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Abstract. The purpose of this paper is to construct explicitly, in terms
of elementary functions, fundamental matrices of solutions to the differen-
tial equations of the elasticity theory of hemitropic materials with regard
to thermal stresses. We consider the differential equations corresponding to
the static equilibrium case, and also to the pseudo-oscillations and steady
state oscillations cases. We derive the corresponding Green’s formulas and
construct the integral representation formulas of solutions by means of gen-
eralized layer and Newtonian potentials. We formulate the basic boundary
value problems in appropriate function spaces and prove the uniqueness
theorems. We develop the potential method and prove the existence and
regularity theorems for basic and mixed type boundary value problems.
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1. INTRODUCTION

The main goal of our investigation is to study the basic boundary value
and initial boundary value problems of the theory of elasticity for bodies
with complex inner structure. Technological and industrial developments,
and also great success in biological and medical sciences require to use more
generalized and refined models for elastic bodies. In a generalized solid con-
tinuum, the usual displacement field has to be supplemented by a microro-
tation field. Such materials are called micropolar or Cosserat solids. They
model composites with a complex inner structure whose material particles
have 6 degree of freedom (3 displacement components and 3 microrotation
components). Recall that the classical elasticity theory allows only 3 degrees
of freedom (3 displacement components).

Experiments have shown that micropolar materials possess quite different
properties in comparison with the classical elastic materials (see, e.g., [2],
[3], [6], [13], [29], and the references therein). For example, in noncentrosym-
metric micropolar materials (which are called also as hemitropic or chiral
materials) there propagate the left-handed and right-handed elastic waves.
Moreover, the twisting behaviour under an axial stress is a purely hemitropic
(chiral) phenomenon and has no counterpart in classical elasticity. Note that
hemitropic materials are not isotropic with respect to inversion, i.e., they
are isotropic with respect to all proper orthogonal transformations but not
with respect to mirror reflections.

Materials may exhibit chirality on the atomic scale, as in quartz and in
biological molecules - DNA, as well as on a large scale, as in composites
with helical or screw—shaped inclusions, certain types of nanotubes, bone,
fabricated structures such as foams, chiral sculptured thin films and twisted
fibers. For a wider overview of the subject concerning different areas of
applications we refer to the references [2], [3], [13], [22], [55], [52], [28], [29],
[31], [32], [40], [48], [11], [60].

Mathematical models describing the chiral properties of elastic hemitropic
materials have been proposed by Aero and Kuvshinski [2], [3] (for the his-
torical notes see also [13], [48], [11], and the references therein).

Our main goal is to investigate mathematical problems of the elasticity
theory for hemitropic solids with regard to thermal effects. In this case, be-
side the above mentioned displacement and microrotation vectors the field
equations contain the temperature distribution scalar function (see, e.g.,
[11]). Note that in the theory of hemitropic elasticity there are introduced
the asymmetric force stress temsor and moment stress tensor, which are
related with the asymmetric strain tensor, torsion (curvature) tensor and
temperature function via the constitutive equations. All these mechanical
quantities are expressed in terms of the components of the displacement
vector, microrotation vector and temperature distribution. In turn the dis-
placement vector, microrotation vector and temperature function satisfy
a coupled complex system of second order partial differential equations of
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dynamics. When the mechanical characteristics do not depend on time
variable ¢t we have the differential equations of statics. If the characteristics
are time harmonic dependent (i.e., they are represented as the product of
the time dependent exponential function exp{—icot} and a function of the
spatial variable z € R3) then we have the steady state oscillation equations.
Here o is a real frequency parameter. Note that if 0 = 0, then we obtain
the equations of statics. If o = 01 4 09 is a complex parameter, then we
have the so called pseudo-oscillation equations (which are related to the dy-
namical equations via Laplace transform). The corresponding simultaneous
equations generate 7 x 7 strongly elliptic, formally non-self-adjoint differen-
tial operators with constant coefficients involving 14 material parameters.

In this paper, first we collect the field equations and introduce the cor-
responding matrix operators. Afterwards, we derive the corresponding
Green’s formulas and formulate the basic boundary value problems. Fur-
ther, we construct the matrices of fundamental solutions explicitly, in terms
of elementary functions, for the differential operators of statics, steady
state oscillations and pseudo-oscillations. We formulate the generalized
Sommerfeld-Kupradze type radiation conditions which play a crucial role to
establish the uniqueness results in the case of exterior boundary value prob-
lems (BVP). Applying the theory of pseudodifferential equations and the
potential method we investigate the basic and mixed type BVPs and prove
the corresponding uniqueness and existence theorems in Holder, Bessel po-
tential and Besov spaces. We study the smoothness properties of solutions
and derive almost the best regularity results for mixed type BVPs.

The basic boundary value problems (BVPs) corresponding to the model
when thermal effects are not taken into consideration are well investigated
for general domains of arbitrary shape and the uniqueness and existence
theorems are proved, and regularity results for solutions are established by
potential methods as well as by variational methods (see [11], [51], [44], [45],
[46], and the references therein).

2. FIELD EQUATIONS

2.1. Constitutive relations and basic differential equations. Denote
by R? the three-dimensional Euclidean space and let QF C R? be a bounded
domain with a boundary S := 0Q%, Qt = QT U S. Further, let Q~ =
R3\QF. We assume that Q € {QF,Q~} is filled with an elastic material
possessing the hemitropic properties.

Denote by u = (u1,usz,u3)" and w = (wi,ws,w3)’ the displacement
vector and the microrotation vector, respectively. By 9 we denote the tem-
perature increment — temperature distribution function. Here and in what
follows the symbol (-) T denotes transposition. Note that the microrotation
vector in the hemitropic elasticity theory is kinematically distinct from the

macrorotation vector % curl u.
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Throughout the paper the central dot denotes the real scalar product,
N
ie,a-b:= > ayby for a,b € CV.
k=1
The force stress {7,,} and the couple stress {p,,} tensors in the lin-
ear theory of hemitropic thermoelasticity read as follows (the constitutive
equations)

Tpg = Tpg(U) = (1 + a)Opug + (1t — @) Ogp + Adpq divu + 60pq divw+
3
+ (e +v)Opwq + (3¢ — V) Oqwp — 2 Z EpgkWi — OpgnV, (2.1)
k=1
3
tpq = tpg(U) = 60pq divu + (3 +v) {8puq — Z qukwk} + Bopg divw+
k=1
3
+ (—v) [&Zup—z(sqpkwk} +(74€)0pwq+ (7Y —€)Oqwp — 0pgCV, (2.2)
k=1

where U = (u,w,d) ", 6, is the Kronecker delta, e,q is the permutation
(Levi-Civitd) symbol, and «, 3, 7, d, A, &, v, >, and ¢ are the material
constants, while 7 > 0 and ¢ > 0 are constants describing the coupling of
mechanical and thermal fields (see [2], [11]), O = (01, 02,03), 0; = 0/0x;,
j=1,2,3.

The linear equations of dynamics of the thermoelasticity theory of he-
mitropic materials have the form (see, e.g., [11])

3
0%ug(z,t
ZapTP‘Z(:E7t) + «QFq(xvt) =0 %7 q= 1,2,3,
p=1
3 3
0w, (z,t

ZapuPQ(‘x? t)+ Z quTTl""(‘r7 t)+QGq(‘r7 t) =7 %a q= 17 27 3a
p=1 l,r=1

0 0 0
/ o : _r : _ _
K AY(z,t)—n " divu(x,t)—C¢ . divw(z,t)—k . Iz, t)+Q(x,t)=0,

where ¢ is the time variable, F = (Fy, Fp, F3)T and G = (G1,Ga,G3) " are

the body force and body couple vectors per unit mass, () is the heat source

density, o is the mass density of the elastic material, and Z is a constant

characterizing the so called spin torque corresponding to the interior micro-

rotations (i.e., the moment of inertia per unit volume); here ' = %)l and
1 Co

=7 where Ag > 0 is the heat conduction coefficient, Ty > 0 is a natural

state temperature and cg > 0 is the specific heat coefficient.
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Using the relations (2.1)—(2.2) we can rewrite the above dynamic equa-
tions as

(1 + a)Au(z,t) + (A 4+ p — o) graddivu(z, t) + (s + v)Aw(z, )+
+(0 4 » — v) graddivw(z, t) + 2acurl w(z, t)—
0?u(z,t)

o2’

(e +v)Au(z,t) + (6 + 2 — v) grad div u(z, t) + 2a curl u(z, t)+
+(v+e)Aw(z,t) + (B + v — ¢) graddivw(z, t) + dvcurlw(z, t)—  (2.3)
0w(x,t)

o7
K AY(x,t) —n 9 divu(x,t) — ¢ 9 divw(z,t)—
’ ot 7 ot 7

—ngradd(z,t) + oF (z,t) = o

—daw(z,t) — Cgradd(x,t) + oG (z,t) =T

—r" % Iz, t) + Q(z,t) =0,
where A is the Laplace operator.

If all the quantities involved in these equations are harmonic time de-
pendent, i.e., u(z,t) = u(z) exp{—ito}, w(z,t) = w(z) exp{—itc}, H(z,t) =
Hx)exp{—itc}, F(x,t) = F(x)exp{—ito}, G(z,t) = G(z)exp{—ito} and
Q(z,t) = Q(x) exp{—ito} with ¢ € R and i = /=1, we obtain the steady
state oscillation equations of the hemitropic theory of thermoelasticity:

(i + a)Au(z) + (A + p — o) grad div u(z) + (3¢ + v) Aw(z)+
+(6 + 2 —v) graddivw(z) + 2a curl w(x)—
—ngradd(z) + go’u(x) = —oF (z),
(e +v)Au(z) + (0 + 5 — v) grad div u(z) + 2 curl u(x)+ (2.4)
+(y+e)Aw(z) + (6 + v — ¢) graddivw(z) + 4v curlw(x)—
—Cgradd(z) + (Zo? — da)w(z) = —oG(z),
(k'A +iok")0(x) + ino divu(x) + iCo divw(z) = —Q(x);

here u, w, F', and G are complex-valued vector functions, while ¥ and @ are
complex-valued scalar functions, and ¢ is a frequency parameter.

If 0 = 01 4+ i02 is a complex parameter with oo # 0, then the above
equations are called the pseudo—oscillation equations, while for ¢ = 0 they
represent the equilibrium equations of statics.

Let us introduce the block wise 7 x 7 matrix differential operator corre-
sponding to the system (2.4):

LW(9,0) L®(9,0) LO(9,0)
L(9,0) = |LB)9,0) LW(,0) L©)(d,0) ) (2.5)
L@ (aa U) L® (87 U) L® (aa U) TXT
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where
LW, 0) = [(u+ a)A + 00| I3 + (A + 1 — 2)Q(9),
L®(0,0)=L®(8,0) := (s+v) ALz + (5 +2—1)Q(d) +2aR(D),
LW(9,0) = [(y+e)A+(Zo* —4a)| I+ (B+7—€)Q(d) +4vR(9),  (2.6)
LO,0):= -V, LO0,0):=—-¢V", Ld,0):=inoV,
L®(,0) :=i¢oV, LY, 0):=kKA+iok",

Here and in the sequel I stands for the k x k unit matrix and

0 —03 09
R(a) = (93 0 _61 )
3x3

—0s o 0 (2.7)
Q(@) = [akaj]gx3, V = V(&) = [(91,(92,(93].
It is easy to see that for v = (vi, ve,v3) "
82’03 - 33’02
R(0)v = |0gv1 — Qv | = curlv, Q(9)v = graddivw, (2.8)
61’()2 — (92’01
R(-9) = —R(9) = [R()]", QI)R(3) = R(D)Q(D) =0 (2.9)

QD) =[QO)", RO =Q0) - AL, Q) =QI)A.

Due to the above notation, the system (2.4) can be rewritten in matrix
form as

L(8,0)U(z) = ®(z), U= (u,w,¥)", ®=(—oF,—0G,—-Q)". (2.10)

Note that L(0,0) is not formally self-adjoint. Further, let us remark that
the differential operator

L(3) == L(d,0) (2.11)

corresponds to the static equilibrium case, while the formally self-adjoint
differential operator

Y(0) [0]3x1 (2.12)

with
LM(0) = (u+ )ALy + (A + p — ) Q(D),
L20) = LP(0) := (s + v) ALy + (6 + 2 — 1)Q(D),
L$Y(8) == (v + )AL + (B +7 — £)Q(0),

)
represents the principal homogeneous part of the operators (2.5) and (2.11).

(2.13)
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Denote
B L(l)(a, U) L(2) (67 O')
L(0,0) = {L(3)(8,0) L(4)(670)]6><6,
2.14
Fo@) = L0 @) L5(©) o
’ LE)B)((?) L(()4)(3) 6x6

These operators correspond to the equations of hemitropic elasticity when
thermal effects are not taken into consideration ([44]). It is clear that the
operator Lo(9), L(9,0) and Ly(9) are formally self-adjoint.

2.2. Generalized stress operators. The components of the force stress
vector 7(™ and the coupled stress vector (™, acting on a surface element
with a normal vector n = (n1,ne,ns), read as

3 3
= mpgnp, 1l = ppgnp, ¢ =1,2,3. (2.15)
p=1 p=1

It is also well known that the normal component of the heat flux vector
across a surface element with a normal vector n = (n1,n2,n3) is expressed
by the normal derivative of the temperature function
3
k'n- VY =r Z npopt = K'0,9, (2.16)
p=1
where 0, = 9/0n denotes the usual normal derivative.

Throughout the paper we will refer the six vector (T("), u("))—r as the
mechanical thermo-stress vector, while the seven vector (7™, u(™ £’9,9)"
as generalized thermo-stress vector.

Let us introduce the generalized thermo-stress operators

TWO,n) TA@,n) —mn'

T7(0,n) = , (2.17)
T3 (9,n) TW(@O,n) —(n' 67
TW@,n) T@,n) —nn'
P@.n) = |T®(@0,n) TW@O,n) —¢nT| (2.18)
[0]1x3 [0]1x3 K'On | 5on
where
T(J) = [T;[Sg)]3><37 ] = 17_47 nT = (n17n27n3)T7
TD(D,n) = (1 + @)0pgn + (1 — a)ngdp + Anydy,
3
ngg)((?, n) = (5 +1)0pgOn + (3¢ — V)1g0p + 6np0y — 2ax Z € pgk Tl (2.19)
k=1 .

Tég)(a, n) = (5 + 1)0pgOn + (3¢ — V)ng0p + 000y,

3
TS3(9,m) = (7 + €)0pgOn + (v — €)1g0p + Brpdy — 20 Y _ pguti.
k=1
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It can be easily checked that for an arbitrary vector U = (u,w, ) we have
T@,mU = (r™, u™)7, P@,mU = (), p™), '0,0) T,

i.e., the six vector 7 (9,n)U corresponds to the mechanical thermo-stress
vector and the seven vector P (9, n)U corresponds to the generalized thermo-
stress vector.

Further, let us introduce the associated boundary operators which oc-
cur in Green’s formulas and are related to the adjoint differential operator

L*(0,0) = LT (-0,0):

. TW(@,n) T@(,n) —ionon"
7O =160 a.m) 1@ —iotnT|, 0 *2)
TW(@,n) TA(D,n) —ionen’
P*(9,n) = |TC)(D,n) TW(A,n) —icCon" . (2.21)
[0]1x3 [0]1x3 K'On |0

Note that the principal homogeneous parts of the operators 7(9,n) and
T*(0,n) are the same, as well as the principal homogeneous parts of the
operators P(d,n) and P*(9,n).

Note that when the thermal effects are not taken into consideration the
hemitropic stress operator reads as [44]

) T(Q;(a’ Z) . (2.22)

TW (0, n
9 n) T(4 (67 ) 6%6

Evidently, for U = (u,w,0) and U = (u,w) we have 7(d,n)U = T(9,n)U
in view of (2.17) and (2.22).

2.3. Green’s formulae. For vector functions U=(uw',U=w,we
[C2(21)]6, we have the following Green formula [44]

/ [0 - L(9,0)U + E(U",U)] dx = / (U} - {T(9,n)U}*TdS, (2.23)

Q+ o+

where the operators L(9,0) and T(8,n) are given by (2.14) and (2.22) re-
spectively, Q7T is a piecewise smooth manifold, n is the outward unit normal
vector to 9N, the symbols { - }* denote the limiting values on 9QF from
QOF respectively, E(-, -) is the so called energy bilinear form,

3
EU,U)=EU,U) = Z {(,U + O‘)U;qum + (b — oz)u;qqu—k
p,q=1
+ (et V)(u;)quq +W;/)qupq)+(%_V)(u;qwqp +W;/)q“qp)+(7+5)wz/)quq+

+ (7 = €)wpgWap + 0 (U, Waq + WygUpp) + Mgy tigq + ﬁw;pwqq} (2.24)
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with
3

Upg = Opllqg — Zqukwk, wpq = Opwy, D,q=1,2,3. (2.25)
k=1

In what follows the over bar denotes complex conjugation. The necessary

and sufficient conditions for the quadratic form E(ﬁ U ) to be positive def-
inite are the following inequalities (see [3], [11], [17])

uw>0, a>0, y>0, € >0,
AN+2u>0, py—s*>0, ac —v? >0,

A1) (B+7) = (642)%>0, (3A+2u)(36+27)—(36+2x)*>0,
(pt+a)(y+e)—(se+1)2 >0, (A+2u)(B+27) —(64+25)* >0,
P+ ) (B+7) = (6 4+ 2)%] + (A + p)(py — »*) >0,
p[(BA+21) (38 + 27) — (36 + 250)%] + (3A + 2p) (uy — »°) > 0.

(2.26)

Let us note that, if the condition 3A 4+ 2p > 0 is fulfilled, which is very
natural in the classical elasticity, then the above conditions are equivalent
to the following simultaneous inequalities

u>0, a>0, v>0, >0, 3A+2u>0, py—»*>>0, ac—1v>*>0,

) 5 (2.27)
(pta)(y+e)—(e+v)* >0, (3A4+2u)(38+27)—(30+2)*>0.

For simplicity in what follows we assume that 3A+2x > 0 and therefore the
conditions (2.27) imply positive definiteness of the energy quadratic form

E(U,U) defined by (2.24).
From (2.27) it follows that

¥y>0, e>0, A\ +u>0, 3+v>0,
dy == (u+a)(y+e)— (x+v)? >0, (2.28)
= (A +2u)(B+27) — (6 +25) > 0.

The formula (2.24) can be rewritten as

E(U,U")= SAT2p (divu+§i+22u dlvw) (diVU/+§f\:QQZ divw’)—i—
+ % (35 + 2y — %) (divw)(divw’) + (5 - Va—2) curlw - curlw’+
3 / /
u 8uk Ou; 2 /0wr OwiN\1r0u, Ou; /0wl Ow
%J_;k#{ Oz 8:02 +ﬁ (8—503+ 3:02 )} L?:cl; +ﬁ+; ( 8:05 +8—:c;i)}+
3
u Our Ou Owy Ow ou) O, ow! 0w
HER S o G v |t e et ol
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2 3 o
(-E) 3 [ 2
o'
() G )
+ a(curlu+ —curlw — 2w) : (Curlu/ + gcurlw/ - 2w/). (2.29)

@
In particular,

~ = 2
E(U,U):g/\+ 7

30420 P2
|+

di
3N+ 2 ivw

(35 + 2%\, .. o
Ak T
3\ + 21 )' el +

3
T D |- L L
2]”_71 o Ox; Oz p \Ox; Oz

’divu—k

+% (3,34—27—

3 o i Gl

3
_|_(~Y_%_2) Z [1%4_%’24_1 %_%2]4_
I W Y Ox; Oz 310z, Oxj
V2 v 2
—i—(a— —)|curlw|2+a‘curlu+—curlw—2w ) (2.30)
o o

We formulate here the following technical lemma.

