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SOLUTION OF THE BASIC CONTACT PROBLEM
OF STATICS OF ELASTIC MIXTURES



Abstract. A finite domain D; and an infinite domain Dy are considered
with the common boundary S having Hélder continuous curvature. D; and
Dy are filled with isotropic elastic mixtures. In Dy and Dy u® and «©®
are displacement vectors while 7MW 4 () and T () are stress vectors. The
main contact problem considered in the paper may be formulated as follows:
in the domains D; and Dy, find regular vectors u(?) and u(9) satisfying on
the boundary S the conditions

(@) = @) =1,
(T(l)u(l))+ _ (T(2)u(2))f =F,

where f and F' are given vectors. A uniqueness theorem is proved for
this problem. A Fredholm system of integral equations is derived for the
problem. An existence theorem is proved for the main contact problem via
investigation of the latter system.
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1. MAIN EQUATIONS. BASIC CONTACT PROBLEM. THE UNIQUENESS OF
A SOLUTION

The main homogeneous equations of statics of an elastic mixture are of

the form [1]:
Cu =0, (1.1)
where
C= [giéi giﬂ , CW =[] =14
() _ 0 (2) _ 8) _ ?
¢ = a1Adk; + b1 Dnda, Crj = Chj ch(sijrdm, (1.2)
2
C;:;) = aaAdy; + bo axfaxj ,
The constants appearing in (2.1) have the following values:
ar =p1— A5, a2 =pa2 — A5, ¢=puz+As,
bi =1+ A+ X5 — p laspa, bo=pi2 4+ Ao+ A5+ p Lanpr, (13)

d=pi5+ X3 —Xs — p laop1 = pis + Ay — As + p a2,
p=p1+p2, az=A3— Ay,

where 1, po, 3, A1, A2, A3, A4, As are constants characterizing physical
properties of the elastic mixture and satisfying certain inequalities. The vec-
tor w is four-dimensional: u = (uy,uz2,us,us). The stress vector is defined

as follows [1]:

(Tu); = 711n1 + THy N2,

(Tw)y = Tion1 + Thona,

1.4
(Tu)z = 114n1 + m9ina,  (Tu)y = 7501 + Toona, (14)
and the generalized stress vector has the form [1]
(TU)1 = 0'11n1 + Jélng, (TU)Q = 0'/1277,1 + 0'/2277,2, (1 5)
2 b :
(Tu)z = ofin1 + o5in2, (Tu)y = o9ny + ohyna,
where
8M2 aM2
oy =L+ Oy 05 = —L1 — oz,
oM oM
019 = Lo 71, 099 = L1 + 17
8‘%2 (91‘1 (1 6)
OMy OM,y '
1 — L ] " — _L _
011 3+ Oy 021 4T By
OM; OM;5
UYQZL“_TJ:Q’ 09y = L3 + oxy

L1 = (a1 + b1)0’ + (C + d)@”,
L3 = (C + d)@' + (CLQ + bg)aﬂ,

/ 1
Lo =a1w' + cw”,

o ! 7"
Ly =cw' + asw”,
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(1.7)
M3 = (3 — 2}1,3 (51 My — 2#2 us,
My = (523 — 2u3)ug + (202 — 2p12)uy,
g = O Oue gy Ouz 0w
8%1 81'2 ’ 8:101 8552 ’ (1 8)
y_Ouz Our o Oua  Ous '
(3':121 8x2 ’ 8x1 3582 ’
» is a real constant matrix
0 1 0 73
|7 0 — 3 0
=1y s 0 s (1.9)
— 3 0 — 29 0

where »¢1, s, »3 can take arbitrary real values. We point out some of them.
If 560 = 2u1, 00 = 2us, 3 = 2us, then s = 3. Taking into account (1.5)
and (1.4), we have

ou

ds(x)’
0 0 0

0s(x) M Bz, T " 0z,

Tu=Tu+ s (1.10)

where

(1.11)

If 5 assumes the above mentioned value, then ii = L, and from (1.10) we
have

ou
Lu=T —_— 1.12
U w + g, B5(2) ( )
If se5 = 21, — m~'Eq, where
ms 0 —mo 0
m_1 _ i 0 ms 0 —Mmy
AO —Ma 0 mia O ’
0 —mo 0 mq
(1.13)
0 1 0 O
-1 0 0 O
E = 0 0 o 1l° A0:m1m3—m§>0,
0 0 -1 0
then we obtain
ou
Nu=Tu+ »ny -——. (1.14)

0s(x)
Let D be a finite domain in the plane E,. Then Ef = Dy U S, where

S is a closed curve of continuous Hélder curvature. Denote Dy = Eo — ﬁf_ .
Obviously, D is an infinite domain bounded by the curve S. Find now a
regular solution of the equation (1.1) [2].
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Definition. The vector u is a regular solution of the equation (1.1) in
the domain Dj if it and its partial first order derivatives are continuous
vectors up to the boundary S, and the second derivatives exist in Df and
satisfy the equation (1.1).

