx —s|+ |y —t]) for (z,y), (s,t) € Q.

Consequently, W is a continuous operator mapping the compact B into
itself. By Schauder’s theorem, WV has a fixed point u € B, i.e. the integral
equation (2.9) has a solution u € B. O

Remark 2.1. As it was noted above, if a solution u of problem (1.1),(1.2)
is uniformly continuous in 2, then it admits a continuous extension onto
Q. Moreover, the representation (2.9) implies that the extension of u has
continuous partial derivatives ug, uy and g, on Q, and satisfies equation
(1.1) everywhere on €. Therefore the extension of u will be called a solution
of problem (1.1),(1.2) in ;.

2.2. Some remarks on global and blow-up solutions of nonlinear
autonomous ordinary differential equations of second order. Con-
sider the ordinary differential equation

w” = p(w) (2.12)
with the initial and the boundary conditions
w(0) =7, w'(0)=7 (2.13)
and
w(0) =0, tliglo w'(t) = 400, (2.14)

where ¢ : [0, +00) — [0, +00) is a continuous function,
% >0, v>0 (2.15)
and tg > 0.

Lemma 2.2. If condition (1.7) holds, then problem (2.12),(2.13) has a
unique solution w defined in the interval [0,400) and satisfying the inequal-
ities

w(t) >, w'(t)>0 for t>0. (2.16)
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Proof. First assume that problem (2.12),(2.13) has a solution w defined in
the interval [0,+00). Then, in view of nonnegativity of ¢ and condition
(2.15), inequalities (2.16) hold. Multiplying (2.12) by w’, integrating from
0 to t, and taking into account (2.13), we get

w?(t) = ®2 _(w(t)) for t>0,

Yo,
where
z 1
D (2) = {72 -|-2/<p($) ds} © for 2> (2.17)
Yo
Hence according to (2.16) we have
ﬂ =1 for t>0.
Dy 1 (w(t))
Therefore
U, ~(w(t) =t for t>0, (2.18)
where i
ds
ooy (2) = / 74)7077(5)'
Yo

In view of (1.8) and (2.17) it is clear that
Dy y(2) < (v +2)2(2) for z 2> 1.

Hence, in view of (1.7), if follows that

ds

1
Jim Waoq(2) 2 g zEIfoo/ )
Yo

Consequently, the function ¥., - : [y0,+00) — [0,400) has the inverse

Wt 1 [0,400) = [y0,+00). Therefore (2.18) implies that

w(t) =Wt (t) for t>0. (2.19)

Y0,Y
Thus we have proved that if problem (2.12),(2.13) has a solution defined
on [0, +00), then it is unique and admits the representation (2.19). On the
other hand, from the definition of \Ilgolﬂ it follows that the function given
by (2.19) is indeed a solution of problem (2.12),(2.13) satisfying inequalities

(2.16). O
Lemma 2.3. If condition (1.10) holds and
lim sup ) < 400, (2.20)
z—0 z

then problem (2.12),(2.14) has a unique solution w and
w(t) >0, w'(t)>0 for 0<t<to. (2.21)
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Proof. For an arbitrary v > 0 set

z

B, = 17 +2 [ plo)ds] "
0
Then according to (1.8) and (1.10) we have

z
. - )
1 = 1 D = V2
Ji [ els)ds =oo. - lim ET = V2
0

SIS
S
2
—~
183
~—
Il
O\N
QU
»
S
=
183
V
jes)

and
—+o0

dz

T(v) = / —— < +o0. (2.22)
P, (2)

Hence it follows that for an arbitrary 4 > 0 in the interval [0,T(y)) the

differential equation (2.12) has a unique solution w, () satisfying the initial

conditions

Besides,

wy(t) >0, wl(t)>0 for 0<t<T(y), 117111(1 )wy(t) = +o00.
t—T (v
On the other hand, (1.10),(2.20) and (2.22) imply that 7" : (0,400) —
(0, +00) is a continuous decreasing function such that

lim T'(y) = +oo, lim T(v)=0.
v—0 y—+oo

Consequently, the inverse function 7~! maps (0, +00) onto (0, +00).