Lemma 2.1. Let U= (u,w)" € [CH Q]S be a complez—valued vector
and BE(U,U) =0 in QF. Then
u(z) =[a x z] + b, w(x)=a, x€Qt, (2.31)

where a and b are arbitrary three-dimensional constant complex vectors.
Moreover,

(i) for an arbitrary vector U = (u,w)T defined by formulas (2.31) and
an arbitrary unit vector n = (n1,n2,n3) the generalized hemitropic
stress vector T(9,n)U vanishes identically, i.c., T(d,n)U(z) = 0
for allz € QF.

(ii) for an arbitrary vector U := (U,0)T = (u,w,0)T, where u and
w are given by formulas (2.31), and an arbitrary unit vector n =

(n1,n2,n3) the generalized hemitropic thermo-stress vector P(9,n)U
vanishes identically, i.e., P(9,n)U(x) =0 for all x € QF.

Proof. The first part of the lemma is shown in [44]. The second part easily
follows from the first part and from the formulas (2.17), (2.18), (2.22). O

Throughout the paper Ly, W, H7, and B, , (with s e R, 1 < p < o0,
1 < ¢ € ) denote the well-known Lebesgue, Sobolev—Slobodetski, Bessel



108 D. Natroshvili, L. Giorgashvili, and Sh. Zazashvili

potential, and Besov spaces, respectively (see, e.g., [56], [57], [36]). We
recall that Hs = Ws = B3 ,, W} = B!, and H} = Wk for any s € R, for
any positive and non-integer t, and for any non—negatlve integer k.
Further, let My be a Lipschitz surface without boundary. For a Lipschitz
sub-manifold M C Mg we denote by Hj(M) and B; (M) the subspaces

of Hs(Mo) and B ,(My), respectively,
ﬁs (M) = {g g € Hy(My), suppg C /\_/l},
B; (M) ={g: g€ Bj,(My), suppg C M},

while H;(M) and B, (M) denote the spaces of restrictions on M of func-
tions from H,;j(Mp) and B;q(./\/lo), respectively,
HiM)={r f: fe€ HS(MO)}
By ={ruf: f€B;,(Mo)}.

Here r,, is the restrictlon operator.

IfU = UM +iU®@ is a complex-valued vector, where UY) = (u() w(@))T
(j = 1,2) are real-valued vectors, then

E(U,0)=BUW,0W) + BO®,T®),

and, due to the positive definiteness of the energy form for real-valued
vector functions, we have

— 3
E0,0)2 ¢ 3 (@) + @@P + @72+ @@)?], (232
P,q=1

where c* is a positive constant depending only on the material constants,

and u$)) and wl) are defined by formulae (2.25) with u() and w@ for u
and w.

From the positive definiteness of the energy form E(-,-) with respect to
the variables (2.25) it easily follows that there exist positive constants c;

and ¢y such that for an arbitrary real-valued vector U € [C'1(QF)]°

&&@:/M&ﬁmz

ot
3 3
ch/{ Z [(Opuq)? + (Opwy) —i—Zu +w? }dx—
o+  pa=l p=1
3
— ¢y / Z[ui + w?] d, (2.33)
o+ =1

i.e., the following Korn’s type inequality holds (cf. [15, Part I, § 12], [37,
Ch. 10])

B(U,U) > er| U +ys — 2llU o o yj6 (2.34)
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where || - [|jzs(q+s denotes the norm in the Sobolev space [H*(QT)]°.

These results imply that the differential operators L(8, o) and Lo(8) are
strongly elliptic and the following inequality (the accretivity condition) holds
(cf., e.g., [15, Part I, § 5], [37, Ch. 4, Lemma 4.5])

6

SR = Lo@©n-n= > {Lo(&) ey > ;1€ In]? (2.35)
k,j=1

with some constants ¢}, > 0 (k = 1,2) for arbitrary £ € R?® and arbitrary
complex vector n € CS.

Consequently, in view of (2.12) and (2.35) the differential operator L(9, o)
is strongly elliptic as well, since

6
CylelPInl* = Lo(&)n-n= > {Lo(&}xsm;T = C11¢1% Il (2.36)
k,j=1

with some constants C, > 0 (k = 1,2) for arbitrary £ € R? and arbitrary
complex vector n € C7.

Now let U = (U, )7 = (u,w,9)T € [C2@QF)7, U' = (U, 9)T =
(u' ', 9T € [C?(QF)]7. With the help of relation (2.23) and standard
manipulations we can show that the following Green’s formulas hold

/U’ L(0, 0)U da = / (U} - {P(0,n)U}+ dS—
Q+ ot
- / [E(ﬁ/, U) — 00*u - u—To*w - w—nddive — (0 divew —
o+
—inod divu — i divw — iok" 99 + k' gradd’ - grad 19} dx, (2.37)

/ [U"-L(8,0)U — L*(9,0)U" - U] da =
Q+
= / (U} {P@,mUY — [P @,mU'} (U] as, (2:39)
o+

where the differential operator L(9, o) is given by (2.5), L*(9,0)=L" (-0, 0)
is the formally adjoint operator to L(9, o), the boundary operators P (9, n)
and P*(9,n) are defined by (2.18) and (2.21) respectively. The proof of
(2.37) and (2.38) easily follows from (2.23) and the identity

U' - L(3,0)U = U - L(3,0)U + pou’ - u — ngradd - ' + To’w' - w—
— Cgrad? - w' + &Y AY + inod divu + io Y divw + iok” 9.

By the standard limiting approach, Green’s formula (2.37) can be extended
to Lipschitz domains (see, e.g., [47], [37]) and to the case of complex-valued
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vector functions U € [W}(Q1)]" and U’ € [WL(Q1)]" with 1/p+1/p’ =1,
1 < p < 00, and L(8,0)U € [L,(QM)]" (ct. [36], 7], [37))

{U Y APO.MUYT) yor = /U’ - L(8,0)U dz+
O+
+ / [E(U", U) — oo -u—To*w" - w—nddive — (0 divew —
O+

—inod divu — iCo divw — iok”" 99 + k' gradd’ - grad ?| dz, (2.39)

where (-, - )gq+ denotes the duality between the spaces [Bp/F (99+)]7 and
[B;}p//p (09Q1)]7, which extends the usual real Lo-scalar product for regular
vector—functions, i.e., for f,g € [L2(S)]” we have

7
(f.9)s = Z/fk 9k dS = (f,9)[L2(5))7- (2.40)

k=1

Clearly, the generalized trace functional {P(9,n)U}* € [B,/P(091)]7 is
correctly determined by the relation (2.39).
Let us introduce the sesquilinear form related to the operator L(9, o)

B(U,U") ::/[E(ﬁﬁ)—go?u-v—za% = div @ — 9 dive —
o+
—ino? divu — i divw — iok" 90 + k' gradd - grad ¥’ | dw.  (2.41)
With the help of (2.34) we derive the inequality
B(U,U) > Cil|U i ey = CollUlFo ey (2.42)

with some positive constants C and Cls. [l

2.4. Basic BVPs and uniqueness theorems for bounded domains.
We start with the formulation of the basic interior and exterior boundary
value problems for the domains O and Q= = R\ QF. Let the boundary
S = 90F be divided into two disjoint submanifolds Sp and Sy such that
SpNSy=9 andS—DUEZS. Put £ :=0Sp =0Sy.

Problem (I(?))* (Dirichlet problem). Find a solution vector U =
(u,w, V)T to the differential equation

L(D,0)U(z) = ®F)(z), =€ QF, (2.43)
satisfying the boundary conditions

{Ux)}* = f(x), z€8. (2.44)
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Problem (71(?))* (Neumann problem). Find a solution vector U =
(u,w,¥) T to the equation (2.43) satisfying the boundary condition

{PO,n)U(x)}* =F(z), z€8. (2.45)

Problem (I11(°))* (Mixed problem). Find a solution vector U =
(u,w,¥) T to the equation (2.43) satisfying the boundary conditions

{U(x)}* = fP)(z), =€ Sp, (2.46)

{PO,n)U(x)}* = FM(z), =€ Sy. (2.47)

Note that in contrast to the Dirichlet and Neumann BVPs, solutions to
mixed BVPs, even for given C'°°-regular data, in general, are not in the
Holder space [C®(Q1)]7 with o > 1/2 at the collision curve ¢, while they are
infinitely differentiable elsewhere. Therefore we investigate the mixed BVP
in the Sobolev space [W, (27)]7. In the case of such generalized formulation
we assume that the data of the BVPs belong to the natural function spaces,

&) € [Ly@)]T, D) € [Lyeomp(@)],
f e By (SN, f® e (Bry7 (Sp)], (2.48)

F e [By (S)", FN) € [Bpy (Sn)]".

The differential equation (2.43) is understood in the distributional or in the
weak sense, the Dirichlet type conditions (2.44) and (2.46) are understood in
the trace sense, and finally the Neumann type conditions (2.45) and (2.47)
are understood in the generalized trace functional sense defined with the
help of Green’s identity (2.39).

In the case of the exterior problems for the domain 2~ the solution
vectors should satisfy some decay conditions at infinity. Namely, for pseudo-
oscillation BVPs with 3o = g3 > 0 we assume that for sufficiently large |z|,
i.e., as |z| — oo, the solution vectors and their derivatives are polynomially
bounded. As we shall see below in Subsection 3.5, any solution of the
differential equation (2.43) with compactly supported ®(~) actually decrease
exponentially as |z|] — oo. For the exterior BVPs of statics (i.e., when
o = 0) the conditions at infinity will be specified later in Section 4.

Now we prove the following uniqueness results.

Theorem 2.2. Let 0 = o1 + io9 with 01 € R and 09 > 0. Then the
homogeneous boundary value problems (I'O)* (ITN* and (IT1°)* have
only the trivial solution in the space [W4(Q1)]7.

Proof. Let U = (u,w,¥)" € [W3(Q1)]7 be a solution of the homogeneous
boundary value problem (K()t, K = I,I1,II1. Since L(d,0)U = 0 we
can apply Green’s formula of type (2.39). In particular, let us multiply the
first vector equations in (2.4) by @, the second equation by w, the complex
conjugate of the third scalar equation by ¥ and integrate their sum over Q1.
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Taking into account the relations (2.5) and (2.6), with the help of Gauss
formula and evident manipulations we obtain

/ [L(l)(a, oVu -+ L0, 0)w -1+ LO(8,0)0  u+
Qt
+L30,0)u-w+ LW(9,0)w -w+ LO(d,0)9 - o+

+CoLM(, 0)ut) + CoL® (D, 0)wd) + CoLO) (D, a)mﬂ dz =

:/{Z(@,O)ﬁ-5+Q02|u|2+102|w|2—nV19~E—CV19-D—
ot

—Co (i div + iCe9 dive — KIAT + iEff”|19|2)] do =

:/[—E(ﬁﬁ)+go—2|u|2+za2|w|2] d + / T(9,n)U - U dS—
Q+ ont+

- /(nﬁn-ﬂ—i—(ﬁn-u_))ds—l-
o0+

+ /(1 —iCo) (nY diva + ¢ divw) do—

O+
—C’o/(n’|V19|2+i6n”|19|2) do + K'Cy / 90,9 dS
Qt oQ+

with U = (u,w)T € [W(Q1)]® and an arbitrary constant Cp. In view of
(2.17) and choosing

) o9 — iUl
C = —-——= — 2.49
0T F o2 (2.49)
we arrive at the relation
/ [L“)(a, oVu-u+ L0, 0)w-u+ LO8,0)0 u+
Q+
+L8,0)u -G+ LW (9, 0)w - T+ LO(8,0)9 - T+

+Co LM (D, 0)ut) + CoL® (D, 0)wd) + CoLO) (D), a)mﬂ dz =

_ / [ B0, 0) + 0o?ul?* + To?wf? ~ w'Col VO ~ 5"[0]?] du-+
O+
+ / [T(0,n)U - U + n’coﬁanﬂ ds. (2.50)
ont+

Since U solves the homogeneous BVP problem (K () we see that the left
hand side expression and the surface integral in the right hand side in (2.50)
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vanish, and we get

/ [E(l?, U) — 002|uf? — To2|w]? + &' Co| V2 + n"|19|2] dr =0. (2.51)
Q+
The imaginary part of this equation reads as
KJ/
ol?

0'1/ [202Q|U|2+2021|w|2+
O+

|vq9|2} dz = 0. (2.52)

Whence, for o1 # 0 we have u = 0, w = 0 and ¥ = const in Q7T since o3 > 0
and ' > 0. From (2.51) we then conclude ¥ = 0 in Q7.
If 1 = 0, then from (2.51) and (2.49) it follows

~ = /
[E(U, U) + o20lul? + o2Z|w]? + Z Vo2 + &”[9]?] dz = 0.
op)
o+
Therefore, u =0, w=0and ¥ =0in Q. O

Note that in the case of static problems, i.e., when ¢ = 0, without loss of
generality we can assume that solution vectors to the basic BVPs are real
valued. Moreover, the differential equation and the corresponding boundary
conditions for the temperature function become uncoupled and we have the
following uniqueness theorem.

Theorem 2.3. The Dirichlet and mized boundary value problems of stat-
ics (I'O) and (ITTO)* have at most one solution in the space [Wo(Q1)]7.
A solution U = (u,w,9)" to the Neumann BVP (IT)* is defined modulo
the vector Uy = ¥ (ug, wo, 1)T—i—(\AIVJ7 0)", where U is an arbitrary generalized
rigid displacement vector, i.e.,

U(z) = ([a x x] +b,a)" (2.53)
with arbitrary three-dimensional real constant vectors a and b, ¥g is an

arbitrary real constant, uy = (um,uog,uog)T and wg = (wOl,wa,WQg)T are
such that Vo = (ug,wo) " is a particular solution of the problem

L(,00Vp =0, z e,
{T0,n)Vo}t = (m(x),¢n(x) ", =00t

with 1 and ¢ being material parameters involved in the field equations (2.1)
and (2.2); here L(8,0) and T(d,n) are the operators defined by (2.14) and
(2.22) arising in the hemitropic elasticity without taking into consideration
of thermal effects.

Proof. Let UY) = (u0), w0 9T ¢ [W3(Q1)]7, j = 1,2, be two solutions
to the BVP of statics (K(©)*, K = I,II,1II. Denote U := UM — U?),
Evidently, U = (u,w,¥)" € [W3(Q1)]7 solves the homogeneous BVP of
statics (K©)* K = I,IT,III. Then by the last equation in (2.4) and
formula (2.18) we see that ¥ € W3 (") is a harmonic function in Q%

(2.54)
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satisfying the homogeneous Dirichlet, mixed or Neumann type boundary
condition. Therefore, in the cases of the BVPs (I(9)* and (IT19)* we
easily derive that ¥ = 0 in Q7 since the support of the Dirichlet condition
is not empty, while for the Neumann BVP (I7()* we have 9 = 9 in QF
with arbitrary real constant .

Thus, an arbitrary solution to the homogeneous BVPs (I(®)* and
(IIT™)* has the structure U = (u,w,0)T, where the vector U = (u,w) "
solves the differential equation L(d,0)U = 0 in QF with L(8,0) defined by
(2.14). Further, since 7(8,n)U = T(9,n)U for U = (u,w,0)T, from Green’s
formula (2.23) with U’ = U we get E(U,U) = 0 since the surface integral in
the right hand side in (2.23) vanishes in view of the homogeneous boundary
conditions. Now, by Lemma 2.1 we easily conclude u(x) = [a x x] + b and
w(z) = a in QT where a and b are arbitrary three-dimensional real constant
vectors. The homogeneous Dirichlet conditions for v and w on Q% in the
case of the BVP (I©)* or on Sp in the case of the BVP (IT1(®)* then
imply that u and w vanish identically in QF. This proves the first part of
the theorem.

Now we investigate the homogeneous BVP (I7(®))*. As we have estab-
lished, any solution of the problem has the structure U = (u,w,é‘o)—r =
(U,90)7, where ¥ is an arbitrary real constant and U = (u,w)’. From
the formulas (2.17), (2.18), (2.22), and from the homogeneous differential
equation L(9,0)U = 0 in QT and the homogeneous Neumann condition
{P(0,n)U}* =0 on 9O it follows that

L(,00U =0, z e,

e~ N (2.55)
{T(0,n)U} Fy, © €0,

where, and

Fo(z) = Yo(nn(z),Cn(z) T, =€ oQt. (2.56)
Here n(z) is the exterior unit normal vector to the boundary 9Q™ at the
point x € 9Q™, while  and ¢ are material parameters, and g is a constant
temperature. Thus, U solves the nonhomogeneous Neumann problem of the
theory of hemitropic elasticity when thermal effects are not taken into con-
sideration in the governing equations. It is shown in [44] that the necessary
and sufficient condition for the problem (2.55)—(2.56) to be solvable reads
as

/ Fo(z) - ¥(z)dS =0, (2.57)
o0y

where U is given by (2.53) with arbitrary three-dimensional real constant
vectors a and b.
With the help of the relation [a x z] - n = [z X n] - a and the equalities

/ ng(z)dS =0, / [zjnk(x) — zpn;(x)]dS =0, k,j=1,2,3,
094 094
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we easily derive that the necessary condition (2.57) is satisfied. Conse-
quently, the BVP (2.55) is solvable for arbitrary ¥ and solutions are de-
fined modulo generalized rigid displacement vector U. Now let us chose a
particular solution of the problem (2.54) (which coincides with (2.55) for
%9 = 1) and denote it by Vo = (ug,wo) " with ug = (up1, o2, uo3) " and
wo = (wo1, woz, uJo3)T. Then clearly 190170 is a particular solution of the prob-
lem (2.55) and the general solution to the same problem reads as BoVo + 0.

Therefore an arbitrary solution of the homogeneous BVP (IT(")* is rep-
resentable in the form U = (u,w, )T = (U,9%)" where U = doVp + V.
In turn, this leads to the representation U = 9o (ug,wp, 1) " + (\Tl, 0)" which
completes the proof. O

Remark 2.4. Unfortunately, in contrast to the classical thermoelasticity
case, to find the explicit expression for the particular solution vector ‘70 for
arbitrary domain Q¥ is problematic in the theory of thermo-hemitropic elas-
ticity. However, ‘70 can be constructed explicitly in some particular cases.
For example, if the material parameters satisfy the following condition

n___ ¢
2u+3\  2x+367

(2.58)

then

W

n T
- 0)7.
213 @0

Indeed, one can easily check that in this case
LO,0)Vp =0 in QF,
T@,m)Vo}t = —1((2 2 T=
(T} = 5o (@ + 80, (2 + 39)n)

=(77n(nc)7gn(ﬂc))—r on 00T,

for arbitrary domain Q%.