In the domain D, , to the above-mentioned conditions we add one which

is fulfilled at infinity:
U=0(1), STU =0(p™), p*=ai+a3 k=12 (1.15)
k

The basic contact problem can be formulated as follows: find regular
solutions in Dy” and Dy of the equation (1.1) under the conditions

UM @)*T = (UO(1) = f(t),
tes; (1.16)

(TOTO(0) "~ (TOUO (1) = F(1)

here f and F' are with a definite smoothness vectors given on the boundary.
The signs + and — refer, respectively, to interior and exterior boundary val-
ues. Obviously, the constants take in Df‘ and Dy different values. Therefore
in the domain Dj, 7 = 0,1, we supply the constants with an appropriate

index j, j = 0,1. The same refers to the vectors u") and u(©.
Let us prove a theorem of uniqueness of solution of the basic contact
problem. Towards this end, we will need the following Green’s formulas [1]:

/E(l)(u(l),u(l))daz/u(l)T(l)u(l) ds,

Df S

/ EO WO 4©) o — — / w O 74,0 g

DF S

(1.17)

where E(u,u) is the doubled potential energy:

b (k) 9 (k) o
S+ 2 )t
8901 8332
8u§k) . 8ugk)) (8ugk) n 3u51k))+
8951 8%2 5%1 axQ
k k
8ué ) n 5‘1@& )>2+
61‘1 81‘2
b (k) b (k) 9 P (k) P (k) o
+u§k)<“1_“2)+(“2+u1)+
61‘1 81‘2 8,131 8.732
O N Y N Y N
3 6%1 6%2 8$1 8%2 61'1 8952 81'1 8952

+ <3U§k) _ %f))z (51051“ auz(sk))z’ _
2 81‘1 8932 8x1 8172

k k
EG (u®,u®) = 07 20 (

+2(d® + 230 (

k k
+ (087 = 2 (
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_a® <0U§k) _ Mk))? _ (5u5f) B 3U§k)>2 (1.18)
5 8371 8l‘2 8.131 31‘2 ' '

Theorem. A regular solution of the basic contact problem of the equation
(1.1) satisfying the boundary conditions on the boundary S is zero.

Proof. Tn (1.16), since f = F' = 0, we have (uM)* = (u(©)~, (TMWyM)+ =
(T©4(0)~ and taking into account (1.17), we find that

/E(l)(u(l),u(l))da+ /Em)(u(m,u(m)dg —0,

by Dy
whence
Uk = k) 4 gk) (“) , k=0,1,
Mo
of (k) (k)
where CF) = %k) ,and ¢, ¢y’ and () are arbitrary real constants.
)

In our case, w® = w(® and therefore £*) = £©). Moreover, u(M(t) =
uw©O(t). It is required that (Y (0) = 0. (Note that the origin is in the
domain D). Taking into account the fact that v (x) and u(®(z) are

vectors continuous up to the boundary S, we obtain cgl) =0, c(()o) =0,
EM = £ = 0. Thus we have found that

uV(z) =0, zeDf, uO@) =0, zeDf. (1.19)

Hence the proof of the theorem is complete. O

2. INTEGRAL EQUATIONS OF THE BASIC CONTACT PROBLEM

In this section, for the basic contact problem we will write the integral
Fredholm equations of the second kind.
The solutions u" () and u(®)(z) are sought in the form

1 orw
uM (z) = f/Re { [(N<1>r(1))’X(U +5er] W Y<1>}g+r<1)z<1>h} ds,

T s(y
r € D,
: - (2.1)
) () = ;/Re { [(vOroyx© s ro) g+r(0)Z(0)h} ds,
S
e Dy,

where g and h are unknown real vectors which are determined from the
boundary condition, and

SHEST

I'y—x)=mlno + , o= (21 —y1) +i(x2 — yo2). (2.2)