From the above said it is clear that if 79 = T1(¢), then the function
w(t) = w,,(t) is the unique solution of problem (2.12),(2.14) satisfying the
inequalities (2.21). O

2.3. Lemmas on differential inequalities. Along with the differential
equation (1.1) consider the differential inequalities

|tay| < ¢ (lul) (2.23)
and
Uzy = o(Jul) (2.24)
with the initial conditions (1.2), where ¢ : [0, 4+00) X [0, +00) is a continuous
nondecreasing function. As before, the functions ¢; : [0,a] — R and ¢5 :
[0,b] — R are assumed to be continuously differentiable and satisfying the
matching condition (1.3).
Global, local and blow-up solutions of problem (2.23),(1.2) (problem
(2.24),(1.2)) are defined similarly to the definitions for problem (1.1),(1.2).

More precisely, in Definitions 1.1-1.4 equation (1.1) should be replaced by
inequality (2.23) (inequality (2.24)).
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Lemma 2.4. If condition (1.7) holds, then problem (2.23),(1.2) has no
local blow-up solution and its arbitrary global solution is uniformly continu-
ous on Q(a,b).

Proof. Let
vo =1+ max{|c1(z) + c2(y) —c1(0)| : 0<x <a, 0<y<b}, (2.25)

v be an arbitrarily fixed positive number, and w be a solution of problem
(2.12),(2.13). By Lemma 2.2, w is defined on [0, +00) and satisfies inequal-
ities (2.16).

The function (x,y) — w(x + y) is a solution of the differential equation

Way = @(w).

Therefore the representation
z oy
w(z+y) =w(zr) +wly) —w(0)+ //go(w(s +1t))dsdt (2.26)
0 0

is valid. On the other hand, (2.16) and (2.25) imply that
le1(z) + c2(y) — 1 (0)] <70 < w(z) +w(y) —w(0)
for (z,y) € Qa,b). (2.27)

First prove that if u is a local solution of problem (2.23),(1.2) in some
domain Qg (a, by; ag,b), then

lu(z,y)] <w(x+y) <w(a+bd) for (z,y) € Qola,bo;ag,d). (2.28)
Assume the contrary that (2.28) is violated, i.e. the inequality
|u(zo,y0)| = w(@o + yo) (2.29)

holds for some (xq,yo) € Qo(a, bo; ag,b). Without loss of generality one can
assume that (zo,yo0) € Q(a,bp), since the case (xo,y0) € Q(ag,b) can be
considered similarly.

Setting

u(z,0) = ;il)r(l)u($,y) for 0 <z <z,

u(0,y) = lim u(z,y) for 0<y <yo,

the function u becomes continuous in Q(xg, o). Let

v(z,y) =w(x+y) — |u(z,y)| for 0<z<uzp, 0<y<uyp.
Then in view of (1.2),(2.27) and (2.29) we have

v(z,0) >0 for 0<z<zo, v(0,y)>0 for 0<y<yo

and
v(zo,%0) < 0.
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Hence, by continuity of v on Q(zo, o), there exist z; € (0,2¢] and y; €
(0, yo] such that

v(z,y) >0 for 0<z<z, 0<y<y (2.30)
and
v(x1,y1) = 0. (2.31)
In view of (2.23),(2.27) and (2.30), the representation

x Y

u(z,y) = c1(z) + ca(y) — 1 (0 //ust s,t)dsdt (2.32)

0
implies that

1 Y1

lu(zy,91)| < |ei(z1) + c2(y1) — (0 |+// )) ds dt

1 Y1

< w(zy) +wyr) +//g0 (s+1t))dsdt.

Hence, by virtue of (2.26), we find

v(x1,y1) = w(zr +y1) — |u(z,y1)] >0,

which contradicts to the equality (2.31). The obtained contradiction proves
the validity of the estimate (2.28).