Remark 2.5. For some domains with particular geometry it is possible to
construct explicitly the particular solution vector Vo of the problem (2.54)
without the restriction (2.58). For example, let QT be a ball B(O, R) cen-
tered at the origin and radius R. Let us look for a particular solution
Vo = (ug,wo) " of the problem (2.54) in the form (cf., [20])

d -
’U,O(CL') = Ale _ A2(6 + 2%) go_(r) TL(,T),
dr
(2.59)
_ dgo(r) -

wo(z) = A2(A + 2p) I n(zx),
where A; and As are unknown scalar constants, © = (x1,x2,x3), r = ||
and

. x ! Ji Q(i)\lT) ) da(X + 2p)
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here Jy/3(iA17) is the Bessel function of the first kind and dy is defined in
(2.28). Note that the vector n(z) for x € OB(O, R) =: (O, R) coincides
with the exterior unit normal vector, i.e., n(z) = n(z) = ' /R for x €
¥(0, R).

One can easily verify the following identities

Al = [L (D 2TOY]56), i) =0

dr\ dr T
grad div[f(r)fi(x)] = [% (% + %(T))}ﬁ(:c),
Toolr) — 2 900) 4 g0,

where f(-) is an arbitrary C%-smooth function. With the help of these
relations we can show that the vector Vj = (uo,wo)—r with ug and wy given
by (2.59), solves the differential equation

L(,00Vp =0 in B(O,R)

for arbitrary constants A; and As. Further we show that these unknown
constants can be chosen so that the boundary condition in (2.54) is satisfied.
In view of (2.22) we have

~ T
T(9,n)Vp = (T<1>(a, n)ug + TP (9, n)wo, T® (8, n)ug + TW (0, n)wo) .

Taking into account the equalities (2.19) and

vl i) = L0 210 0 _ 0

we can easily show that the traces of the force stress and couple stress
vectors on %(O, R) read as
{T(l)(a, n)uo + T3 (0, n)w0}+ =
1 dgo(R)
= 20) A1 + 4(pd — —
[(3/\4— ) A1+ 4(pud — Ax) T
(T8, n)uo + TP (D, n)wo} " =

A

[\
[
=
8
-

= {8+ 2041+ [0 + 229 =7 (A+ 20)] =

o\ + 2u)gO(R)} Ag}n(sc).

Now the boundary condition in (2.54) leads to the following system of linear
algebraic equations

=y
2,
=

1 dgo(R) ,
(30+25) A1+ (2.60)
4 dgo(R)

+[ [0+ 250) —y(A+20)] oA +20)g0(R)| A =¢.

R dR
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Whence
A = ;—7) {[%(5 +25¢) — (A + 20)] dgdogz) +a(\+2u)R go(R)} -
4¢ (16 — A3c) dgo(R)
~  RD dR (261)
Ay — C(3N+ 2#)5 N(30+2) , (2.62)
where

D={ (3 + 201) [(0 + 250~y (A + 20)] +

4 dgo(R)
R dR
is the determinant of the above system. By standard arguments we can
show that this determinant is different from zero. Otherwise, if D = 0, the
homogeneous version of the system (2.60) will possess a nontrivial solution,
Al and A}. Construct the vectors uf, and w( by formulas (2.59) with A}
and A} for A; and Ay respectively. Evidently, the vector V{ = (uf,w})"
solves then the homogeneous Neumann problem

Z(av 0)‘70/ =0, z€B(O,R),
{T(0,n)V{}t =0, zeX(0,R).

On the one hand, by Green’s formula (2.23) and Lemma 2.1 it follows that
170', as a solution of the problem (2.64), is a rigid displacement vector, i.e.,
V) = (a/ x x+b,d)T, where o’ and b/ are arbitrary three-dimensional
constant vectors. On the other hand, in accordance with the representation
(2.59) with A} and A for A; and As, it is clear that the vector Vj =
(uh,wh) " does not belong to the lineal of rigid displacement vectors if | A} |+
|AS| # 0. This contradiction proves that D # 0 and consequently the system
(2.60) is uniquely solvable. Therefore, the vector Vo = (ug,wo) ", where ug
and wy are defined by formulas (2.59) with the constants A; and Ay given
by (2.61) and (2.62), solves the boundary value problem (2.54) for arbitrary
values of the material parameters.

+ (36+25¢) (Ase— m)} +da(A+2u) (3A+21)go(R)  (2.63)

(2.64)

3. FUNDAMENTAL MATRICES OF SOLUTIONS

‘ Let Fp—¢ and fgjw denote the direct and inverse generalized Fourier
transform in the space of tempered distributions (Schwarz space S’(R?))
which for regular summable functions f and f read as follows

Foelf] = / f@)e ™ de = F(e),
R3
1

FL = G [ RO ae = po)
R3
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where z=(x1, 22, x3) and £ = (&1, &2, &3). Note that for arbitrary multi-index
a=(a1,a2,a3) and f € §'(R?)

Flovf] = (=i&)*FIfl, F e fl = Gd) F ], (3.2)
where |a| = a1 + a2 + ag and €% = 7 E52€5°.
Denote by I'(z,0) = [['k;(z,0)]7x7 the matrix of fundamental solutions
of the operator L(9,0) (see (2.5)—(2.6))
L(0,0)(z,0) = 0(x)I7. (3.3)

Here 6( ) is the Dirac’s delta distribution. We assume that the frequency
parameter o is complex, in general:

o =01 +103, 01,02 €R. (3.4)
We represent the matrix I'(z, o) in the block wise form
I'V(z,0) T@(z,0) TO(z,0)
I(x,0) = |T®)(z,0) TW(z,0) TO(z,0) ,
Ir(z,0) I'®(z,0) TO(z 0) 57
PO (2,0) = 19 (5,0)] .00 § = T4,
I, o) = [F](qu) (:17,0)}3Xl 1=5,6,
™ (z,0) = [Fé’;)(:v,a)h 5 m=71,8.

Here T®) (z, 0) is a scalar function.

By f(& o) and IR0 (&, o) we denote the Fourier transforms of the matrices
[(z,0) and T®) (z,0), k =1,9.

Applying the Fourier transform to the equation (3.3), and taking into
consideration (3.2) and the equality F[(-)] = 1, we get

L(=i¢,0)T(¢,0) = Ir. (3.5)

We have to determine T'(€, o) from (3.5) and afterwards with the help of
the inverse Fourier transform construct the fundamental matrix I'(z, o) ex-
plicitly in terms of standard elementary functions. Evidently, first of all we
have to represent the matrix I'(¢,0) = [L(—i&, o))" in such form which is
convenient for calculation of the inverse Fourier transform.
To this end, we proceed as follows. We set r := |¢| = /& + €3 + &2 and
introduce the notation
A(€) = LV (=ig,0) = [ = (n+ a)r® + po®] Is — (A + = 2)Q(&),
B(&) := L@ (—i¢,0) = L®) (—i¢,0) =
= (e )Pl — (54 % — 1)Q(E) — 20 R(E), (3.6)
D(¢) = LW(~i¢,0) =

= [To? —da— (y+e)r’]Is — (B+v —€)Q(&) — idvR(¢E),
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where R(-) and Q(-) are defined by (2.7). In view of (2.5)—(2.8) from (3.5)
we easily derive

AQTW (&, 0) + BEOTE (&, 0) +ing ' TT(E, 0) = I,
BETW(E,0) + DEOTE (&, 0) +i¢ TN (&, 0) = [0]sus,  (3.7)
nocTM (€, 0) + oD (€, o) + (ior” — KT (€, o) = [0]1x3;
AT (&, 0) + BEOTW(E,0) +ing ' T®(&,0) = [0]ss,
BT (&,0) + DEOTW (&, 0) +ic¢ T®(E,0) =15,  (38)
notT 3 (€, 0) + CotTW (€, 0) + (ior” — K1) TE (€, 0) = [0]1x3;
AT (&, 0) + BT (€, 0) +ing TV (€, 0) = [0
BT, 0) + DEOTO (&, 0) +iC TV, 0) = [0]sx1,  (3.9)
1oL (€, 0) + CotT O (&, 0) + (ior” — ') T (¢, 0) = 1.
Applying the relations (see (2.5)—(2. ))
A€) = A(=&) = AT(&), B() =B'(=¢), D) =D'(-¢),
Q) =11, [RE)" =-R() = R(-¢),
QER(E) = RE)Q(E) = [0)3xs,
RO =r*Q(E), [RE) =Q(&) —r’Is,

we can easily show that the matrices A, B, and D commute to each other.
Therefore from the first and the second equations in (3.7) we obtain

[A(€)D(€)~B2(&)]TM(€,0)=i[CB(€) —nD(€)]€ T (¢, o)+ D(€),

]3><17

(3.10)

~ ~ 3.11
[A(§)D(§)—B2(£)}F(3)(€70)Zi[nB(f)—CA(é)]ﬁTFm(&0)—B(£)~( )
It can be shown that
M(€) == A(§)D(€) — B*(€) = alz + bQ(€) +icR(§), (3.12)
where
a(€) := dyr* — dsr* + p0*(Zo* — 4a), (3.13)

b(€) = (d2 — d1)r® —
—[(B+7—e)oo* + (A + p—a)(To® — 4a) — 40°], (3.14)
c(&) = 4(pv — as)r? — 4voo?, (3.15)
with
di = (p+a)(y+e) = (x+v)%
dy 1= (A +2p)(8 +27) = (04 220)7,
ds == (p+ a)(Zo? —4a) + (v +€)o0” + 40,

Moreover, in view of (2.9) by direct calculations we arrive at the following
formula for the inverse of the matrix (3.12)
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1 1

- mM*(Q - (a + br2)(a® — 2r?) x
x [a(a+ br2) 15 — (ab+ 2)Q(E) — ic(a + br2)R(E)], (3.16)

where M*(§) = [M;;;(£)] is the adjoint to the matrix M (),

2 o

MO = peter 4ty | = alat br) = (ab+ )R

M3 (§) = — 222 i_ zzgz b&agi_bggc& = —i(a+ brz)C&, — (ab+ 62)5152,
b b .

M3, (§) = bggz i— ;Zgz bgjgjffcgl —(ab+ ¢*)&1&s + ia+ br)cky,

My (&) = — Zggz 4__ zzgi’ bgfiggg& =i(a+br?)cés — (ab+ c*)&1&s,

N | e+ b&1&3 + ic
Mz (8) = b&1€3 — 1'1052 1aj—b§§ i

e a+ b&? b&1&a — ick3|
M3 (8) = — bé1€3 — ilc§2 b&als + icy|

Mi5(8) = b&fi_bggcgg 222 4——222 = —(ab+ c*)&1&s —ia + br?)cts,

=a(a +br?) — (ab+ *)€3,

—(ab+ c)éxés —i(a+ br?)egy,

bhe? b ; .
M2*3 (5) = b§1a§:—+§l.10§3 bg;gg i— ;Zgj = _(ab + 02)5253 + z(a + bT2)0517
M€ = |y e, P S S et ) - @+ )8

These formulae imply

M*(€) = [M7;(€)] = ala+ br?)I3 — (ab+ ¢*)Q(E) — ic(a + br?) R(&).
From (3.11) we get

T 0) =M ©CBE) —nD©K TV (€ o)+ MH(E)D(),

T 0) =iM 1 (©)B()~CA©) fTP”)( 0)=MH(©)B().
With the help of the relations (3.10) and

MTHEAE) = AQOMTH(E), MTHEB(E) = BEOM(€),
MYEDE) = DOM 9, REE =0, RE=0, (315
Q)T = :

PR
we can rewrite (3.17) as
W, o) = [CB(&)—nD(€))E'TM (&, 0)+ M1 (€)D(¢),

~ ~ (3.19)
(¢ 0) = B(€)—CAE)ETTD (&, 0) - M~ (€)B(E).

(3.17)

§Ta §M71(§) -

a + br?

i
a-+br?

a-+br?
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Substitute these expressions into the third equation in (3.7) and apply the
formulas

EA(E) = [00® — (N +2u)r?[€, €B(E) = —(0 + 20)r%¢,

3.20
ED(E) = [Zo? —da— (B+29)r?)¢, &7 =02, 7¢=Q(9), (320
to obtain
A7) o) = 07(5)
' o) = @A c2r2)A1(§)€’ (3.21)
where

er(€) = J{C(5+2%)7’2+77[Zaz—4a—(/8+2’y)7‘2] }(a2_c2r2), (3.22)
A1 (€) = K dor® + T4{i2a77<(5 +250) — o (B + 2v) —
—i0CA (A +2p1) — iowdy — K [pr(8 +27) + (Zo® — 4a) (A +240)] | +
—|—7’2{im72 (Zo? — 4a) +iok"[po(B + 2v) + (Zo? — 4a) (A + 2)] +
+iC%po® + K po?(To® — 4a)} — ik pod(To® — 4a), (3.23)
0 = ¢ = dir® = 1% {21 [(4 + 0)(Zo® — da) + (7 + £)po? + 40?] +
+[a(s+v) — d(u+ )]} +
+r4{ [(1+ )(To? — 4a) + (7 + £)po® + 4a?]” +
+2p02(Zo? — da)dy + 32vpo® (v — a%)} -
—7"2{2/)02 (Zo® — 40) [(1 + ) (Zo? — 40a) +

+(y + €)po? +40?] + 161/2p2a4} +p2ot(Zo? — 4a)?. (3.24)
By (3.21), (3.10), (3.20) and

A(©)Q(E) = oo — (A +2u)r?]Q(9),
B()Q(&) = —(6 + 2:9)r°Q(¢), (3.25)
D(OQ(E) = [To? — 4o — (B + 27)r*]Q(€),

finally we arrive at the equalities

T (¢, 0) =

1 a
= @—EA (O [a; () I3+b;(§)Q(E) +¢; (O R(E)], 7=1,3, (3.26)
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where

ay(€) := Al(g){a[z(f? —da—(y+er?] + 4cw2},
01(€) i=—[To?~da—(B+29)r*] {ion*a[To? ~da— (B+27)r*] +
Fi20anC(6 + 25012 + (K'r? — iok")(ab + CQ)}—
~[4ev + a(B+ v — )] A1 (€) — i0¢* [ab + ¢ + (8 + 25)*r] 17,
1(§) = —iM(§){c[Z0” — da— (v + )r?] + dav ),
az(€) = A1 (&) [a(s + v) — 2ac]r?, (3.27)
bs(€) i= (6 + 257 { (ab + ) (i = w'r?)~
—io [mng(a + 25012 + aC?(00% — (A + 2u)r2)+
+arP(To? — da = (B+29)r)| |-
—ion¢(a® — *r?) + A1 (&) [2ac+ a(6 + 3 — v)],
c3(€) 1= iAy (&) [2aa — e + v)r?].

Applying the word for word arguments to the systems (3.8) and (3.9) we
get

e = G amne”

% an©L +b©QE) + a©RE), k=24,
T, o) = %51 l=5,6, (3.28)
PO = g ©
P60) = G
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where
a2(§) = a3(§), b2(€) = b3(§), ca(§) = c3(),
as(€) 1= afoo® — (p+ a)r?] A1 (6),
by(€) := —ia{2an§(6 + 2x) [902 —(A+ QM)TQ]TQ—I—

NN

+ a¢?[oo”® — (A + 2p)r7] P [ab + 2+

+a(d+ 2%)27"2} } —a(A+p—a)A(&)—

— (ab+c*)[oo® — (A +2u)r?| (K'r? —ioK”), (3.29)
ca(€) 1= —ic[oo® — (u+ a)r?] Ay (€),

es(€) 1= i{C(8 + 251 + n[T0® — da — (B+29)r%] }(a? - ¢*?),
:z{n (6 +23)r* + ([00® — (A + 2p)r ]}(a2—02r2)
cs(§) :a{n (8 + 25)12 —|—( 00® — (A +2p)r?] H(a® — *r?),
co(€) 1= —(a+br?)(a® - c*r?).
Therefore we can represent the matrix (¢, o) in the form
- . L 1 .
F(f,a) = [L(_Z&U)} = (ag — C2T2)A1(§) M(f, )a (330)
where
ar(§)Iz  a2(§)I3  [0]3x1
M(&,0) = [(13(5)13 as(§)13 [0]3><1] +
[0lixs  [0]1x3
b1 (£)Q(E) 3x1
+ [%(5)@(6) 3x1]
[0]1><3 1><3
C1(§)R §) JR(E)  e5(€)ET
+ [es(§)R(E) ( JR(E) cs(€)6T | (3.31)
cr(§)€ cs(§)¢ 0

It is easy to see that the entries of the 7 x 7 matrix M (€, o) are polynomials
in &. Therefore to invert the Fourier transform and find an explicit form for
the fundamental matrix I'(x, o) we need the roots of the equation

Z(r) := det L(—i¢, 0) = (a® — *r*)A1(€) = 0. (3.32)

Due to the evenness of the functions A; and a? — c?r? with respect to r,
it is clear that if » = 7 is a root of either the equation a? — ¢®r? = 0 or
A1(€) =0, then so is r = —rg. Denote the roots of the equation

A (&) = K dor® + r4{i2077C(5 + 25¢) —ion* (B + 27)—
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—w&Q+2m—umwy—#@ﬁW+zw+@£—4®u+mm}+

-+T2{unf(102——4a)+i0ﬁ”bx9(ﬁ—F27)+(Ib2——4aXA—%2uﬂ-F

+i¢?pa® + k' po*(To? — 4a)} —ik"po®(To? —4a) =0 (3.33)
by +kq1, +ko and +k3, and the roots of the equation

a’ —c*r?=di® - r6{2d1 {(u +a)(Zo? — 4a) + (v +¢)pa’ + 4a2} +

+ [4a(n+u)—4u(u+a)]2}+r4{ {(,u—i—a)(IJQ—4a)+(7+5)pa2+4a2} 2+
+200%(Zo? — 4a)dy + 32vpo? (v — a%)}—

- 7’2{2p02(102—4oz) [(p+)(To?— da)+ (v+e)po®+4a?] + 161/2p204}+
+ p*0*(To* —40)* =0 (3.34)

by +k4, £ks, £ke and +k7. For simplicity we assume that (see the Appen-
dix A)

kj #ky, for j#p, Sk; >0, andif Jk; =0, then k; > 0. (3.35)

Then we have the relations

3 7
A1(&) = Kdo H(r2 k), a®=cAr’=d} H(r2 — k7). (3.36)
Jj=1 j=4
Therefore in view of (3.30) we can represent the fundamental solution as
P(e,0) = FL [F(6.0)] = o Fol o [M(€0) 27| =
’ E—x ’ Iild%dQ §—x ’ (I)(T)
1 1
= Mot [ e
Iild%dQ M(Z O’)fgﬁx (b(,’,) ( )
where
7
o(r) == [[* - £ (3.38)
j=1
Note that
1 ! Dj
= 2 3.39
D(r) Z r2 — k2’ ( )
Jj=1 J
where the parameters p1, ..., p7 solve the system of linear algebraic equa-
tions

k%mp1+k§mp2+---+k$mp7=0, m=0,1,...,5,

(3.40)
k%2p1 + k%2p2 +---+ k%2p7 =1.
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They can be represented as follows
7

pi=| IT W=D

I=1,1#j
Note that, if Sk; > 0, then (for details see the Appendix B)
1 } etkilzl
7| = :
— k3 47 |x|

F [r2

Therefore
etk |z|

]:g_l’:”[ (r) } s Zp;

Now from (3.37) and (3.43) it follows that

or
1

I(2,0) = ——
(z,0) A d2dy

M(i0,0)¥(x, o),

125

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

where the differential operator M(ia o) is given by (3.31) with 0 for £ and

etki |z|

Zpa

(3.46)