~1 3
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In this formula instead of In o we write In CC;Z in the domain D", while
in the domain Dy we write In %, where z = x1 4+ 122, ( = y1 + 1y2. This
remark is made due to the fact that the vectors u(M(z) and u(9(z) are
continuous up to the boundary S,

m; 0 mo O ly iy l5 ils
e B IS P P
0 my 0 ms ils —ls ily  —lg
h+ls= a2;b2 s latis 2—%7 ls+1ls = al;bl )
RS P 24)

dy = (a1 + bl)(ag + bg) — (C+ d)2 > O, do = arag — 62 > 0.
Thus we obtain

(NyReF)':E 00 Olnr

o) (N, ImT) = —E 5500 (2.5)

Taking into account (2.3) and (2.5), we rewrite (2.1) in the form

1 90 a1
u (z)= /{ {— XM 4Oy M ﬁ?yﬂ g+F(1)Z(1)h} ds,

m) | L0s(y)
S
T € Df, (2.6)
1 00 Olnr '
(0) i 27 x(0) (0)y(0) INSUACI AW
ww=1 { oy <Y G lot >
S
u e D0+~

Passing to limit as x — ¢ € S, for finding unknown matrices X, Y, Z we
obtain the equations (which will be written below):

(WM (6)t = xWg+
1 / { [ﬂ X0 4 Oy M}g N F(l)Z(l)h} ds,
ds(y)

™ 9s(y)
s
W (t)” = -XxOg4
1 00 Olnr
- _Z7 x(0) 0y ) Z—° 10 7(0)
+ T S/ { [85(1/) tm as(y)}g + hopds,
whence

D0~ WO0)" = (XO 4 XO)gt
1 9 ) _ xO) 4 (DY D _ @y ) dnr
+”5/{{8s<y>(x X+ (Y ) Ga)ot
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+ (F(l)Z(l) — F(O)Z(O))h} ds=f(t). (2.7)

From (2.7), we adopt the following restrictions:
XUV 4 xO =g m®Wy® _pO0y0 —j, (2.8)

Under these conditions, (2.7) is a Fredholm equation of second kind of the
form

(WD) = (WO (t)” =

_ L1990 vy o (1) 7(1) _(0) 7 (0) _
_g—i—ﬂ_/{as(y)(Xl XO)g4+(rz0 FOZO)h}ds—f(t). (2.9)

S

Thus we have obtained one equation for finding the unknown vectors g
and h. The second equation will be written below.

We now calculate TM 4™ and T ©) from (2.1). It should be noted
that

?lno
TONTY = —i(E — i -
x ( Yy ) Z( Z%Nm) as(z)as(y)’
or 020 A?lnr
(1) - _p__ Y7 vy
LR 5w T T tswsty) N Bs(@)os(y)

00 Olnr
TMRel = —E —— —.
» Re Os(x) o Os(x)

Using the above formulas and performing partial integration with respect
to the vector g, we obtain

1 00 Olnr
Wy W(g) = = 7 ox® (1), @) x (1) 21T
T W'Y (x) w/{{Eﬁs(x)X + ey mY X 8s(x)+

00 dlnr Jg
0s(x) ds(x) 0s(y)
00 Olnr
(1) (1), (1) 7(1)
+ {Z 9s(x) Ty g Os(x)

1 00 Olnr
0,0 (2) = = 7 x(© (0),,(0) x(0) Y217
T u'Y (x) w/{{Eﬁs(x)X + ey mY X 8s(x)+

+E

+

vy 4 zgvl)mu)y(l)}

]h} ds, x € DY,

)8lnr] dg n

00 dlnr
7O 4 00 70 2211y 4 g D
+ as(z) TN 8S(x)} 5 €L

Passing to limit as x — ¢ € S, we find that

W, O mF — _(x@ vy 99 L0
(T (1)) (X" +Yy )Bs(t)+Z h+
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1 00 Olnry 0
Z W4y My (D0 x 1) 4 0, 1)y (1) g
+7r/{[(X Y )85(:U)+(%Nm Xy m Y )35(@}5‘5(17)—’—
00 Olnr
L0 90 w0 oy,
+ [ Os(x) o 0s(x) ] %
_ dg
TO OGN = (xO© L yO)y_ 29, 7(0)y
(TOuR W) = (X +YO) 505 +20ht
1 1ol7) dlnry Jdg
L[ x© 1y © (0),,(0) x(©0) 4,0, (0)3-(0)
+ ﬂ'/{|:( + )35(x)+(%N " oy )83(3:)} 8s(x)+
5
00 Olnr
70 99 0 o 7015\ gs
+ [ 0s(x) o 0s(x) } ds
Thus we have
(T(l)u(l)(t))+ —(TOuO® ()~
— (XD £ xO 1 y© 4y ) OL 0y g0y
0s(x)