Similarly we can prove that if u is a global solution of problem (2.23),(1.2),
then

|u(z,y)] <w(x+y) <w(a+b) for (z,y) € Qa,b). (2.33)
In view of the estimate (2.28) (the estimate (2.33)), (2.23) implies that
‘u”l'y(xvyﬂ S r for (Qj’y) € Qo(a,bo;a07b) ((xay) € Q(avb))v

where r = max{p(z) : 0 < z < w(a + b)}. By virtue of the represen-
tation (2.32), the latter inequality ensures the uniform continuity of u in
the domain Qg(a, bo; ap,b) (in the domain Q(a,b)). Consequently, problem
(2.23),(1.2) has no local blow-up solution and its arbitrary local and global
solutions are uniformly continuous. |

Lemma 2.5. Let
max{a,b} <tp <a+b, (2.34)

and problem (2.12),(2.14) have a solution w satisfying inequalities (2.21).
If, moreover, condition (1.11) holds, where

r =w(a) +w(b), (2.35)
then problem (2.24), (1.2) has no global solution.
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Proof. Assume the contrary that problem (2.24),(1.2) has a global solution
u. Then in view of inequalities (1.11) and (2.24), the representation (2.32)
yields

u(z,y) >r >0 for (z,y) € Qa,d). (2.36)

According to (2.34) there exist ap € (0,a) and by € (0,b) such that
ag +bo = to. If along with this we take into account conditions (2.14),(2.36)
and continuity of v at point (ag, bp), then it becomes clear that

wety) _ o
(z,9)—(a0,bo) u(x,y)
Therefore for some a1 € (0,a9) and by € (0,by) we have
w(ay +b1) > u(ay, b1). (2.37)

Due to the uniform continuity in Q(az, b1), the function v admits a con-
tinuous extension onto €2(ay,by). Set

v(a,y) = u(z,y) —w(z +y).
Then in view of (1.2),(1.11),(2.21) and (2.35) we have
v(z,0) = c1(x) —w(z) > wla) +w(b) —w(x) >0 for 0<z<ay,
v(0,y) = ca(y) —w(y) > w(a) + wd) —w(y) >0 for 0<y < by.

On the other hand it follows from (2.37) that v(a1,b1) < 0. Therefore there
exist xg € (0,a1] and (0, b1] such that

v(z,y) >0 for 0<z <z 0<y<uyp (2.38)

and
v(x0,y0) = 0. (2.39)
Taking into account inequalities (1.11),(2.24) and (2.38), from (2.26) and
(2.32) we find

v(wo,Yo) = c1(wo) + c2(yo) — c1(0) — w(zo) — w(Yo)

+ // (ust(s,t) — p(w(s + 1)) dsdt
00
>r—w(z) —w(y)+ // (go(u(s,t)) —(w(s+ t))) dsdt
00

> r —w(zo) — w(yo).
Hence, in view of conditions (2.21) and (2.35), it follows that
v(zo,yo) > r —w(a) —w(b) = 0.

But this contradicts to the equality (2.37). The obtained contradiction
proves that problem (2.24),(1.2) has no global solution. O
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3. PrROOFS OF THE MAIN RESULTS
Proof of Theorem 1.1. Let
M° = max{|ei(z) — ¢1(0)] : 0 < 2 < a} + max{|ea(y)| : 0 <y < b},
M =1+ max{|f(z,y,2)| : (v, y) € Da,b), |2 <1+ M},

and a1 and by be arbitrary numbers satisfying the inequalities

0<aq <m1n{]\;b ;} 0<b Smin{ﬁ, g}

Then by Lemma 2.1, problem (1.1),(1.2) has a uniformly continuous so-
lution u; in the domain €y = Qg(a, b1;a1,b). Our goal is to prove that uy is
a restriction on the set €27 of some either global, or local blow-up solution
of problem (1.1),(1.2).