We can calculate the expression M(i0, 0)¥(x, o) and rewrite the funda-

mental solution in a more explicit form. To this end let us note that

eikj\w\ etk |z|

_ 2¢€
=i el £,

|| ||

and apply the formulas (3. 13)7(3 15), (3.23), (3.27) and (3.29) to obtain

etk |z
a(i0)¥(x, o) ij a; | T
etki |z|
b(i0)¥ (x, o) ijj EiR
etki |z|
c(i0)¥(x, 0) ijj ER
etki |z|
1(10)¥ (z, 0) Zal] iR 1=1,2,3,4,

etki |z|
1(10)¥ (z, 0) Z I | T 1=1,2,3,4,
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ikj‘ib

7 |
a(i9)¥(z, o) = 207j6|7| C1=1,2,34,
j=4

oik; 2l

3
em(i0)¥ (2, 0) = Zc;jw , m=5,6,7,8,9,
j=1

where

aj = dlk;-L — dgk? + 00%(To? — 4a),
b} = (dy — dy )k — [(ﬁ +7—¢)oo* + (A +p—a)(Zo? — 4a) — 4042},
cj =4(pv — a%)k:f- — 4vp0?,
ay; = n’p;’dg{a; [Zo? — 4o — (y+e)kZ] + 41/](1?0;},
ay; = ab; = K'pllda[ (5 + v)a} — 2aci] k7,
ay; = K'pldy[00” — (u+ )k]a;,
= —pj{ [Zo? — 4o — (B + 27)k?] [i0n2(I02 —da— (B+27)kD)ai+
+i20(8 + 22)Cnkial + (K2 — iok")(a3b; + (c})%)] +
+ioCHE @by + () + (6 + 250 ka; ] +
+[(ﬁ +v—¢)aj + 4ucﬂ Tj},
bs; = by := pj[2ac + (6 + 2 — v)aj | AT+
+p; (6 + 2%)1{?{(2’05" — 'k} @05 + ()% -

—io (200 + 22)Cnka] + CPo0® — (A + 20)k2)a;+

12 (To? — da — (B +29)k2)a; | | = ipyonc [(a))? — K2(c))?).
bi; = —pjleo”® — (A +2u)k;]] {io@a;‘ [00? — (A + 2 K2 ]+
+i20 (8 + 2:)Cnk3a; + [a3b] + (¢})?) (k2 — iow") } -
—ipjon’k; [a;b + (¢})% + (6 4 220)°ka}] — pi(A + 1 — a)ajA};,
;= —m'p;-’dg{ [Zo® —da — (v +e)kf|c; + 4ua;-‘},

ch; = c3; = ik'p]dy 200 — (s + v)K: )],
ch; = —ik'pjdy[00® — (n+ a)k3] 5,
iy = i d{ (6 + 20)k2 + [T0® — da — (B +29)K3] },

by = ippd{ (6 + 20k2 + C[00® — (A +20)k3] },
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o7y = (fpéd?{é‘(é + 2500k} +1[Zo® — da — (5 + 29)k7] }
iy 1= w2 {6 + 25912 + C[o0® — (\+ 202},

¢3; = —p;di[aj + K5b7],

3
1= sdy [T 63 -
g=1

3 7
S | R B O | T
q=1,q#j q=4,q#]

From (3.31) and (3.45) with the help of the above relations we get the
following representation of the fundamental matrix

\111(17,0')13 \I/Q(I,O')Ig [O]gxl
1
F(z’g) = m \Ifg(x,a)fg, \114($,U)I3 [0]3><1 +
[0]1x3 [0]1x3 Vs (x,0)
Q(O)¥s(x,0) Q(I)¥7(z,0) [0]3x1
+ QO Vs(z,0) Q(O)¥o(x,0) [0]sx1| +
[0]1X3 [0]1><3 0
R(a)\Plo(x,U) R(a)\llll(:v,a) VT\IJ14(5L',O')
+ |R(3)W1a(z,0) R(D)W13(x,0) V' Wis(x,0)| p, (3.47)
VUi6(z,0) VU17(z,0) 0
where
7 etki |z| 3 etk; |m|
(z,0) Za?} Z
j=4 j=1
. etki || 7 ikj|x|
U5z, 0) Zbl] s VYop(w,0) =1 ) cf; R
j=1 j=4 r
etk; |z|
Uisyi(z, 0 —2204”] e [=1,2,3,4.
Jj=1
Remark 3.1. Note that (3.44) can be rewritten in the form
[(z,0) =Y &Y (z,0), (3.48)
j=1
where
4 ik; ||
() —_ P e
oY) (z,0) yr—rn M(i0, o) 2] (3.49)
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and M(i0, o) is defined by (3.31). Since M (i0,0) is a matrix differential
operator with constant coefficients from the representation (3.49) it follows
that the entries of the matrix ®U)(z,0) = [@,(,2) (x,0)]7x7 are metahar-
monic functions corresponding to the wave number k;, i.e., solutions of the
Helmholtz equation

_—
(A + k)@ (x,0) =0, 2| #0,

and satisfy the Sommerfeld radiation conditions at infinity:

ﬂq)(j)(x’a) _ iqu)(j)(x’o.) —

(9|CE| pq pq

= exp{—c\‘sk/’j|x|}(’)(|m|_2), p,q,7=1,7, (3.50)

as |z| — +oo.
The entries of the matrix ®U)(z,0) and its derivatives satisfy also the
following Sommerfeld type radiation conditions at infinity (cf. [58]):

o) (2,0) = exp { — Skl2|}O(j2| 1),
0 . T .
Y &0 Y A X)) _ 1
2, Q) (x,0) — ik, 2] o) (2, 0) (3.51)
= exp { — Skj|z|}O(|z[7?), 1=1,2,3.

These asymptotic equalities can be differentiated any times with respect to
the variable z.

In accordance with formulas (3.48), (3.49) and Corollary A.2 (see the
Appendix A) we see that for So = oo > 0 the entries of the matrix I'(z, o)
decay exponentially as |z| — oo since Sk; > 0, j =1,7.

Remark 3.2. Note that the matrix ['*(z,0) := [['(—x,0)]" represents a
fundamental solution to the formally adjoint differential operator L*(9, o) =
[L(—a, U)] T7

L*(8,0)[D(=z,0)]" = I;6(x). (3.52)
In the case of repeated roots (i.e., when (3.35) is violated) the fundamental
solution can be obtained from (3.44) by the standard limiting procedure.

3.1. Fundamental matrix of the operator of statics. Here we con-
struct the fundamental matrix for the equilibrium equations, i.e., for the
operator of statics L(0) defined by (2.11) (see simultaneous equations (2.4)
with ¢ = 0). Denote this fundamental matrix by T'(z). We apply again
the approach based on the Fourier transform technique for the equations
of statics. For the Fourier transform of the fundamental matrix then we
obtain (cf. (3.30) and (3.31))

~ T T®E) T
L) = [L(=ig,0)] " = [T®(¢) T TOE , (353
IO T®E T
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TOE) = L5 ©)lsxs = &)L + b (QE) + GER(©), j=T4,

(©)
L) = T3 (@lsxa = a&)E", 1=5,6,
PO (©) = Daxr, m=T7.8, (354
O =y, =l
and
~ 1
a1(§) = d%(’l‘Q — )\%)(TQ — )\g) { - dl(p)/ +6)T2 -
2
—4[ady + ap(y +€) + (o — )| — 16:; 'u},
~ ~ 1
©© =50 = FE g
X {dl(% +v)r? +dafp(sx+ v) — 2(u — ax)) },
(6 =~ o _’g)(o;z sy (@ o),
~ 1
bl(é-) = d%(’l”2 _ )\%)(7’2 _ )\g) {dl(’y +€) +
1 1602 u
+4|ady + ap(y +e) — dv(ur — ax)] = T} -
1 4o
S r e (8+2v+ ),
- - 1
b2(§) = b3(§) = _d%(rg _ )\%)(TQ _ Ag) X
x{dl(%—i— V) + dafp(x +v) — 2(u — asx)] TLQ} +
0+ 2
~ B w+a dap A+ 2u
bal8) = d3(r2 = X3)(r2 = \3) (dl - T—Q) Cdar?(r2 + A7)
- 4i 4a?
01(5) = d%(TQ_Agi(TQ_)\g) |: - Vd1+(’y+€)(MV—Oé%)_ iQ%:|7
2 2

ca(§)=c3(§) =

4o
e ] R A

4i(p + o) (pr — asx)
di(r? = A3)(r? = A3)’

i dam
(2 08 {C(5+2%) —n(B+27) - T—2:|7

54(5) =
55(5) =
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1

[ = 55 oy 2x) — 2u)].
CG(S) I€/d2T2(T2 + )\%) [77(5+ %) C(A + ,U,)}
Here
M = da(A +2p) >0,
da
2 4 2
Ay g = Z {Q(MV —ax)” —apdi+ (3.55)
1

= i2( — @)y (1 + @) [aluy — 22) + plas - v2)] }.

We assume that A7 > 0, S\ > 0 and SA3 > 0. Note that due to (2.26)
the expression under the square root is positive. To find the inverse Fourier
transform of the matrix f‘(f) we apply the results collected in the Appendix
B and the following decompositions:

1 B 1 ( 1 1 )
(r2—=2A2)(r2 = A2)  A2-X2 \r2 -2 2 22)°

)
r? . 1 ( A% /\g
(TR X) M- - )
1 1 1
PN - N3) | BN A8 - A2 - AZ)
1
TR0 )
1 A+ A3 1 1
MR N3 A TN T MO - M)(E - N3)
1

A =) - A3)

1 B 1 (1 1 )
r2(r2 +22) A2 \r2 242207
1 1 1 1

ri(r2 +23) - _)\‘fr2 + A2t + A2 + 23

Finally we arrive at the following explicit representation for the fundamental
matrix

~ L5 (@)axs  [Thed (@)]axs  [Th (2)]ax1
D(x) = F MO = |05 (@)]sxs Tpg (@axs  [Tog (@sxa| =
L5 (@ixs [Thd @hixs  TO@) |, .
1 ‘ijl(I)Is Uy(z)Is [0]sx1
=1 | @) Va@)ls [0z -
[O]IXB [0]1><3 ‘1’5(50) X7
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| [QROFs(x) QO)Fr(x) (05
1 |QO)Ts(z) Q(0)Wo(x) [0]3x +
[O]1><3 [0]1><3 0 TXT
1 [BO)¥io(2) R@)¥n(z) VT Wy4(x)
+E R(a)\IJ12(CC) R( )\Iflg(I) VT\IJ15(CC) ) (356)
[O]1><3 [ ]1><3 0 TXT

where the operators Q(9), R(9) and V are defined by (2.7) and

3

= vt+e

\III(I) = _d1|£L'| d2 )\2 )\2 Z {dl FY+€)/\2
Jj=

)

16 Aslel
+4[ady + ap(y + &) + 4v(asx — )] + o M} ¢

X2 E
~ = »+v 1
\112(1') = \113(:10) = + X
dife| A7 (A3 - A3)
3 i |z
; 9 eI —1
X Z(—l)J{dl(%-i- VAT + Ao (e + v) + 2(ase — uu)]} 2] ,
j=2
By(e) = 1T “+°‘ 23: I (dy A2 gy AL
YT T T BN & ! W
- 1
olo) ==

Fo(e) = - AFmlal | (642070 el -1
ST 2u( - 20) T da(h+ 2p)2 |z|

+

3
T : 2 Z(_1)J’{7_+5 + i [ady + ap(y +€) + dv(os — )|+

A3 — 55 dy d%/\?
16a2u} etNilrl 1
dIN} || ’

~ ~ 42 e Mlrl_1
v = U — _
@ =00 =" aaT

%—I—l/ da eilel 1
)\2 Z { a d2)\2- [ (et V)+2(0¢%—,u1/)}} F
~ 1 e Mlel— ,u—l—oz 4oy el —1
N, - ) Py - -
o(e) 4o || /\2 Z ( - )\5 ) |z 7
3 .
~ 40?57 eNilzl 1
Ug(x)= ZOI0) /\2 Vi) Z [le—i— (v+e)(ase—pv)+ 2 } F

j= J
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2

B 0) = o) = 2
no =1l = Fr R

3

’ j;(_l) |26t v) (v —az)—ad: - 4?} ew:; =,
Uys(z) = 4(“;(0‘/\)2(01%>\2—)uu) ei/\2|w||;|ez‘x” |
172 3
T15(z) = n(6 + 25¢) — C(A +2u) e Mlel 1 |

dar' (X + 2p) ||

One can easily verify that in a vicinity of the origin and at infinity the
fundamental matrix has the following asymptotic behaviour:

Oz M]axs  [O(lz] Hlaxs  [O(1)]ax1
C(z)= [[O(lz] Dlsxs [0z )]axs  [O(1)]zx1 as |z[—0, (3.57)
| [0]ixs [0]1x3 O(lz|=") ] ..~
102 ]axs  [O(z7)]axs [0 + O(lz[7*)]3x1
L(z)= |[O(lz]7*)]axs  [O(z]7?)]3x3 [O(|2]72)]3x1 (3.58)
[0]1x3 [0]1x3 O(jz|~1) 7
as |x| — oo,
with oy = _T/\j]ﬂ_u)'

Remark 3.3. Note that from the above results we can obtain the explicit
expression for the fundamental matrix I'(z) of the operator of statics L(8, 0)
of the hemitropic elasticity when the thermal effects are not taken into
consideration (see (2.14)). We have to set n = ¢ = 0 and delete in (3.56)
the seventh column and the seventh row. We arrive at the formula

)= Fe, L0 TEOF D@l [T @axs| - _
TUIEOE© TUO |, T @lsxs T8 @)axs |
_ 1 [ n@n B@L] 1 [QO)¥@) Q@)r@)]
4 \112(,@)[3 \114(1'),[3 6x6 4 Q(a)\I/7(CL') Q(a)\lfg(l') 6x6
1 |R@) V() R(O)Tu(x)
n (RO RO, 1359

where the functions ¥ ; are as above. From the explicit form of the functions

\le and formula (3.59) it follows that for sufficiently large |z| (i.e., as |z| —
00) we have the relations

IV (z)=0(|z|7"), TV (2)=0(2|72), j=2.3,4, p,q=1,2,3, (3.60)
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while T'(z) = [O(|z| })]6x¢ as |z| — 0. These asymptotic relations can be
differentiated any times with respect to the variables x1, x2, x3.

3.2. Principal singular parts of the fundamental matrices. In this
subsection we will write down explicitly the principal singular part of the
fundamental matrices (3.47) and (3.56). This principal part I'g(z) repre-
sents a 7 x 7 fundamental matrix of the operator Lo(0) defined by (2.12)
and solves the equation:

It is clear that N
_ |To(@) [0]6x1
Fole) = [{om ry) <x>] o (362
where )
1—‘89)(95) - _47Tn’|:17| ’

and T'(z) = [Topq(2)]6xe is a homogeneous of order —1 fundamental matrix
of the operator Lo(9) defined by (2.14). This matrix is constructed in [44]

explicitly and has the form

N dils dils] 1 [diQ(z) diQ(x)
To(x) = W{[délg dzls} 22 [dfgl@(x) sz(I)}}’ (363)

where
di =da(y+¢e) +di(B+27), db:=—[da(3e+v)+di(0+25)],
dy = da(p+a) +di(N+2p), di:=di(B+2y)—da(y+e),
d o= —[d1(6 + 23¢) — do(e +v)], df :=di(A+2p) — do(p + o).

Note that I'g(z) = T'§ (z) = ['o(—z) and the entries of the matrix 'g(z)
are homogeneous functions of order —1. For an arbitrary multi-index o =
(a1, a9, as3) and an arbitrary complex number o it can easily be shown that
in a neighbourhood of the origin (i.e., for small |z|)

%[ (z,0) —Ty(z)] = O(z|~1*h, la| = a1 + az + as, (3.64)

which shows that T'g(z) is a principal singular part of the matrices I'(z, o)
and T'(z).

3.3. Special representation of the principal singular part. In this
subsection we derive some formulae which will help us to calculate the prin-
cipal symbol matrices of the boundary integral (pseudodifferential) opera-
tors generated by the boundary layer potentials.

Due to the evenness of the entries of the matrix Lo(§) we have

_8% /[Lo(f)]_le_”f d¢ = _L [Lo(f)]_le”f de, (3.65)

83
R3 R3

FO (ac) =
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where the above formal integrals are understood as generalized Fourier
transforms, i.e.,

- 1 _
To(w) = =F MLy (§)] = — g5 FlLg ' (€)-
One can show that Ly(€) is a positive definite matrix for £ € R3\ {0}, since
Lo(&) is positive definite (see [44]).
Let E = [ex;]sx3 : R* — R? be an orthogonal matrix with det £ = 1,

EET =E'E =1, (3.66)
Then
Lo(Bx) =~ [1Lo(@) e ¢ ds = — s [ [La(BO] e de =
R3 RS
1 T 1 o1 -
=12 ewf{ — %/ [LO(ES)] L —iwats dfg} dg, (3.67)
R2 R

where 7 = (931,{E2>, g = (51,52), i.e.,

o(Ez) = F* {_ L / [LO(Eg)Tle’m&* dgg}. (3.68)

- 2w
]Rl

This implies (due to the Cauchy integral theorem for analytic functions)

Fonalro(En)] = =1 [ [EoB0) e s =
R1

—L/ [Lo(Eé)Tle’”‘*ga d¢s for x5 <0,
2
= 1Y o (3.69)
+oo / [Lo(B¢)] ™ e ™% dgs  for a5 > 0,
T

-

where £T [resp. £7] is a closed simple curve of positive, counter clockwise
orientation in the upper [resp. lower| half-plane of the complex £3-plane
(&5 = &4 4 i&4) enveloping all the roots (with respect to £3) of the equation
det Lo(EE) = 0 with positive [resp. negative] imaginary parts. Clearly,
(3.69) does not depend on the shape of £T [resp. £7].

The integration in (3.69) is performed counter clockwise. It can easily be

shown that the entries of the matrix (3.69) with x3 = 0 are homogeneous
functions in £ of order —1. Moreover, from (3.69) it follows that the matrix
[—F, #[To(Ex)] |w3:0} -7 1s positive definite for arbitrary £ € R*\ {0} due
to the positive definiteness of the matrix Lo(E€). As we will see below this
matrix with opposite sign represents the principal homogeneous symbol of

the single-layer potential associated with the matrix I'(-, o).
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3.4. Integral representation formulae of solutions. Let us introduce
the generalized single and double layer potentials, and the Newton type
volume potential

V)@ = [T yo)p)ds,, ve\s, (3.10
S

W) @) = [[P* O n)ET (=3, )] oly) dS, 2 €R\S, (3.71)
S

Now (4)(x) = / Iz —y,0)i(y)dy, =R, (3.72)
Q*

where P*(9, n) is the boundary differential operator defined by (2.21), I'(-, o)
is the fundamental matrix given by (3.44) or (3.47), ¢ = (¢1,...,¢7)"
is a density vector-function defined on S, while a density vector-function
= (1,...,97)" is defined on QF and we assume that in the case of Q~
the support of the density vector-function v of the Newtonian potential is
a compact set.