1 00 g 00

= 1) (€] (1) _ »(0)

+W/[2(X +Y )88(33) 52(y) +(ZW — 70 h] ds. (2.10)
S

It is assumed here that
XD 4 xO4yO®py® =0, zW4z0-F,
s mO X O OO x O 4 64— Oym@y© —o,  (2.11)
%J(\Pm(l)z(l) + %](\(]J)m(o)z(o) —0.
Hence (2.10) takes the form
(T(l)u(l)(t))+ — (TOuO (1)) =

1 90 g 90
_ et 1),y (1) _ »0)y 90 _
h+7r/{2(X 1Y )68(];) aS(y)Jr(Z Z )8S(x)h}ds

= F(t). (2.12)

S

(2.8) and (2.11) form a complete system allowing one to determine the
unknown matrices X, X© Yy y () 71 70)  Solving this system,
we finally get

X0 = (m® 4 @)Ly = () 4 (01,0,
20 — (4D 4 A©)=1 40

XO = (m® 4 m©@) =M YO — (1) 4 (@)=L (1)
200 — (4D 4 A©)=140),

(2.13)

where
A= E]_ — xrm. (214)
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In what follows, the unknown matrices will be meant to be defined by
formula (2.13).

Thus for g and h we have obtained integral Fredholm equations of second
kind. For %(gy) in (2.12) we perform partial integration and finally obtain

(T(l)u(l)(t))+ _ (T(O)u(o)(t))f =

= F(t). (2.15)

Recall some formulas [1]. If W = u + iv, then v and v are conjugate if
they satisfy the following conditions:

v ou
-1 -1
= Nv=-m ' 2.16
0s(x) Os(x) (2.16)
where NN is the pseudo-stress operator which is of importance when solving
the first boundary value problem.

In constructing the equations (2.9) and (2.12), we paid no attention to
the terms

Nu =

_ a7 s an 87r(x): 0? T <
m(w) = S/ 0s(x) O’gd d 0s(x) S/@s(x)as(y) O’gd ’ 2.17)

Let us consider this question. Let 0 = re?, @ = re~. Then n(z) =

)

—2i [ e=2 af&) gds. This expression represents a function continuous on
5

the whole plane E5. This happens due to the fact that %&) = #(y) , where

ﬁ is the curvature of the curve S at the point y, and by our assumption,
on(z)

this function is Hdélder continuous. To study the properties of Bs(z) » We
note that
on(x) _o9 00 00 / 98 020
=—4 ' ds —2 ¥ —————gds.
Os(x) /e 0s(x) 8s(y)g SR 85(w)as(y)g 3
s s
It should also be noted that the identity
0?lno Olno dlno Olnr . 00 Alnr 90
e e (Bl (it
0s(x)0s(y) O0s(x) 0s(y) 0s(x) O0s(x)/ \0s(y) 0s(y)

holds from which, calculating the imaginary parts of the both sides, we

obtain
020 Olnr 00 Olnr 00

9s()ds(y)  Os(x) ds(y)  Os(y) Ds(a)

Since

00 1 00 1

Os(z)  2p(z)" Os(y) 2p(y)’

we have
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o0 __31117“ 1 _81117" r
ds(x)ds(y) — 9s(x) 2p(y)  Is(y) 2p(x)
:_81117'1( 1 B 1 )_(81nr+8lnr) 1
ds(x) 2 \p(y) p(x) ds(x)  9s(y)/ plx)

The above expression represents a Hoélder continuous function on the whole
plane.

Thus we have proved that when we pay no attention to the terms in
(2.16), the validity of the above calculations becomes obvious.

From the equation (2.12), integrating over S, we obtain

/mm+w@—zmx/mw=/F@.
S S

S

that is, taking into account (2.11),

M@/hwz/F@
S

S

If [ F'ds = 0, then taking into account that det Z(*) # 0, we find that
s

/hmza (2.18)

S

This condition ensures that u(?) (x) is equal to zero at infinity.

3. INVESTIGATION OF THE INTEGRAL EQUATIONS OF THE BASIC
CONTACT PROBLEM

Let us prove that the integral Fredholm equations (2.9) and (2.12) for
f = F =0 have only trivial solutions. Assume the contrary that (2.9) and
(2.12) have nontrivial solutions which we denote again by ¢g and h. Using
the uniqueness theorems, we obtain

u(l)(:r) = u(o)(x) =c.