By u; we will understand its continuous extension onto Q. Set

MY, (t) = max{|u (x,b1) — ui(ay, )| : a1 <z < a}
+ max{|ui(a1,y)| : b1 <y < t},

My (t) = 1+ max{|f(z,y, 2)| : (x,y) € Ua,b), |z] <1+ M (8)}
for by <t <,
My(s) = max{|uy(a1,y) — ui(ar,br)| : by <y < b}
+ max{|ui(x,b1)| : a1 < x < s},
Mis(s) = 1+ max{[f(2,y,2)| : (z,y) € Ua,b), |2 <1+ Mpy(s)}

for a1 <s<a.

It is clear that Miy : [b1,b] — (0,400) and Mis : [a1,a] — (0,400) are
continuous nondecreasing functions. If

()@ ) <r (w20 1),

then set

and if

aMll(ng) (Q—b - b1> >1 (lez(Q;) (%a - al) > 1),

then then there exist by € (bl, %b) (ag S (al, 2?“)) such that

G,Mll(bg)(bg — bl) =1 (leg(ag)(ag — al) = 1).

Consequently, in all of the considered cases we have

1 2b . 1 2a
—bl}, as = a1—|—m1n{7 ——al}.

by = by +min { ——— =
2 1+m1n{aM11(b2)’ 3 lez(a2)7 3
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By Lemma 2.1', in the closed domain
Qo = (a1, a] x [b1,b2]) U ([a1, as] x [b1,0])

equation (1.1) has a solution wus satisfying the initial conditions

ug(x,b1) = ui(x,by) for a3 <z <a,

us(ar,y) = u1(ay,y) for by <y <b.
Repeating this process on and on, we get the numerical and functional se-
quences (ax) 5 (be), 5 (M (0r1)), 5 (Mia (br)) 5 (M) 5
(ng(akJrl))Zj, and (uk)::i such that: for any & > 1 the function w1
is a solution of equation (1.1) defined on the set

Qi1 = ([ak,a] X [bk,karl]) U ([ak,akﬂ] X [bk,b])
and satisfying the initial conditions
Ugt1(x, b)) = uk(z,bg) for ap <z <a,
ugt1(ar,y) = ug(ar,y) for by <y <b;
MY, (bet1) = max{|ug(z, by) — up(ax, by)| : ap <z < a}

+ max{|ug(ak, y)| : bx <y < bpga},

Mkl(bk-i-l) =1+ max{|f(x,y,z)\ : (xay) € ﬁ(aab)v (31)
2] < 14 My (bey1)}; (3.2)
M/?z(akﬂ) = max{|uk(ak,y) — u1(ag, by)| : b <y < b}
+ max{|ug(z,b)| : ar <z < agy1}, (3.3)
MkQ(ak-Fl) =1+ Inax{\f(x, Y, Z)| : (I, y) € ﬁ(a7b)7
2] < 14 Mps(ar1)}; (3.4)
. 1 (k+1)b
b =b —-b 3.5
k+1 k+mln{aMk1(bk+1)7 ]{)+2 k}) ( )
. 1 (k+1)a

= - . 3.6

k41 ak+mm{ka2(ak+1)’ k12 ak} (3.6)

It is clear that (ak):: and (bk):: are increasing sequences satisfying the
inequalities

0<a <La 0<b <Lb (k=1,2,...)
P ® P =1,2,...).
Set
kEIilw ar = ag, kll)r—',r-loo by, = by, (3.7)
f € Qy,
u(z,y) = { y) for @y €D, (3.8)
ug(z,y) for (x,y) €y (k=2,3,...).

1See Remark 2.1.
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If either ag = a, or by = b, then
“+o00

0 U ( U ﬁk) — Q(a,b),
k=2
and if
ag < a, by<b, (39)
then

+oo
0 U ( U ﬁk) = Qo(a,bo;ao,b).
k=2

In the first (the second) case the function u given by (3.8) is a global solution
of problem (1.1),(1.2) (local solution of problem (1.1),(1.2) in the domain
Qo(a,bo; ag, b)) and matches with uy in the domain Qg(a,by;a1;b).

To complete the proof of the theorem it remains to show that if inequali-
ties (3.9) hold, then the local solution u a is blow-up solution, i.e. it satisfies
conditions (1.4) and (1.5).