Due to the equality

7
3 L1 000) ([P @ ny) T (@ = y.0)] ') =

Jp

7
= Lij(0,0)P} (0, n(y)Tjg(z — y,0) =

Ja=1

7
= D Pra(0y:0(y))Lij (00, 0)Tjg(x —y,0) =0, z#y, kp=17T,
Jq=1
it can easily be checked that the potentials defined by (3.70) and (3.71) are
C*°—smooth in R3\ S and solve the homogeneous equation L(9, o)U(z) = 0
in R?\ S for an arbitrary L,-summable vector function ¢. The volume
potential solves the nonhomogeneous equation

L(D,0)Ng+(¥) =¢ in QF for o € [CO"(QF)". (3.73)

The relation (3.73) holds true for an arbitrary ¢ € [L,(Q%)]” with 1 <p<oo.

With the help of Green’s formula (2.38) and Remark 3.2 by standard
arguments we can prove the following assertions (cf., e.g., [36], [7], [37],
[43], Ch. I, Lemma 2.1; Ch. II, Lemma 8.2).

Theorem 3.4. Let S = 0Q1 be CY"-smooth with 0 < k < 1, either
0 =0 oro=o01+1ioy with oo > 0, and let U be a regular vector of the class
[C2(QT)]7. Then there holds the integral representation formula

W{U}")(z) = V{PU})(2) + Na+ (L(0, 0)U)(x) =
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(3.74)

_JU(x) for xzeQt,
o for x € Q.

This formula can be extended to Lipschitz domains and to vector functions
satisfying the conditions U € [Wy ()" and L(0,0)U € [L,y(QM)]" with
1<p<oo.

Proof. For the smooth case it easily follows from Green’s formula (2.38)
with the domain of integration QF \ B(z,e’), where z € Q% is treated as a
fixed parameter, B(z,¢’) is a ball centered at the point = and radius ¢’ > 0
and B(z,e’) C Q1. One needs to take the j-th column of the fundamental
matrix I'*(y — z, o) for V(y), calculate the surface integrals over the sphere
Y(x,e") := 0B(x,¢’) and pass to the limit as ¢’ — 0.

The second part of the theorem can be shown by standard limiting pro-
cedure. g

Similar representation formula holds in the exterior domain 2~ if a vector
U and its derivatives possess some asymptotic properties at infinity. In
particular, the following assertion holds.

Theorem 3.5. Let S = 00~ be CV*-smooth with 0 < k < 1 and let
U be a regular vector of the class [C?(Q7)]7, such that for any multi-index
a = (a1,az,a3) with 0 < |a] = aq + as + ag < 2, the function 0°U; is
polynomially bounded at infinity, i.e., for sufficiently large |x|

|0°U; ()| < Colz|™, j=T1,7, (3.75)

with some constants m and Cy > 0. Then there holds the integral represen-
tation formula

-W{U}") (@) + V{PU} " )(2) + No- (L(9,0)U)(z) =

f Qr
_ 0 or T € , (3.76)
U(z) for z€Q,

with o = 01 + 109, where oy > 0.

This formula can be extended to Lipschitz domains and to vector func-
tions satisfying the conditions: U € (W, ,.(27)]", L(0,0)U € [Lyp,10c(27)]
with 1 < p < 0o and L(0,0)U(x) is polynomially bounded at infinity.

Proof. The proof immediately follows from Theorem 3.4 and Remark 3.1.
Indeed, one needs to write the integral representation formula (3.74) for
bounded domain 2~ N B(0, R), send then R to 4+o0o and take into con-
sideration that the surface integral over X(0, R) tends to zero due to the
conditions (3.75) and the exponential decay of the fundamental matrix at
infinity.

The second part of the theorem again can be shown by standard limiting
procedure. (Il
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Corollary 3.6. Let 0 = o1 + i0y with 01 € R and o2 > 0, and U be
a solution to the homogeneous equations L(0,0)U = 0 in QF satisfying the
condition (3.75) and U € [C*(QF)|T with some 0 < x < 1. Then the
following representation formula holds

Ux) = W([U]s)(x) = V([PU]s)(2), = €9, (3.77)
where [Uls = {U}* —{U}~ and [PU]s = {PU}* — {PU}~ on S.

Proof. Tt immediately follows from Theorems 3.4 and 3.5. O

4. UNIQUENESS THEOREMS FOR UNBOUNDED DOMAINS

4.1. Uniqueness results for pseudo-oscillation problems. Here we
prove the counterpart of Theorem 2.2 for the exterior BVPs.

Theorem 4.1. Let 0 = 01 + iy with o1 € R and o9 > 0, and () e
[La.comp(Q7)]7. Then the boundary value problems (I())~, (I1'9))~ and

(ITI9)~ have at most one solution in the class of vector functions which
are polynomially bounded at infinity and belong to the space [Wzl,loc(Qi)r-

Proof. Let UM = (u™M, w® 9T and UP = (u®, 0@ 9@)T be two
solutions of the BVP (K(?))~, K = I,II,II1. Denote U := UM — U?),
The vector U € [Wy3,,.(27)]" is polynomially bounded at infinity and
solves the corresponding homogeneous BVP. By Theorem 3.5, it follows
that U = (U,9)T with U = (u,w) " actually decays exponentially at infin-
ity. Therefore we have the following Green’s formula (cf. (2.39))

— (U} PO )y = / U' . L(9,0)U dat
G-
+/{E(ﬁ’, [7) — 00U - u—To*w - w—nddivu' — 9 divw —ined’ divu—
Q-

—i¢o? divw —iok" 99 + k' grad ¥’ - grad | dz. (4.1)

where (-, - )go- denotes the duality between the spaces [Hzl/2 (09Q7)]" and

[H;l/Q((?Q_)]7. Now, by the same approach as in the proof of Theorem
2.2, we arrive at the relation

/ [E(ﬁ,ﬁ) — 002 [u)? — To|w]? + K/ Co| VI + |92 dz = 0,  (4.2)
Q-
where E(U, E) and Cy are given by (2.30) and (2.49) respectively. Whence,

by the word for word arguments applied in the proof of Theorem 2.2, we
derive that U =0 in Q™. O
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4.2. Uniqueness results for static problems. For the readers conve-
nience let us formulate here the exterior BVP of statics.

Problem (I(")~. Find a solution vector U = (u,w,?)" € [W;,,.(27)]"
to the equilibrium equation
L(O,0)U=® in Q, (4.3)
satisfying the Dirichlet type boundary condition
{U}"=f on S=00". (4.4)

Problem (II™)~. Find a solution vector U = (u,w,9)" € [W3 . (Q7)]"
to the equation (4.3) satisfying the Neumann type boundary condition

{P(@,n)U}"=F on S. (4.5)

Problem (I71(¥)~. Find a solution vector U = (u,w,¥) "€ Wy, (27)]"
to the equation (4.3) satisfying mixed type boundary conditions

{U}fzf(D) on Sp, (4.6)
{P@O,n)U}" =FN on Sy. (4.7)

As above, we assume that ® = (,®;)T with ® = (®4,...,D6)" has
a compact support and the boundary data are as in (2.48) with p = 2.
The equation (4.3) is again understood in the distributional sense, and the
Dirichlet and Neumann type boundary conditions in the usual trace and
generalized trace sense.

It is easy to see that the BVPs for the temperature function 9 € W;)ZOC(Q_)
are separated as independent BVPs for the Laplace equation

kA9 =®; in Q, (4.8)
with the Dirichlet boundary condition
{9}"=fr on S, (4.9)
or with the Neumann boundary condition
kK'{0,9}" =F; on S (4.10)

or with the mixed boundary conditions
Wy =P on Sp, k{0.0} =F"™) on Sy.  (4.11)

If we require that ¢ vanishes at infinity, ¥ = o(1) as |z| — oo, then these
problems are uniquely solvable and, since ®7 has a compact support, we
have the following asymptotic for sufficiently large |z| (see, e.g., [19])

%Y (x) = (9(|nc|_1_‘°“|)7 |z| — oo, (4.12)
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where o = (a1, ae, ai3) is an arbitrary multi-index. More precisely,

0o

I(x) = ot O(|z?), (4.13)
grad d(z) = —% x+ O(|z| %), Yo = const, (4.14)
x

where

6o = lim |z|d(z) =

|z|—o0

1
gy /@7(:0) dr, Q° =Q" Nsupp ®7.
Q*

1 _
- /{8n19(a:)} ds —
S

Assuming that 9 is known, the above formulated BVPs can be reformulated
as follows.

Problem (I(¥)~. Find a solution vector U = (u,w)T € [Wy,,.(27)]° to
the equation

LO,0U =+ in Q°, (4.15)
satisfying the Dirichlet type boundary condition

{U}"=f on &. (4.16)

—(0 ~
Problem (II( ))’. Find a solution vector U = (u,w)" € [Wy,,.(27)]°
to the equation (4.15) satisfying the Neumann type boundary condition

{T(®,n) U}~ =F+G on S. (4.17)

—(0 ~
Problem (III( ))_. Find a solution vector U = (u,w)" € [W3 ,.(27)]°
to the equation (4.15) satisfying the mixed boundary conditions
{U}~ =F® on Sp, (4.18)
{T(0,n)U} =F™ 4G on Sy. (4.19)

Here L(9,0) is defined by (2.14) with o = 0, while T(d,n) is given by
(2.22), and

U = (ngradd,gradd)’ in Q, (4.20)

G = (nIn,C9n)" on S. (4.21)

We see that the right hand side vector in equation (4.15) has not a compact
support and it decays at infinity as O(|z|=2) due to (4.14), since ® has a
compact support. Therefore, solutions to equation (4.15) do not vanish at
infinity, in general.
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To establish the asymptotic of solutions at infinity, we rewrite equation
(4.15) in the form

L(0,0)U = —% [2’“’”] +ID 4+, zeq, (4.22)
T z 6x1
where
- 0
U (z) = (), ()T, (x) = gradd(z) + W . (4.23)

In view of (4.14), we have U (z) = O(|z|~3) as |z| — oo.
Now, we prove several technical lemmas. In what follows, without loss
of generality, we assume that the origin lies in Q7.

Lemma 4.2. A particular solution to the differential equation

L(0,0)U(z) = _ o ["I} . xR\ {0}, (4.24)
l2l* 1S ] 651
reads as
TO (@) = @O (2), 0@ (@) := (alﬁ,%%)i (4.25)
where O 220 (5 4+ 26)
_ n _ +2u) — N0 + 2k
o1 = 50+ 21) oz = Ja( + 2p0) , (4.26)

and v (z) = O(1) and WO (x) = O(|z|72) as |z| — oco.
Lemma 4.3. Let
TW(2) = (@M (@),wM (@) :=

= /I‘(:v — ) [TV (y) + B(y)] dy, =€ Q, (4.27)
o
where ¥ and ® are as in (4.22) and T is the Sfundamental matriz of the
operator L(0,0) given by (3.59). Then the vector (4.27) belongs to the space
(W3 10(Q27)]°, solves the differential equation
LO,000M =3 + & in Q, (4.28)

and possesses the following asymptotic

[O(|2~" In |])]

T () = (u® (). w® (2)) T =
U ( ) ( ( ): ( )) [O(lxl—zlnlxm

3L gs x| —o00. (4.29)
3x1

Proof. Since ® has a compact support, by Remark 3.3 we conclude that

(O] 31

/f(x_y)é(y)dyz [O(27*)] 5,1

Q-

as |z] — oo. (4.30)
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Further, we use the representation
4
[Fe-ni0@ =3 [Ta-pi®ad. @30

Q- I=1¢,

0 = O_l, O = B(o, % |x|) \QF, Q= B(w,% |x|) no-,

oo {o(o )b [5(0.4 ) (- b))
Q=0 \B(o, g |3:|).

We recall that B(z, R) stands for a ball centered at z and radius R.

Applying the asymptotic relation W (z) = O(|z|~3) as |z| — oo and
properties of the fundamental matrix r exposed in Remark 3.3, one can
easily derive that

/ (z —y) ¥ (y)dy =
Q-
Thus, the relation (4.29) holds. N _
Equality (4.28) can be shown by standard arguments, since ¥ + & €
L2(27) (see, e.g., [37]). O

(O~ In|[)]
[O(lz[~2 In [])]

XU as |z| — 0o, (4.32)
3x1

Lemma 4.4. Any solution of the homogeneous equation
LO,0)V=0 in Q, (4.33)
which is bounded at infinity, has the following asymptotic

[O(z]7 )],
[O(|w|_2)]3><1

where C = (C4, Cy,C3,0,0,0) " with arbitrary constants Cj, j = 1,2, 3.

V(z)=C+

] as |z| — oo, (4.34)

Proof. Let V be a bounded at infinity solution of equation (4.33). Due to the
ellipticity of the operator L(d,0), we have the imbedding V € [C°°(Q7)]°.

Choose a number R such that QF C B(O,R) and extend the vector
function V inside the ball B(O, R) preserving the C*°-smoothness. Denote

the extended vector function by W. Evidently, W € [C*°(R3)]® and

W(z)=V(z) for zeR*\B(O,R). (4.35)
Moreover, in accordance with (4.33),
L(3,0)W (z) = H(z) for z€R? (4.36)

where H € [C*(R?)]® and supp H C B(O, R).
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Applying the generalized Fourier transform to (4.36) leads to the follow-

ing equation
L(—i&,0)0W (z) = H, € € R, (4.37)

which is understood in the sense of the Schwartz space of tempered distri-
butions &'(R3). For the determinant of the matrix L(—i¢,0) we have

det L(—i€,0) = dida|¢°(1€]* + AT)(I€]* = A3) (€1 = X3),

where d; and dy are positive constants defined by (2.28), and A > 0, A3 and
A2 are mutually conjugate complex constants given by (3.55). Therefore we
see that det L(—i&,0) = 0 only for £ = 0. Note that L~(—i,0) is the
Fourier transform of the fundamental matrix I'(z) (see Remark 3.3)

~ = f(l) f(2)
Ll(—is,m—r(s)—[A - (5)] ,
O TO©)],,

where T%(¢), k = T, 4, are defined by (3.54). The entries of this matrix have
the following weak singularities at the origin

(4.38)

~ B -2 -1
fio -2 ceo- ol ] e
Therefore, form (4.37) we deduce
WE) = TOHE+ Y Cad (@), (4.40)

laf<m

where §(-) is the Dirac distribution, & = (a1, a9, a3) is a multi-index, §(*) =
0%0 , C, are arbitrary constant vectors and m is some nonnegative integer.

Since H has a compact support, its Fourier transform His analytic and
by the inverse Fourier transform we get from (4.40)

W) = F L [FOHE] + Y Caa® =

lal<m
= /f(m—y)fl(y)dy—&- Z Cox®, x €R?, (4.41)
[91¢Y) |a\§m

where Q) = supp H.
_ With the help of the asymptotic behaviour of the fundamental matrix
I'(z) at infinity, we derive

/ B(w — ) (y) dy =
Q)

[O(1217)] 5,4
[O(|2]~2)]

1 as |z] — oo. (4.42)
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Therefore, the boundedness of the vector function W(:c) at infinity implies
Cy, = 0 for all & with || > 1. From (4.41) we then get

W(z) = / T(z—y)H(y)dy + C, = €R>, (4.43)
Qm

where C = (C1,...,Cq) " is an arbitrary constant vector.

Taking into account that W solves the homogeneous equation in the
exterior of B(O, R),

L(O,00W(z) =0 for zeR*\B(O,R). (4.44)

Since the first summand in (4.43) solves the homogeneous equation (4.44),
the constant vector C' must satisfy the same homogeneous equation. This
leads to the equalities Cy = C5 = Cg = 0, which along with (4.42) completes
the proof. |

Lemma 4.5. Any solution U = (u,w)’ of equation (4.22), which is
bounded at infinity and satisfies the condition

. 1
$(O,R)
possesses the following asymptotic behaviour at infinity

F(a) [[90041:17|a:|1 + O(|z| "  Inz])]

[O(|z] 2 In|z])] 3“] as |z[ — o0,  (4.46)

3Ix1

where a1 is given by (4.26).

Proof. Let U be a bounded at infinity solution of equation (4.22) and satisfy
the condition (4.45). Put

U (x) :=U(z) —UOx) —UWV(z), 2€Q, (4.47)

where U© and UM are given by (4.25) and (4.27) respectively. It is clear
that U™ is bounded at infinity and solves the homogeneous equation

L(,0)U*(z) =0, z€Q .
Therefore, by Lemma 4.4

U*(z) =C + as x| — oo, (4.48)

where C = (C1,C,C3,0,0,0)" and Cj, j = 1,3, are arbitrary constants.
Consequently, for the vector U(x) = U*(z) + U (z) + UM (z) we get

[Bocrz|z| ™t + O(|z|~ Inz|)]

U@ =C+ [O(|| 1 |2

XU as |z| — oo, (4.49)
3x1
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In view of the equality

/ xdX(0O,R) =0,
S(O,R)
the condition (4.45) implies C7 = Cy = C3 = 0, which completes the proof.
O

Now, having in hand the above results, we can formulate the following
uniqueness theorem.

Theorem 4.6. The exterior BVPs of statics (I(9)~, (IT9)~ and
(ITI)~ have at most one solution vector U = (u,w,d)" = (U,9)" €
[V[/Qlyloc(ﬂ_)]7 satisfying the following conditions at infinity:

U)=0(1) and 9(x)=0(1) as |z| — oo, (4.50)
}%liirlm R / u(z) dX(0, R) = 0. (4.51)
2(O,R)

Proof. 1t suffices to show that the homogeneous BVPs have only the trivial
solution in the class of vector functions satisfying the conditions (4.50) and
(4.51). Let U = (U,9)7 € (W3 16(€27)]™ be such solution. Since the homo-
geneous BVPs for the temperature function are separated, we get ¥ = 0 in
Q0 (see (4.8)-(4.11)). Consequently, g = lim|;| o [2|J(z) = 0. Therefore,
U = (u,w) T solves the homogeneous equation

LB,0)0U=0 in Q, (4.52)

is bounded at infinity and satisfies the condition (4.51). Therefore, by
Lemma 4.5 we have

b () = [(’)(|:v|_1 In |£C|O}

[O(lz[ 72 1n |x])]

LI as |z — oo. (4.53)
3x1

For vector functions with the asymptotic (4.53) at infinity, there holds
Green’s identity

/ [T - 10,00 + BT, 0] da = — / (T} -{TO,n)T)~dS  (4.54)
Q- 9~
where the bilinear form E(U,U) is given by (2.30). Due to (4.52) and since

U satisfies the homogeneous boundary conditions (see (4.16)—(4.19)), from
(4.54) we get

/ E(U,U)dz = 0. (4.55)

Q-
By Lemma 2.1,

u(z) =laxz]+b, w(x)=a xze€, (4.56)

and in view of (4.53) we conclude a = b =0, i.e., U = (u,w)’ =0inQ~. O
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5. PROPERTIES OF LAYER POTENTIALS

Here we establish the mapping and regularity properties of the single
and double layer potentials and the boundary pseudodifferential operators
generated by them in the Holder (C™ "), Sobolev-Slobodetski (W), Bessel
potential (/) and Besov (B, ) spaces. They can be established by stan-
dard methods (see, e.g., [7], [8], [14], [9], [10], [19], [27], [37], [41], [42],
[43], and [44]). We remark only that the layer potentials corresponding
to the fundamental matrices with different values of the parameter o (¢’
and ¢” say) have the same smoothness properties and possess the same
jump relations, since the entries of the difference of the fundamental ma-
trices I'(z,0’) — I'(z, o) are bounded functions in R? and their derivatives
of order m have a singularity of type O(|x|~™) in a vicinity of the origin.
Moreover, the boundary integral operators generated by the single layer
potentials (respectively, by the double layer potentials) constructed by the
kernels I'(z, ') and I'(x, ¢”) differ by a compact perturbations. Therefore,
using the word for word arguments given in [8], [27], [37], and [44] we can
prove the following theorems concerning the above introduced layer poten-
tials.