But u(M(0) = 0 (without restriction of generality, we assume that the origin
is in the domain Df‘)7 and we find that ¢; = 0 and hence

uV(z) =0, = e D, 3.1)
u®(z) =0, = e Df. '
Taking into account (3.1) and (2.15), we have

v (z) = ¢,

v (z) = co,
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where ¢; and cq are constants. It is already known that v(°)(c0) = 0 and
¢o = 0. Since vV is defined to within a constant, we can choose it such
that v(Y)(z) = 0, € D . Finally, we obtain

1 or
oM ()= 7T/Im{[(zv;l)r(l))’X(” +550) Ym} g+r<1>z<1>h} ds=0,

z € DT,
(3.2)
0y L Oy v © 1 TP 0] 10 70
v@ ()= [Im [(Ny oYX O+ TSy }g+r ZOnY ds=0,
S

T € Dar.
Taking into account the formulas
1
_81117‘ 7 8ImF( ) :m(l)Y(l) 7
Os(y) = 0Os(y) ds(y)
we can rewrite (3.2) in the form

1 Olnr 00
Mpy==[2]- W 4Oy 27 1) 7(1) =
v\ () 775/{[ 750) XW4+m\WY as(y)]g r"vz h} ds=0,

(N, Im Ty =

z € DT,

(3.3)
1 Olnr 00

O) ()= — 2 x( (0)y(0) 17O 7O gs=0

v\ (x) /{{ +m Gs(y)}g s=0,

z €Dy,
whence, passing to limit as © — ¢ € .S, we obtain
)T — V()" =2mMy Wy,
WO = (1) =2mOy Oy,
As is known, (v(V (1))t = (v (t))~ = 0, and thus we have
(U(l)(t))f = —2mWMy Mg, (U(O)(t))+ =2mOy Oy, (3.4)
With regard for (2.8), we find that
W) = -2 @)*. (3-5)

From (3.2), we can now calculate T(Mo™) and 7 ¢(©),
Taking into account the formulas

. &?lno

TM(N,TDY = (—iE — 3! mD) 95(2)05(3)
orw 8?lno

w (7N g,y 9o

D (Gm) = CE =AY 5y
(1) 9lno

TOT® = (—iE — xPmV)z 5502]
S\T
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and performing partial integration with respect to the vector g, we obtain
Ty () = i/{[X(l) gsl(r;g + 3 m M x M af(ex)} asa(g:c)
+ [y gsh(m; DMy 855(9 ] 8?{; |
N [%u) (1) Z(1) 85(9) e gsl?ﬂ h} ds, =€ D},
T (z) = 1 / { [X(O) SSI(I;S + o2 mO X © af(ex)} 358(995)

T
s
Jdlnr o7} 0
(0) — 5,0 (0)y(0) 9
+[Y Os(x) oy meY 3s(x)} 0s(y)

+

(3.6)

+

% __ 50 mm}h}ds, z € Dy,

(0),,(0) 7(0) _ Y7
T ) Ds(z)

whence
(T )T — (WM ()~ =

Ay ) 68(916) 2™z,
S

@O E)* =0,
T OO @) = (OO 1) =

(DO X ©) A0 0y ©) % _ 50,60, 700y,

(TOyO (1))~ = 0.

= (VM x M)

Thus we have
(T(l) Mt ))
— 1,1 x (1) _ mMy D) 2D @) 7(1)
2(sey'mVX Y ) w'm W ZV)h,
<T<°>v< It >>+ - 0

o)
= 2(%§\?)m(0)X(0) — %](\?)m(O)Y(O)) 735(975) + 2(%§S)m(O)Z(O))h,

whence, bearing in mind (2.11), we find that
(TWoD @)~ + (T @) =0 (3.8)

(t
Using Green’s formulas as well as (3.6) and (3.7), we obtain

/ EwW, oMY do = — /(v(l)(t))’(T(l)v(l))’ ds,

Dy S



108 Mikheil Basheleishuvili

/ E@® v©)do = / WO N T(TOpOY)F gs,
Df S
whence
/ E(W, oMY do + / E(@® vy ds = 0.
Dy Df
Thus we obtain

oM (z) = 0 4 £ (—xwz) e
1

v (z) = C0® 4+ £© <—xx2) , € Dy.
1

v (00) = 0, that is, ¢V =0, ED =0, v(® =0, ie. ¢ =0, £ =0.
Taking now into account (3.4) and (3.7), we get

g=0 and h=0.

Thus we have proved that the homogeneous integral equations corre-
sponding to (2.9) and (2.12) have only trivial solutions if [ Fds = 0 and

the curvature of the curve S is Holder continuous.
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