By (3.7) and (3.9), we have

(k+1)b
k+2

. (k+1)a
i (v ) =0, i (G

Therefore (3.5) and (3.6) imply

kgl}rloo My (bg41) = +o0, kEIEOO Mya(ags1) = +oc.

Jim (b —b) =0, lim (

Jim —bi) =b—by,

—ak)za—ao.

Taking into account these equalities from (3.2) and (3.4) we conclude that
kEr-II—loo My (bg1) = +o0, kliffoo Mps(ag+1) = +oo.

However, in view of (3.1),(3.2) and (3.8) the latter equalities imply that
max{|ug(z, br) — ug(ag, bg)| : ar < x < a}
+ max{|uk(ak,y)| : by <y <bgy1} — +oo as k — +oo (3.10)
and
max{|ug(ag,y) — u1(ag, br)| : bp <y < b}
+ max{|ug(z,b)| : ar <z < agp1} — +o0 as k — +oo. (3.11)

First show that condition (1.4) holds. Assume the contrary. Then there
exists a positive number ry such that

limsupr(y) < 7o, (3.12)
y—bo

where r(y) = sup{|u(z,y)| : 0 < x < a}. Set
My = 2rg + max{|ca(y)] : 0 <y < b} (3.13)

and
M = max{|f(z,y,2)| : (z,y) € Qa,b), |2| <1+ My}.
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Choose ag1 € (0,ap) such that

agtb M < 1. (3.14)
According to (3.12) there exists bg; € (0,bp) such that
(bo — bor)aM <1 (3.15)
and
r(bo1) < ro. (3.16)

The restriction of u on the domain
Q01 = ((0,0) x (bor,bo) ) U ((0,a01) % (bon. b))
is a solution of equation (1.1) subject to the initial conditions
w(x,bo1) =v1(x) for 0<z<a, wu(ap,y)=uva(y) for b1 <y <b,
where
vi(x) =u(z,bpr) for 0<ax<a, way)=cay) for boy <y <b.

Besides, v; and vy are continuously differentiable and satisfy the matching
condition

U1 (0) = Uz(b()l).
On the other hand, (3.13) and (3.16) imply that

[v1(z) + v2(y) —v1(0)] < My for 0<xz<a, boy <y<h. (3.17)

By Lemma 2.1, inequalities (3.14),(3.15) and(3.17) guarantee the validity
of the estimate

lu(z,y)| <1+ My for 0<z<a, by <y < bp.

But this estimate contradicts to the condition (3.10). The obtained contra-
diction proves the validity of the condition (1.4).
The validity of (1.5) can be proved similarly. a

Proof of Theorem 1.2. According to (1.6) an arbitrary global (local) solution
of problem (1.1),(1.2) is a global (local) solution of problem (2.23),(1.2). On
the other hand, by Lemma 2.4, problem (2.23),(1.2) has no local blow-up
solution and its arbitrary global solution is uniformly continuous in Q(a, b).
Now if we apply Theorem 1.1, then the validity of Theorem 1.2 will become
obvious. O

Proof of Theorem 1.3. Without loss of generality we may assume that the
function ¢ satisfies condition (2.20), since otherwise we could replace it by
the following one:

p(z) for z>1,
vo(2) =
zp(z) for 0<z<1.
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Let ty be an arbitrarily fixed number satisfying condition (2.34). By
Lemma 2.3, problem (2.12),(2.14) has a unique solution w satisfying in-
equalities (2.21). Set r = w(a) + w(b), and show that if inequality (1.11)
holds, then problem (1.1),(1.2) has no global solution.

Assume the contrary that problem (1.1),(1.2) has a global solution. Then
(1.9) and (1.11) imply that

u(z,y) >0 for (z,y) € Qa,b)

and wu is global solution of problem (2.24),(1.2). However, in this case,
by Lemma 2.5, problem (2.24),(1.2) has no global solution. The obtained
contradiction proves that if inequality (1.11) holds, then problem (1.1),(1.2)
has no global solution. But then, by Theorem 1.1, problem (1.1),(1.2) has
at least one blow-up solution. O
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