For simplicity, henceforward we assume (if not otherwise stated) that

S =90F e C™" with integer m>2 and 0<k <1;

. (5.1)
o=o01+i0g, 01 ER, Fo =09 >0.

Theorem 5.1. Let S, m, and x be as in (5.1), 0 < k' < &, and let
k <m —1 be integer. Then the operators

Vi [CRF(S)]T = [CHEE(@F))T, W [CR(9)]— [CF(@F)]T (5.2)

are continuous.

For any g € [CO*(9)]7, h e [C*(9)]7, and any x € S

[V (9)(@)]* = V(g)(2) = Hg(), (5.3)
[P(0,n(@)V (9)(2)] T = [F 277 + K]g(), (5.4)
W(g) (@)= = [£27 07 + N]g(x), (5.5)
[P (00, n(2))W (h) ()] * = [P(8s, n(2))W (h)(x)] = Lh(z), (5.6)

e
=
&
= ! =
| A
=
N
=
2
=
8
|
<
Q
=
s
Q.
‘SO)
=
X
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Lh(z):= UmP(I,,n(z ))/[P*(ay,n(y))FT(z—y,0)}Th(y) dSy.(5.10)

Qtsz—zc
S

Proof. The proof of the relations (5.2)—(5.5) can be performed by standard
arguments (see, e.g., [27], Ch.5, and [44]). We demonstrate here only a
simplified proof of the relation (5.6), the so called Liapunov-Tauber type
theorem. Let h € [Cl”‘/(S)]7 and consider the double layer potential U :=
W (h) € [CY (CF)]7. Then by Corollary 3.6 and the jump relations (5.5),
we have

U(z) = W([U]s)(z) = V([PU]s)(), = €Q,

W) = W) - VPWH)s) @), @ e 0F,
since [U]s = {W(h )}Jr —{W(h)}~ = h on S due to (5.5). Therefore
V([PW(h)]s) = 0 in QF and in view of (5.4) we conclude

- +
{PV([PW(R)]s)} —{PV(PW(h)]s)} =
= [PW(h)ls ={PW(h)}" —{PW(h)}~ =0

on S, which completes the proof. g

With the help of the explicit form of the fundamental matrix I'(x — y, o)
it can easily be shown that the operators K and N are singular integral
operators, H is a smoothing (weakly singular) integral operator, while £
is a singular integro-differential operator. For a C'*°-smooth surfaces S all

these operators can be treated as pseudodifferential operators on S (cf., [1],
[19]).

Theorem 5.2. Let S be a Lipschitz surface. Then the operators (5.2)
can be extended to the continuous mappings

Vi [Hy 2(S)]7 — [HQ5), W [HE ()] — [HI(Q5)).

The jump relations (5.3)—(5.6) on S remain valid for the extended operators
in the corresponding function spaces.

Proof. Tt is word for word of the proofs of the similar theorems in [7], [19]
and [37]. O

Theorem 5.3. Let S, m, s, &' and k be as in Theorem 5.1. Then the
operators

M [CR(9)]T — [CH(9)]7, (5.11)
: [Hy 2(9)]7 — [HZ (S)], (5.12)
K [CH(9)] — [CF(9)]7, (5.13)
[Hy 2 (S)]7 — [Hy 2 (S)], (5.14)

N [CRR(8)]T — [CR(9))7, (5.15)
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L [HE(S)) — [HE ()], (5.16)
L: [CP(9) — [CrF1 ()7, (5.17)
L HE(S) — [Hy ()] (5.18)

are continuous. Moreover,

(i) the principal homogeneous symbol matrices of the operators £2~ 17 +
K and £27'I; + N are non-degenerate, while the principal homogeneous
symbol matrices of the operators —H and L are positive definite;

(ii) the operators H, £2711; + KC, 27117 + N, and L are elliptic pseu-
dodifferential operators (of order —1, 0, 0, and 1, respectively) with zero
index;

(iii) the following equalities hold in appropriate function spaces:

NH=HK, LN =KL,
HL=—4""I; + N?, LH=—-4""1; + K.

(iv) The operators (5.12), (5.14), (5.16), and (5.18) are bounded if S is
a Lipschitz surface.

(5.19)

Proof. Proof of the mapping properties (5.11)—(5.18) are standard and can
be performed as in [7], [8], [19], [27], [37], [43], and [44].

The item (iii) follows from the jump relations for the layer potentials and
the general integral representation formulas of solutions to the homogeneous
equation L(9,0)U = 0.

Proof of items (i) and (ii) is based on the positive definiteness of the
potential energy functional. Indeed, it can be shown that under the restric-
tions (2.26) the matrix Lo(£) is positive definite for & = (£1,&2,&3) € R3\ {0}
(see (2.12)—(2.13)). On the other hand, due to the results obtained in Sub-
section 3.4 we can derive that the principal homogeneous symbol matrix of
the operator H, generated by the single-layer potential associated with the
matrix I'(-, o), in a local coordinate system reads as (see (3.69))

S a) = 5 [ [Lo(BS]) " dta = 7o [ [LolBO] ™ dea (520)
R! &S

where £ = (£1,&) € R2\ {0}, /F is as in (3.69) and E = E(z) is an
orthogonal matrix associated with a local coordinate system at the point
x €S,
() mi(z) ni(z)
E(z) = |lo(z) ma(z) no(z)] . (5.21)
ls(z) ma(x) ns(x)
Here n(z) = (n1(x),n2(x),n3(x)) is the outward unit normal vector to the
surface S, and I(z) = (I1(z), l2(x),l3(x)) and m(z) = (m1(z), ma(z), ms(z))
are orthogonal unit vectors in the tangential plane at the point x € S.
From (5.20) we conclude that &(&,z; —H) is a homogeneous matrix of
order —1 in € and is positive definite for all z € S and & € R2\ {0}.



148 D. Natroshvili, L. Giorgashvili, and Sh. Zazashvili

The principal homogeneous symbol matrices of the operators 271 I; +-K,
+271I; + A and L read as

SE e T2 L+ K) = £ / Po(E€,n(x))[Lo(EE)| 1 dés, (5.22)
SE 2427y + N) = Fo / Lo(E)] ™" Py (B&, n(x)) dés, (5.23)
SEzL) = T / Po(B¢, n(x))[Lo(EE)| Py (E€, n(x)) dés, (5.24)

where E = E(z) is given by (5.21) and Py (9, n) is the principal homogeneous
part of the operator (2.18), i.e

Po(0,n) = [T[%(]‘?;Z) Ve 1} - (5.25)

with Tp(9,n) the principal homogeneous part of the operator T(9,n) (see
(2.19) and (2.22))

1 2
o= (53 ).
0 (% 0 (1) 6 (5.26)
[TOpq]3X37 j =1,4,

T(J(;q(a, n) = (ju + @)3pg0n + (1t — )11y + Ay,

TO(z?;(a’ n) = (3 + v)dpgOn + (3 — v)ng0p + 610,

(6, n) = (5 + 1)0pgOn + (3¢ — V)ng0p + 600y,

(0,m) = (7 + €)0pgOn + (v — €)1gDp + B0y

Evidently, 770(8, n) is the principal homogeneous part of the operator

(2.21) as well.
The entries of the matrices (5.22) and (5.23) are homogeneous functions

of order 0 in E, while the entries of the matrix (5.24) are homogeneous

functions of order +1 in E
Applying the equalities B¢ -n = €3 and ([Lo(EE)]™Y)7r = |EE|72 = €] 72,
we easily derive that

[S(&, 2z H)]rr = 2717, [S(E, 23 L)]rr = 27 1€,

N - (5.27)
(S 2527 4+ )] =527, [6(§, 272 I+ N)] =527
The explicit expressions for the symbol matrices (5.22)—(5.24) yield
G,z —27 I + K) = 67 (€, 23 -27 17 + N),
(€ 7+K) (€ 7+N) (5.28)

Sz 2 +K) =6&T(E, 22717 + N).
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Furthermore, the matrices (5.22) and (5.23) are non-degenerate, which can
be shown by standard arguments. In fact, let us consider the Dirichlet BVP
and the Neumann BVP (associated with the operator Py(9;,n)) for the
differential equation Lo(9,)U(z) = 0 in the half spaces R3 (n) :==n-z >0
and R3 (n) :=n-x < 0, where n = (n1,n2,n3) is an arbitrary constant unit
vector. Denote by | = (I1,12,l3) and m = (my,mg2, mg) orthogonal unit
vectors lying in the plane orthogonal to n, such that det £ = 1, where E is
the orthogonal matrix having the structure (5.21).

With the help of the change of variables x = FE(, where ¢ = (1, (2,(3),
the domains R3 (n) and R3 (n) are transformed into the half spaces (3 > 0
and (3 < 0, and Lo(0;) and Py(0z,n) into the operators Lo(EQ:) and
Po(ED;,n) respectively. Applying the partial Fourier transform Fr_g with

¢ = (¢1,¢2), the BVPs will be transformed into the Dirichlet and Neumann
type BVPs for the system of ordinary differential equations in (3 either in
the interval (—o00, 0) or (0, +00) with the operators Lo(EA) and Po(EA, n),
where

A= (— i€1, —ito, d%)T.

Evidently, these problems depend on the parameters §~ = (&,8&) € R?\
{0} and their homogeneous versions read as follows: Find a solution vector
U(¢3) to the equation

Lo(EA)U(¢3) =0, (5.29)

either in (—o0,0), satisfying one of the following boundary conditions:

(*: lim UG) =0,

. (5.30)
(In* : Chn& Po(EA,n)U((3) =0,
3—0—
or in (0, +00), satisfying one of the following boundary conditions:
(I)~: lim U(¢3) =0,
(3—0+ (531)

()™= lim Po(BA,)U(Gs) = 0.

With the help of the positive definiteness of the potential energy quadratic
form and inequalities (2.26), it can be easily verified that the homogeneous
boundary value problems (I)* and (I1)* possesses only the trivial solution
in the space of vector functions decaying at infinity.

Further, we can check that the columns of the matrices (cf. (3.69))

UOG) = =5 [ La(BE) e ds, (5.52)
i+

UOG) = o [ LB e dgs, (5.33)

-
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represent a complete system of solutions to the homogeneous differential
equation (5.29). Moreover, the entries of (5.32) decay exponentially as (3 —
—oo and grow exponentially as (3 — +o00, while the entries of (5.33) decay
exponentially as (3 — 400 and grow exponentially as (3 — —oco. Due to
the above mentioned uniqueness results, it follows immediately that the four
linear systems of algebraic equations with unknown C € C7,

UH(0)C =0, (5.34)
Po(EA, )4 (0)C =0, (5.35)

have only the trivial solution, that is the corresponding determinants are
different from zero. Since the matrices Po(EA,n)U™F)(0) coincide with the
(5.22), it follows that the symbol matrices (5.22) are non-degenerate for
€= (&,&) € R2\ {0}. By (5.28), we conclude that the matrices (5.23) are
non-degenerate as well.

Moreover, from the last equalities in (5.19) and the non-degeneracy of
the matrices (5.20) and (5.22)—(5.23) it follows that the symbol matrix
&(&, ;L) is non-degenerate.

Now, we show that the symbol matrix 6(5 ,x; L) is positive definite. To
this end, let us consider the double layer potential Wy = Wy(g) in domains
R3 (n) and R3 (n)

Wo(g)(x) = / [Po(@y,m)To(x — )] " g(y) dS(n), (5.36)
S(n)

where Py(9,n) is defined by (5.25)—(5.26) and is the principal homogeneous
part of the operator (2.21), I'g(+) is the principal singular part of the matrix
I'(-,0) (see Subsections 3.3 and 3.4), S(n) = OR3.(n), n = (n1,n2,n3) is
an arbitrary constant vector which is the unit normal vector to the plane
S(n) directed into the half space R3 (n), and g = (g1,...,97) " is an arbi-
trary complex valued vector function from the Schwartz space [S(S(n))]”
of rapidly decaying vector functions. Since Wy(g) solves the homogeneous
equation Lo(9)Wp(g) = 0 in R} (n) and at infinity has the following de-
cay properties Wy(g)(z) = O(Jz|~') and 9°Wy(g)(z) = O(|z|~1~1el) as
|z] — oo for arbitrary multi-index o = (a1, as,a3), there hold Green’s
formulas

/ Eo(Wo, o) = — / (Po@,m)Wo}~ - {0}~ dS(n),  (5.37)

RS (n) S(n)
/ Eo(Wo, W) = /{Po(a,n)Wo}+-{Wo}+dS(n), (5.38)
R (n) S(n)

where for U = (u,w,d)"

Ey(U,U) =
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3N 2u . 3042k (364+2K)2\| .. o
- | divut gy dive 5 (02 1= g ) divel
3
I Oup  Ou; kK Owp = Owj ‘2
+o R e Ay | g
2/@,3‘;@7&3‘ Ox; Oz ,u(ascj 3:0;)

“2\6“’“ g+ (o - )|+

Oxy z; Oz Oz
2 3
1,0 Ow; |2
(-5, 2 bl
B2 =kt T 9Tk

10wy 0w,
3 8zk 817]

I+

2 2 2109 2
—i—(a—y—)|curlw|2+a‘curlu+Zcuﬂw‘ + Z | - (5.39)
o a

st 9%
In view of Liapunov—Tauber type theorem (see (5.6))
{730 8 n W() }_ = {Po 8 n WO( )}+ = Log. (540)

The operator Ly is a compact perturbation of the operator £ and therefore
their principal homogeneous symbols coincide (see (5.24))

S % L) =6(E L), z€ S, (5.41)

provided n = n(z) in (5.40).
Due to the inequalities (2.26), we have Eq(U,U) > 0 and Ey(U,U) = 0
implies
U(z) = (by,...,b7)7, (5.42)
where bj, j = 1,7, are arbitrary constants.
With the help of the jump relation {Wy(g)} ™ —{Wo(g)}~ = ¢ and equal-
ity (5.40) we get from (5.37)

/EO Wo,WQ /EO WQ,WO /Eog dS( ) (543)
R3 (n) R3 (n) S(n)

Since Wy(g) decays at infinity, it can easily be shown that in (5.43) we have
strong inequality if g does not vanish identically.

Under the change of variables 2 = E(¢ in (5.43) and denoting h(¢) =
g(E(), we arrive at the inequality

/ Log(z) - @) dS(n) = / L@ - hQd >0 (5.44)
S(n) R2

for all h € [S(R?)]” and h # 0.
Applying the Parseval-Plancherel formula and the Fourier transform for-
mula of convolution,

/f dw——/f~§— VdE, FIf +g)&) = O 70,
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from (5.44) we get

| £oste) T aso) = [ £ah(©) i) dC -

S(n)

- 4—;/6(5 LoYA(E) - h(E)dE >0, (5.45)

Since, h € [S(R?)]” is an arbitrary nonzero vector, form (5.45) we deduce
that the matrix &(&; Lo) is positive definite for all £ € R2? \ {0}, which
proves positive definiteness of the principal homogeneous symbol matrix of
the operator £ due to (5.41).

From positive definiteness of the matrices &(&, z; —H) and &(€, z; L) it
follows that the index of the operators H and L equal to zero.

Now we show that the operators £27'I; + K and £27'I; + N have zero
index as well. We demonstrate the proof for the operator 2711 + K. For
the other operators the proof is word for word.

First of all, let us note that the operator

H: [Hy 2(S)] — [HE ()] (5.46)

is injective due to the uniqueness theorems for the Dirichlet interior and ex-
terior BVPs (see Theorems 2.2 and 4.1). Consequently, (5.46) is invertible.
Evidently, the adjoint operator

H* 2 [Hy 2 (S)) — [HE(S)] (5.47)

is invertible as well.
Further, in view of the first equality in (5.19), we get

HR ' +K)= 27 + N)H. (5.48)
On the other hand, taking into consideration that
6(5, ;=271 4+ K*) = GT(E, x; =277 + K),

from the second equality in (5.28), it follows that the principal homogenous
symbol matrices of the operators 2 'I; + N and 27'I; + K* coincide and
therefore N’ — K* is a compact operator, i.e.,

ind(27'I; + N) = ind(27 ' I; + K¥), (5.49)

where * is adjoint to the operator K.
From (5.48) we have

Q'L+ K) =H 2 L+ N)H
Q' +K*) =H (2 I + N*)[H] T,
which implies that
dimker(27'I7 + K) = dimker(27'I7 + ),
dimker(27I7 + K*) = dimker(27'I; + N*).

(5.50)
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Therefore,
ind(27'I; + K) = ind(27'I; + N) = ind(27'I; + £¥)

due to (5.49), and since ind(271I; + K) = —ind(271I7 + K*), it follows that
ind(2~'I; + K) = 0.

Finally, the item (iv) follows from Green’s formulas and Theorem 5.2 (see
similar theorems in [37]). O

The next proposition is a consequence of the general theory of elliptic
pseudodifferential operators on smooth manifolds without boundary (see,
g., [21], [14], [53], [54], and the references therein).

Theorem 5.4. Let V, W, H, K, N, and L be as in Theorems 5.1 and
5.3 andlet s € R, 1 <p < oo, 1< g <00, SeC>® The layer poten-
tial operators (3.70), (3.71) and the boundary integral (pseudodifferential)
operators (5.7)~(5.10) can be extended to the following continuous operators

@) |,

s+1+2

s s+1+ 5
vV [Bp,p(s)]7 - [HP

@] | 1By () — [Bog

W (B ()T (Hy @) [ (B, (80 — (BT @) ],

e [H(S)] = [H ST [ 1B, () — [B;;,zl(sn | 22D
K ) — HS] | [Byo(S) = [Byo(S))7 |, (5.52)
N s [HS)T = ST [ 1By (9] = By, () | (5.53)
L [HS) — () [ 1B S = p,q<s>] | AT

The jump relations (5.3)~(5.6) remain valid for arbitrary g € [Bj ,(S)]7
with s € R if the limiting values (traces) on S are understood in the sense
described in [53].

The operators (5.51)—(5.54) are elliptic pseudodifferential operators with
zero index. The null-spaces of the operators (5.51)—(5.54) are invariant with
respect to p, q, and s.

Proof. The proof follows from Theorem 5.3 by duality and interpolation
arguments (see similar theorems in [10] and [8]. O

6. EXISTENCE RESULTS FOR PSEUDO-OSCILLATION PROBLEMS

Here we apply the potential method and prove existence theorems for
the Dirichlet and Neumann type BVPs for pseudo-oscillation equations (see
Subsection 2.4). We reduce the original BVPs to the equivalent integral
equations on the boundary of the elastic body under consideration and in-
vestigate their Fredholm properties. In particular, we show that the corre-
sponding integral (pseudodifferential) operators are invertible. Without loss
of generality we consider the BVPs for the homogeneous differential equa-
tion L(0,0)U(x) = 0, since a particular solution to the nonhomogeneous
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equation (2.43) can be written explicitly in the form of volume potential
Nqz+ () (see (3.73)).

Moreover, throughout this section we assume that the conditions (5.1)
are fulfilled if not otherwise stated.

6.1. Investigation of the Dirichlet type interior and exterior BVPs.
These problems are formulated in Subsection 2.4 as problems (7)) and
(I9)~ (see (2.43)—(2.44)). We assume that ®*) = 0 and look for solutions
in QF in the form of double layer potential U = W (h) (see (3.71)). Applying
the jump relations for the double layer potential (see Theorem 5.1) and
taking into consideration the boundary conditions (2.44), for the unknown

density vector function A = (hy,...,h7)" we get the boundary integral
equations

27'; +NJh=f on S, (6.1)
in the case of Problem (I(®))* and

[-27'; +NJh=f on S, (6.2)

in the case of Problem (1(®))~.

Here the operator AV is given by (5.9). Due to Theorem 5.3, the operators
+2711; + N are singular integral operators of normal type with index zero.
This leads to the following existence theorems.

Theorem 6.1. Let S € C% and f € [CVP(S)]” with 0 < B < a < 1.
Then the BVP (I'9)* is uniquely solvable in the space [C*P(QF)]7 and the
solution is represented by the double layer potential W (h) defined by (3.71),
where h € [CYP(9)]7 is a unique solution of the integral equation (6.1).

Proof. The uniqueness follows from Theorems 5.1 and 2.2. It remains to
show that the singular integral operator

27 + N [CVP(S)]T — [CVP(9)]T (6.3)

is invertible.

Due to Theorem 5.3, we conclude that (6.3) is a Fredholm operator with
zero index. Further, we show that ker[2711; + N is trivial. Indeed, let hg
solve the homogeneous equation

277 +NJhg=0 on S. (6.4)
Construct the double layer potential W (hg). Since hy € [C1P(S)]7, we

have W (hg) € [CY#(QF)]7. In view of equation (6.4), we see that then
[W(ho)(x)]T = 0 for z € S and by the uniqueness Theorem 2.2 we get
W (ho)(x) = 0 for x € QF. Consequently, [P(9,n)W (ho)(z)]T =0forxz € S.

By the Liapunov-Tauber theorem (see Theorem 5.1)
[P(@,n)W (ho)(x)] " = [P(8,n))W (ho)(x)] =0, z €S,

i.e., W(hg) solves the exterior Neumann type boundary value problem
(IT°))~ and decays at infinity exponentially. Therefore, W (ho)(z) = 0
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in Q= by Theorem 2.2. Since
(W (ho)(@)]" — [W(ho)(2)]~ = 2ho(z), = €S,

we conclude that hg = 0 on S, which shows that ker[271I; + A is trivial.
Therefore, (6.3) is invertible. O

Quite similarly, by the word for word arguments and with the help of
Theorem 4.1, we can show that the operator

27 4+ N [CHR(9)]T — [CHP(S))T (6.5)

is invertible, which leads to the existence theorem for the Dirichlet type
exterior BVP.

Theorem 6.2. Let S € C% and f € [CVA(S)]” with 0 < B < a < 1.
Then the BVP (I("))_ is uniquely solvable in the class of vector functions
belonging to the space [C™P(Q)]" and decaying at infinity, and the solution
is represented by the double layer potential W (h) defined by (3.71), where
h € [CYP(S)]" is a unique solution of the integral equation (6.2).

6.2. Investigation of the Neumann type interior and exterior BVPs.
These problems are formulated in Subsection 2.4 as problems (I7(°))* and
(IT(9))~ (see (2.43), (2.45)). As above, we assume that ®*) = 0 and look
for solutions in QF in the form of the single layer potential U = V(g) (see
(3.70)). Applying the jump relations for the single layer potential (see The-
orem 5.1) and taking into consideration the boundary conditions (2.45), for
the unknown density vector function g = (g1,...,97)" we get the boundary
integral equations

[27'; +K]g=F on &, (6.6)
in the case of Problem (IT7("))* and
27'I;+Klg=F on 8, (6.7)

in the case of Problem (IT(7))~.

Here the operator K is given by (5.8). Due to Theorem 5.3, the operators
+27 I, + K are singular integral operators of normal type with index zero.
This yields the following existence theorems.

Theorem 6.3. Let S € C1 and F € [C%P(9)]7 with 0 < B < a < 1.
Then the BVP (I1\9)* is uniquely solvable in the space [C*?(QF)]" and the
solution is represented by the single layer potential V(g) defined by (3.70),
where g € [C%P(S)]|7 is a unique solution of the integral equation (6.6).

Proof. The uniqueness is a consequence of Theorems 5.1 and 2.2. Now,
we show that the operator

27 4 K [CYP(S)]T — [COP(9))T (6.8)

is invertible.
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Due to Theorem 5.3, the operator (6.3) is a Fredholm operator with zero
index. Therefore, it remains to show that ker[—271I7 + K] is trivial. Let go
solve the homogeneous equation

[-27'; + K]go =0, on S. (6.9)

Construct the single layer potential V (go). Evidently, V(go) € [C#(QF)]7,
since go € [C%P(9)]7. Moreover, V(go) solves the homogeneous Problem
(IT°))* and therefore it vanishes identically in QF, due to Theorem 2.2.
Further, by Theorem 5.1 we have [V (go)(z)]* = [V (go)(x)]” =0 for z € S,
and since it decays at infinity, by the uniqueness theorem for the Dirichlet
exterior BVP, we conclude V(go)(z) = 0 for € Q. Finally, with the help
of equality

[P(8,n))V (g0) ()]~ — [P(0,n))V(g0)(@)]" = 2g0(2), = €S,

we derive gg = 0 on S, which proves that ker[-2~1I; + K] is trivial. Thus,
the operator (6.8) is invertible. O

By the word for word arguments we can prove that the operator
27 4+ K [COP(8)])T — [COP(S))T (6.10)

is invertible, which leads to the existence theorem for the Neumann type
exterior BVP.

Theorem 6.4. Let S € C and F € [C%P(S)]" with 0 < B < a < 1.
Then the BVP (IT19))~ is uniquely solvable in the class of vector functions
belonging to the space [CVP(Q)]7 and decaying at infinity, and the solution
is represented by the single layer potential V(g) defined by (3.70), where
g € [COP(S)]7 is a unique solution of the integral equation (6.7).

Remark 6.5. Note that, if S € C??, the operators
+271 + K [CVP(9)]T — [CVP(9)]T (6.11)
are invertible as well.

6.3. Investigation of the basic BVPs by the first kind integral equa-
tions. Here we apply an alternative approach and reduce the basic interior
and exterior BVPs, considered in the previous subsections, to the first kind
integral (pseudodifferential) equations. We shall essentially apply the re-
sults obtained in this subsection in the study of mixed BVPs

6.3.1. Investigation of the Dirichlet problem with the help of the first kind in-
tegral equations. We look for a solution to the problems (1(®))* and (1(®))~
(see (2.43)—(2.44) with ®*) = 0) in the form of the single layer potential
U =V(g) (see (3.70)). In both cases, for the interior and exterior BVPs,
we arrive at the equation

Hg=f on S5 (6.12)

where H is defined by (5.7).
We have the following existence theorem.
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Theorem 6.6. Let S € C%% and f € [CYP(9)]7 with 0 < B < a < 1.
Then the BVPs (I(“))i are uniquely solvable in the class of vector functions
belonging to the space [CVP(QF)]7 and decaying at infinity, and the solution
is represented by the single layer potential V(g) defined by (3.70), where
g € [COP(9)]7 is a unique solution of the integral equation (6.12).

Proof. The uniqueness follows from Theorems 5.1, 2.2 and 4.1. Evidently,
it remains to show the invertibility of the operator
H: [COP(9)T — [CHP(S))". (6.13)

To this end, we apply the operator £ (see (5.10)) to both sides of equation
(6.12) and take into consideration the operator equalities (5.19),

LHg=[-4""1;+K*g=Lf on S. (6.14)

Clearly, Lf € [C%P(S)]” due to Theorem 5.3. Since the operators (6.8) and
(6.10) are invertible, we conclude that the singular integral operator

LH= -2 +K|[27' T, + K] : [C%*(8)]" — [C**(9)]” (6.15)

is invertible as well. Therefore, from (6.14) we get the following represen-
tation of a solution of equation (6.12)

g= 4"+ K7L f e [CYP(9)). (6.16)

With the help of the uniqueness Theorem 2.2, one can easily show that the
operators

H: [COP(S)]T — [CY(S)T, L= [CY(8)]T — [C%(S)]7,  (6.17)

are injective. Therefore, the equations (6.12) and (6.14) are equivalent and

the operator (6.13) is invertible, which completes the proof. O

Corollary 6.7. A solution U € [CYP(QF)]7 of the BVP (I'9))* with
®F) = 0 is uniquely representable in the form

Ux) = V(H ' f)(z), = eQF, (6.18)
where f = {U}* on S and
Ho e [CRIS)]T — [COP(S)]T (6.19)

is the inverse to the operator (6.13).

6.3.2. Investigation of the Neumann problem with the help of the first kind
integral equations. We look for a solution to the problems (17 ("))+ and
(IT())~ (see (2.43), (2.45) with ®*) = 0) in the form of the double layer
potential U = W (h) (see (3.71)). In both cases, for the interior and exterior
BVPs, we arrive then at the equation

Lh=F on S, (6.20)

where L is defined by (5.10).
We have the following existence theorem.



158 D. Natroshvili, L. Giorgashvili, and Sh. Zazashvili

Theorem 6.8. Let S € C*“ and F € [C%P(9)]7 with 0 < B < a < 1.
Then the BVPs (II(”))i are uniquely solvable in the class of vector functions
belonging to the space [C1P(QF)]7 and decaying at infinity, and the solution
is represented by the double layer potential W (h) defined by (3.71), where
h € [CYP(S)]" is a unique solution of the integral equation (6.20).

Proof. The uniqueness follows from Theorems 5.1, 2.2 and 4.1. Evidently,
it remains to show the invertibility of the operator
L: [CHA(8)]" — [C%P(8)]. (6.21)

To this end, we apply the operator H (see (5.7)) to both sides of equation
(6.20) and take into consideration the operator equalities (5.19),

HLh=[-4"'I; + N} Jh=HF on S. (6.22)

Clearly, HF € [C1F(S)]” due to Theorem 5.3. Since the operators (6.3)
and (6.5) are invertible, we conclude that the singular integral operator

HL=[-2""I; + N]27' [ + N2 [CH(9)]T — [CH*(9)]"  (6.23)

is invertible as well. Therefore, from (6.22) we get the following represen-
tation of a solution of equation (6.20)

h=[-4"'I; + N?|7'HF € [CP(9)]". (6.24)

Since the operators (6.17) are injective, we conclude that the equations
(6.20) and (6.22) are equivalent and the operator (6.21) is invertible, which
completes the proof. O

Corollary 6.9. A solution U € [CVP(QF)|7 of the BVP (I1\9)* with
®F) = 0 is uniquely representable in the form

Ux) = W(LF)(x), zeQF, (6.25)
where F = {P(9,n)U}* on S and
L7 [C¥P(S)] — [CHA(s))T (6.26)

is the inverse to the operator (6.21).

6.4. Existence results for the data from the Bessel potential and
Besov spaces. Here we extend the existence results to that case when the
data of the BVPs are from the Bessel potential and Besov spaces and solu-
tions are sought in the space [W,(2F)]7 (see problem setting in Subsection
2.4 and inclusions (2.48)). First we formulate the following auxiliary lemma
which directly follows from Theorems 5.4 and 6.1-6.4.

Lemma 6.10. Let s e R, 1 <p<oo,1 <qg< o0, and S € C*. Then
the operators

e (H(S)] = [ S) [ 1By ()= By ()] (6.27)

27 LK s [HE(S)) - [HE(S)] [[B;)Q(S)]7—>[B;)Q(S)]7}, (6.28)
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L2 N [H(S)]T = [H(S)]T [ (B () = (B, ()], (6.29)
L [ S)T = [HS)] [ B ()= 1B;,(9)] ] (6.30)
are invertible.

This lemma implies the following existence result.

_1
Theorem 6.11. Let S € C* and f € [B;yp”(S)]? Then the BVPs
(I©))% are uniquely solvable in the space [W}(QF)]7 and the solutions are

represented by the double layer potential W (h) defined by (3.71), where h €

1—1
[Bp.p” (9)]7 is a unique solution of the pseudodifferential equation

R7';+Nh=f on S, (6.31)
in the case of problem (I("))ﬂL and of the pseudodifferential equation
[27'; + Nh=f on S, (6.32)
in the case of problem (I(7))~.
_1
Theorem 6.12. Let S € C* and F € [B,}(S)]”. Then the BVPs

(ITC)*% are uniquely solvable in the space (W (Q5)]" and the solutions
are represented by the single layer potential V(g) defined by (3.70), where

ge [Bp_z (8)]" is a unique solution of the pseudodifferential equation
[27'I; +K]g=F on S, (6.33)
in the case of problem (II©)t and of the pseudodifferential equation
27'; +K]g=F on S, (6.34)
in the case of problem (IT(?))~.

1
Theorem 6.13. Let S € C* and f € [B;7PP(S)]7. Then the BVPs
(I'NE are uniquely solvable in the space [W;(Qi)r and the solutions are

_1
represented by the single layer potential V(g), where g € [Bp g (9)]7 is a

unique solution of the pseudodifferential equation

Hg=f on S. (6.35)
A solution U € [Wp(QF)]" of the homogeneous equation L(d,0)U = 0 in
OF is uniquely representable in the form

Uz) =V (K YU} (z), =€ QF, (6.36)

where H~' is inverse to the operator

H o (Byg ()] — [Bon® (S)]. (6.37)
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_1

Theorem 6.14. Let S € C* and F € [B,}(S)]". Then the BVPs

(ITC)* are uniquely solvable in the space [W;(Qi)r and the solutions are

1
represented by the double layer potential W (h), where h € [B,l,,pp (S)]" is a
unique solution of the pseudodifferential equation

Lh=F on S (6.38)

Remark 6.15. Lemma 6.10 and Theorems 6.11 — 6.14 with p = 2 remain
valid for Lipschitz domains due to Theorems 5.2, 5.3.(iv) and the uniqueness
Theorem 2.2.

6.5. Investigation of the mixed type BVPs. Having in hand the results
obtained in the previous subsections, we can investigate the mixed type
BVPs. In general, solutions to the mixed type BVPs are not regular at the
lines, where the boundary conditions change their type (e.g., Dirichlet to
Neumann). Therefore we have to look for solutions in the space [, Q).

First, we consider the interior mixed type BVP (ITI(?))*. We have to
find a solution U = (u,w,¥)" € [W}(Q2")]” to the homogeneous equation
L(9,0)U = 0 in Q% which satisfies the boundary conditions

(At =P on Sp, (6.39)
{PO,n) U} =F™ on Sy, (6.40)

where
I € [Byy? (o), FN) € [Byg (Sw)l'- (6.41)

For simplicity, throughout this subsection we assume that S and 0Sp
0Sy are C°°-smooth.

Denote by f(¢) a fixed extension of the vector-function fP) from Sp
onto S preserving the functional space:

£ € [Byp” (S)T, 7o, fO=fP) on Sp. (6.42)

Recall that r,, denotes the restriction operator to M.
Evidently, an arbitrary extension f of f(P) onto the whole of S, which
preserves the functional space, can be then represented as

11
f=19 4o with g€ By, (Sn)]". (6.43)
In accordance with Lemma 6.10 and Theorem 6.13, we can look for a solu-
tion in the form
U=VH+y), (6.44)

~1—1
where ¢ € [Bp,,” (Sn)]” is an unknown vector function.

In view of (6.42), it is easy to check that the Dirichlet condition (6.39)
on Sp is satisfied automatically. It remains only to satisfy the Neumann
condition (6.40) on Sy, which leads to the pseudodifferential equation

(2710 + KIHY(F + ) = FIY (6.45)

on the open subsurface Sy for the unknown vector function ¢.



Mathematical Problems of Thermoelasticity for Hemitropic Solids 161

Let
A= 27 + KIH T, (6.46)
FO = FN) —y  Af© € [By g (Sn)]". (6.47)

The operator A is known as the Steklov—Poincaré type operator. Equation
(6.45) can be rewritten then in the form

rsNAg?:F(O) on Sy, (6.48)

which is a pseudodifferential equation on the submanifold S with boundary
0Sn. Due to Theorem 5.4 and Lemma 6.10, the operator A has the following
mapping property
1—1 _1
A [Bpp” (S)]7 — [Bpp (S)]7= (6.49)
i.e., A is a pseudodifferential operator of order 1.

Lemma 6.16. The principal homogeneous symbol matriz of the operator
A is positive definite.

Proof. 1t is clear that the principal homogeneous symbol matrices of the
operators A and its main singular part Ag := [-27 117 + ICO]Hal are the
same. Note that the operators with subscript 0 are generated by the poten-
tials with the kernel matrix I'g(+), which is the fundamental matrix of the
operator Lo(0) constructed in Subsection 3.3 (see (2.12)) and represents a
principal singular part of the matrix I'(-, o) (see (3.64)).

We write Green’s formula in QF for real-valued vector functions U =
U' = Vo(Hy'g) with arbitrary g € [H3 (S)]7 to obtain (cf. (5.38))

({Po@. Vo5 )} (Vo5 ')} ) =

= / Eo(Vo(Hy ' 9), Vo(Hy ' g)) dz > 0,
O+

where Ey(-,-) is defined by (5) and n is the outward unit normal vector to
S. Whence

([-27'I7 + KolHy P9, 9) g > 0, (6.50)
where we have a strict inequality if ¢ is not a constant vector (see the
arguments concerning the formula (5.42) in the proof of Theorem 5.3). Since
the principal homogeneous symbol matrices of the operators —271I; + Ko
and H, ' are nondegenerate (see Theorem 5.3) and g is an arbitrary vector

function of the space [HQ% (9)]7, it follows from (6.50) that the principal

homogeneous symbol matrix of the composition of these operators (i.e., of

the operator A) is positive definite. O
Now we are in a position to prove the following main lemma.

Lemma 6.17. The operators

A [H(Sh)]T — [Hy ' (Sw)), (6.51)

TSN
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LB (3T = By (5w, (6.52)
are invertible if

1/p—1/2<s<1/p+1/2. (6.53)

Proof. The mapping properties (6.51) and (6.52) follow from Theorem 5.4,
since A is a pseudodifferential operator of order 1.

To prove the invertibility of the operators (6.51) and (6.52), we first
consider the case p = 2, s = 1/2, and ¢ = 2, and show that the null space
of the operator

ro A [HESN — [Hy 2 (58]

SN
is trivial, i.e., the equation

rs Ap =0 on Sy (6.54)

admits only the trivial solution in the space [I}é (Sn)]”.  Recall that
HQS(SN) = B§72(SN) and HQS(SN) = BS,Z(SN) for s € R.

Let ¢ € [H2(Sy)]” be a solution of the homogeneous equation (6.54). It
is clear that the vector

U=V(H ")

belongs to the space [Ha(Q27)]7 = [W4(Q1)]” and solves the homogeneous
mixed Problem (I71(?))*. Therefore, U(x) = V(H '¢)(x) = 0 for x € QF,
due to Theorem 2.2 and, consequently, {U}* = ¢ = 0 on S. Since the
principal singular part of the operator A is self-adjoint (due to the positive
definiteness of the principal homogeneous symbol matrix of A), we conclude
that the index of A equals to zero and thus, by Theorem C.1 (see the
Appendix C) the operator

VB

ro A [HE (SN — [Hy

N

(5w

is invertible.
Since the principal homogeneous symbol matrix of the operator A is
positive definite, Theorem C.1 with v = 1 completes the proof. O

With the help of this lemma we can prove the following main existence
result.

Theorem 6.18. Let 4/3 < p < 4 and the conditions (6.41) be fulfilled.
Then Problem (ITTC)*t has a unique solution U € [(WAHQH)] which is
representable in the form of single layer potential (6.44),

U=VH+¢), (6.55)

where f(¢) € [B;;)l/p(S)]7 is a fized extension of the vector function fP) €

[%;:Dl/p(SD)V from Sp onto S preserving the functional space and ¢ €
[B;:Dl/p(SN)V is defined by the uniquely solvable pseudodifferential equation

re Ap=F9 on Sy (6.56)
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with
FO = FWN —p  Af® € [B,}/P(SN)]".

Proof. First we note that in accordance with Lemma 6.17, equation
(6.56) is uniquely solvable for s =1 — 1/p and 4/3 < p < 4, where the last
inequality follows from the inequality (6.53). This implies the solvability of
Problem (I11(™))* in the space [W2}(Q")]” with p € (4/3,4).

Next, we show the uniqueness of solution in the space [W;(Q*)V for
arbitrary p € (4/3,4) (for p = 2 it has been proved in Theorem 2.2). Let U €
[W,(21)]" be some solution of the homogeneous mixed Problem (IT1(9)*,
Clearly, then

{UYT € By, (Sw)]" (6.57)
By Theorem 6.13, we have the representation
U(z) = V(HH{U}) (), =€t

Since U satisfies the homogeneous Neumann condition (6.40) on Sy, we
arrive at the equation

rs A{U}T =0 on Sy,

whence {U}T = 0 on S follows due to the inclusion (6.57), Lemma 6.17,
and the inequality 4/3 < p < 4. Therefore, U =0 in Q7. (]

Further, we prove almost the best regularity results for solutions to the
mixed type boundary value problem (I171(?))*,

Theorem 6.19. Let the conditions (6.41) and the inequalities
4/3<p<4, 1<t<oo, 1<g<oo, 1/t—-1/2<s<1/t+1/2, (6.58)

be fulfilled, and let U € [W)(QM)]7 be the unique solution to the mized
problem (IT1()*,
In addition,

(i) if
P e (B (Sp)", F™ e By (SN, (6.59)
then
U e [H; @) (6.60)
(it) of
P e (B (Sp)7, FN) e [Bi (Sh)T, (6.61)
then
U e B @) (6.62)
(iii) 4f
fP e e (Sp)”, FMN e [BL 1(SN)]", ao >0, (6.63)
then

U € [C%(QF))7 with any Gy € (0,a1), a1 :=min{ag,1/2}.  (6.64)
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Proof. Applying Lemma 6.17, Theorem 6.18, the inclusions (6.41) and (6.59)
(resp. (6.61)) along with the inequalities (6.58), we conclude that the
solution vector U is represented by (6.55) with ¢ € [Efyt(SN)F (resp.
¢ € [Bf ,(Sn)]") in view of (6.56) and F(©) € [Bf;"(Sn)]" (resp. F© €
[B: 4 (Sn)I")-

Note that f(¢) € [B; ,(S)]7 (resp. f e [B; ,(9)]7) is some extension of
the vector f(P) onto the whole of S. Therefore, by Theorem 6.18 and the
representation formula (6.55) the inclusion (6.60) (resp. (6.62)) follows.

To prove (iii) we use the following embeddings (see, e.g., [56], [57])

C*(S) = B . (S) € BL1%(S) €
ag—E€o ap—E€o ag—eg—k
C BL “(S)C B (S)ccC t(S), (6.65)

t,q

where g is an arbitrary small positive number, S C R? is a compact k-
dimensional (k = 2, 3) smooth manifold with smooth boundary, 1 < ¢ < oo,
1 <t<oo ag—eg—k/t >0, ag and ag — g9 — k/t are not integers.
From (6.63) and the embeddings (6.65) the condition (6.62) follows with
any s < ag — €p.

Bearing in mind (6.58) and taking ¢ sufficiently large and e sufficiently
small, we may put s = ag — ¢ if

1/t—1/2 < ap — o < 1/t +1/2, (6.66)
and s € (1/t — 1/2,1/t + 1/2) it
1/t+1/2<0[0—€0. (667)

By (6.62) the solution U belongs then to [Bf;;l/t(ﬂ"’)r with s + 1/t =
o — o+ 1/t if (6.66) holds, and with s+ 1/t € (2/t—1/2,2/t+1/2) if (6.67)
holds. In the last case we can take s+1/t = 2/t+1/2—&(. Therefore, we have
either U € [Bff;7€°+1/t(§2+)]7, or U € [Btl’{fﬂ/t*so (21)]7 in accordance
with the inequalities (6.66) and (6.67). The last embedding in (6.65) (with
k = 3) yields that either U € [C0—0=2/t(Q+)]7 or U € [CV/2~=0=1/t(QH)]
which lead to the inclusion

U e [Cu—s0=2/t(Q+)]7, (6.68)

where ay := min{ag, 1/2}. Since t is sufficiently large and & is sufficiently
small, the embedding (6.68) completes the proof. O

Remark 6.20. By the same arguments, it can be shown that the unique-
ness, existence and regularity results, similar to the above ones, hold also
true for the exterior boundary value problem (/17 ("))_. We note only that
the solution is representable again in the form of the single layer potential
(6.55), where f() is the same as above, and ¢ is the unique solution of the
pseudodifferential equation

ro Ap =F® on Sy, (6.69)
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where
A=127 + KR, (6.70)
FO = ™) —p  Af©), (6.71)

The operator A has the same properties as A described above in Lemmas
6.16 and 6.17.

Remark 6.21. Lemma 6.17 and Theorems 6.18 with p = 2 remain valid
for Lipschitz domains due to Theorems 5.2, 5.3.(iv) and the uniqueness
Theorem 2.2.

7. APPENDIX A: PROPERTIES OF THE CHARACTERISTIC ROOTS AND

‘WAVE NUMBERS

Here we investigate the properties of roots of the equation (3.32) with
respect to r. In particular we prove the following assertion.

Lemma A.1. Let 0 = 01 +1i02 be a complex parameter with o1 € R and
o9 > 0. Then

Z(r) := det L(—i&,0) = (a® — Ar?)A1 (&) #0
for arbitrary € € R3; here Ay and a® — c*r? are given by formulas (3.23)
and (3.24).

Proof. We prove the lemma by contradiction. To this end, let o be as in
the lemma and assume that Z(r) := det L(—i¢, o) = 0 for some r = || with
€ € R? (cf. (3.32)). Then the system of linear equations L(—if,0)X = 0
has a nontrivial solution X € C”\ {0}. Denote X =(X1, X®) XGN)T with
X0 =(x9 xP) xUNT e €3, j =1,2, and X® € C. In view of (2.5)
and (2.6), the linear system in question can be written as

D(—ig, o) XV + LO(—ig, 0) XD + L) (—ig, ) X =0,
D(—ig,0) XD 4+ LW (—ig,0)XP + LO)(—ig, ) X®) =0,
D(—i&,0) XV + L®(—ig,0) X + LO(—ig, 0)X®) =0,
ie.,
(1 + @)l + 00%] Is = (A + = ) Q(E) X D+
VIERT = (6+ 5 — V)Q(E) - 2aR(E) fX P+
+ineTX®) =, (A1)
{ = Gt )IEPE = 0+ %= 1)QE) - 2aR(E) }X D+
+{[ = (oIl + To® — da] s — (B +7 — )Q(E) — idvR() X+
+i¢eTX®) =, (A.2)
no(€- XMWY 4+ ¢o(6 - X)) 4 (=kI€)? +iok") X B = 0. (A.3)

+

-
{0
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From (3.23) and (3.24) it follows that Z(0) # 0. Therefore in what follows
we assume |¢] # 0.
We recall that the central dot denotes the real scalar product, a - b =

3
> a;b; for a,b € C3, and ¢ x d denotes the vector product of two vectors
j=1
¢, d € C3. Note that
(axb)-c=—(axc)-b, ax(bxc)=(a-c)b—(a-b)c,
QUOXW =¢T(¢- X)), REOXW =¢x XD, j=1,2,

Multiply equation (A.1) by X (1) equation (A.2) by X (2 and the complex
conjugate of equation (A.3) by CoX®) with

Co=— (A4)

Q|

and sum the results to obtain
[~ (u+ @I€l +00* XD = (A + p— )l - X2
= G+ P X W) = (343 = w)(€- XP)(E - X )~
—i20(E x X@) . XD — Get ) [eP(XD . X@)—
— (04 x—v)(€- XD)(e- X)) —i20(6 x XDy . X4
+ [ = (r+e)lg +Zo” — 40 [XPP — (B+7 —e)lg - X PP~

— (€ x X@) . XO 1+ L (e +ime" ) XD = 0. (A5)
ag

Keep in mind that the real parts of the expressions (& x X)) X (1) 4 (£ x
XM). X @ and (¢ x X@). X2 vanish and separate the imaginary part of
equation (A.5)

K'EI?
o] 2@()‘2|X(1)|2 4 2IO'2|X(2)|2 + % |X(3)|2:| —=0.

Whence XM =0, X® =0, XB) = 0 follow for o1 # 0 since o5 > 0 and

€1 #0.
Further, let 1 = 0 and ¢ = ios. Then by multiplication of (A.1) and

(A.2) by &, and (A.3) by —[¢]205 " we get
[(A+2u)[€]+003] (€ - X W)+ (5+230) €2 (6- X ) —in|¢|PX ) =0,(A.6)
(6+250)[€ (& XD+ [(B+ 29)[¢PP +Z0o5 +40] (£ - X)) —
—icl¢)2PX® =0, (A7)
—in|&?(¢ - X)) —i¢l¢(€ - X<2>>+%(n'|5|2+m")x<3> =0. (A.8)

Introduce the notation z; = & - XM 2o =€ - X@ and z3 = X©). Multiply
(A.6) by z1, (A.7) by z3, and the conjugate of (A.8) by z3 and sum to obtain
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[N+ 20)[€7 + 03] [21]% + (8 + 252) [€] 22271 + (6 + 252)[€] 221 2+
+ [(B+27)IE]> + Zo3 + 4o |22 + g(n'|§|2 +02k") |23 = 0. (A.9)
With the help of the inequality (see (2.26)) (A+2u)(8+27) — (6 +25)%2 > 0
we easily conclude from (A.9)
n=6 XD =0, n=6X% z=x®=0 (A.10)
Therefore, we can rewrite (A.1)-(A.3) in the equivalent form
()€ +003] X + (e +v) |2 X P ti2a(e x XP)=0, (A.11)
e+ )ELPXD +i20(6 x XD) + [(y +2)[¢)* + Toj +4a] X +
+idv(E x X@) =0, (A.12)
Applying the standard formulas of vector analysis to the vectors X ), j =
1,2, satisfying the condition (A.10) we get:
Ex (€% XU) = —[g*X D,
£ x (€% X(j)) xR — —|§|2(X(j) . X(k)), (A.13)
(€ x XD (€ x X W) = ¢ (x - X®),
Multiply equation (A.11) by X, (A.12) by X and sum

VXD, XP) = [+ e + 003] XD 4 (e 4 w)]eP(XP - X D)+
+i20(6 x X@) - XD 4 G4 ) [eP(XD - X @)+
+i20(E x X D). X @ 4 [(4e) €[>+ To3+4a] | X O Pidu(ExX ). X @) =0
Using the relations (A.13) we can rewrite the function ¥ in the form:

(07

g — 1/2
XD x@y = =7 e x XP24
«

1
+ — ‘a{“ « XM 4+ v€ % x@ _ i2aX(2)‘2 i (M|§|2 + QU§)|X(1)|2+
«

+ (V€] + Zo3) [ XD+ ¢ (XP . X0 + XD . X@) =0.

With the help of the inequalities a > 0, ae — v? > 0 and puy — »* > 0 (see
(2.26)) we easily derive from the last equality that X1 = X () = 0.

Thus we have shown that the system L(—i&, o)X = 0 possesses only the
trivial solution. This contradiction proves the lemma. O

Corollary A.2. Let 0 = 01 + i02 be a complex parameter with o1 € R
and o9 > 0. Consider the equation

E(r) = (a® = Ar?)A (&) =0 (A.14)

with respect to v, where Ay and a® — c*r? are given by formulas (3.23)

and (3.24). The roots +k;, j = 1,7, of equation (A.14) are complex with
Sk; >0, j=1,7.
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8. APPENDIX B: FOURIER TRANSFORM OF SOME STANDARD FUNCTIONS

8.1. Fourier transform of standard homogeneous functions. Let F
and F~! be the generalized direct and inverse Fourier transforms in the
space of tempered distributions defined as in (3.1). The following formulas
are true

fzﬂf[apf] = _igp]:zﬂﬁ[f]v fzﬂf[xpf] = _iap]:acﬁé [f],
FelolOpg] = ixpF gl Fl (gl = 0,7 l0), p=1,2,3.
For the regular functionals |¢|7% with k& = 1,2, and £,&,[¢|~* with p,q =

2,3, and the singular functional &,|¢|~* which are understood in the Value
Principal sense, we have the following formulas (see, e.g., [18], [14])

(B.1)

PR = g P = (B2)

Fllelel ™ = - 8m|p| ~1,2,3, (B.3)
Felaleblel™] =

0aF e, &1E1 ™Y = 817T [%—Tgﬁq} pg=1,23  (Bd4)

8.2. Fourier transform of functions related to the Helmholtz oper-
ator. Here we calculate the inverse Fourier transform of the regular func-
tional (|¢]* — 72)~!, where 7 = w + ic with w € R and ¢ > 0. Since the
function under consideration is square integrable, we can write (see, e.g.,

[18])

H(z,7) = f{ix [(1eP? = )71 = FL [(16P + (e = iw)*) 7]

71x§
= dg. B.5
27T3R£noo / €12 + (e — iw)? § (B-5)
l€I<R

Let A(Z) = [Ag;(Z)]3x3 with = z/|z| be an orthogonal matrix with prop-
erties:

detA(Z) =1, AT(@)z=(0,0,|z])"
Perform the transform of variables in (B.5): & = A(Z)n. Evidently, x
A@)n = |z|ns, |€] = |n| and d€ = dn. Therefore we get from (B.5)

efi‘z‘nii

! li / d
5 l1m —_— = .
(27)3 R 2+ (e —iw)2

[n|<R

H(z,7)= (B.6)

Introduce the spherical co-ordinates
N1 = pcospsind, m = psinpsind, 73 = pcosV,
o=1nl, ¢€]0,2n], ¥ €]0,n],
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and rewrite (B.6) as follows
R 2w m

71\z\gcosﬁ
gnm/// 29 2sind dv dp do =

s

1 o*do 1 0
- — ] Y —i|z|ocos? 9 —
472 Rl—r>noo/g2—|—(£—iw)2/i|x|g(619€ )d
0

0
. R
VA . Q . -
_ 0 qgilale _ g-ilale] gy —
47|z Rﬂo/g2+(5—iw)2 le ¢ J do
0

H(x,7) =

R
1 .
_ 1im/ osin(]z|o) do =
R—o0
0

272 x| 0%+ (e — iw)?
osin(]z|o)
= do. B.7
7T2|:E|/Q+6—Zw ¢ (B.7)

With the help of the formula

/L(a)dt—ge—“ﬁ for a>0,R6>0,

2452
0
finally we get
= ef|x|(57iw) ei‘r|x| B8
(CC,T) - 47T|£L'| - 4.7T|(E| ) ( . )
ie.,
1 1 eiT\z\
Fil {7} - F! { : ] = , B.9
e T ol @) e O
where 7 = w + i€ with ¢ > 0 and w € R.
Quite analogously we can derive the similar formula
1 1 671’7\1\
e . = B.10
ol = e = T 0
for 7 = w —ie with ¢ > 0 and w € R.
Passing to the limit as € — 0, we obtain from (B.9) and (B.10):
1 eiiw\w\
. = . B.11
]:EHI{KP (w:l:i())2} 4|z ( )

By these formulas we can construct fundamental solutions for the Helmholtz
equation

(A 4wy B (z,w) = d(z), weR>,
corresponding to maximally decreasing out going and incoming waves,
e:tiw|ac|

1
(+) : - __
7w w) = fﬁﬂ[|g|2 (w+ iO)Q} drlz]

(B.12)
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It is clear that these fundamental solutions satisfy the Sommerfeld radiation
conditions at infinity

0
]!

The above described procedure is the so called limiting absorption principle.

(i)(x,w) T iw’y(i)(x,w) = (’)(|m|_2).

9. ApPPENDIX C: SOME RESULTS FROM THE THEORY OF
PSEUDODIFFERENTIAL EQUATIONS ON MANIFOLDS WITH BOUNDARY

Here we recall some results from the theory of strongly elliptic pseudo-
differential equations on manifolds with boundary in Bessel potential and
Besov spaces which are the main tools for proving existence theorems for
mixed boundary, boundary-transmission and crack problems by the poten-
tial methods.

They can be found in [14], [21], [54].

Let M € C*™ be a compact, n-dimensional, nonselfintersecting manifold
with boundary OM € C* and let A be a strongly elliptic N x N matrix
pseudodifferential operator of order v € R on M. Denote by &(z,&;.A)
the principal homogeneous symbol matrix of the operator A in some local
coordinate system (z € M, & € R™\ {0}).

Let A1(x),...,An(x) be the eigenvalues of the matrix

[6(2,0,...,0,+1;4)] ' [6(x,0,...,0,—1; 4))], =€ dM,
and introduce the notation
§;(z) =R[(2mi) ' InX;(2)], j=1,...,N.

Here the branch in the logarithmic function In( is chosen with regard to
the inequality —7 < arg( < m. Due to the strong ellipticity of A we have
the strong inequality —1/2 < §;(z) < 1/2 for z € M, j = 1,N. Note
that the numbers d;(x) do not depend on the choice of the local coordinate
system. Remark that in the particular case, when &(z,&; .A) is a positive
definite matrix for every z € M and ¢ € R"™ \ {0} we have §,(z) = 0 for
j=1,..., N, since all the eigenvalues A;(z) (j = 1, N) are positive numbers
for any € M.

The Fredholm properties of strongly elliptic pseudo-differential operators
on manifolds with boundary are characterized by the following theorem.

Theorem C.1. Let s € R, 1 < p < o0, 1 <t < o0, and let A be a
strongly elliptic pseudodifferential operator of order v € R, that is, there is
a positive constant co such that

RS (a, & A)n -0 > coln|®
forx € M, £ € R with |£] =1, and n € CN.
Then the operators
7S N s—v N s
A [HM)Y = [ o] [ [B M)

N
p,t

— B ] ], ()
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are Fredholm with zero index if

1 v 1 .
5 1+ xea/\iﬁpgjgjv 0j(x) < s 5 < ’ + xea/\}ﬁfg]‘g\r §;(x). (C.2)
Moreover, the null-spaces and indices of the operators (C.1) are the same
(for all values of the parameter t € [1,4+00]) provided p and s satisfy the
inequality (C.2).
In particular, if &(x,&; A) is a positive definite matriz for every x € M
and £ € R™\ {0}, the inequalities (C.2) read as

1 v 1

——l<s— =< - C.3
) 5 <5 (C.3)
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