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Abstract. Both the domains Dt and D~ are considered, where the
third and the fourth problems are formulated. Green’s formulas are written
and by means them uniqueness theorems are proved for the third and fourth
problems.

For the third and fourth problems, in the domains DT and D~ Fredholm
integral equations are derived and existence theorem are proved.
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1. THE BASIC EQUATIONS. BOUNDARY VALUE PROBLEMS

The system of basic (homogeneous) equations of statics of an elastic
mixture for two dimensions is of the form ([1])

a1 Au’ + by graddivu’ 4 cAv” + dgraddivu” = 0,

1.1
cAv + dgraddivu’ 4 asAu” 4 by grad divu” = 0, (1.1)

where
ar =1 —As, b1 =p1+ M —As—p lagps,

CLQ:IUJQ—A5, C:‘u,3+>\5,b2:u2+/\1+)\5+p71042p2, (1 2)
d=pi3+ A3 —Xs — p aspr = s+ As — X5 + p Lasps,

p=p1+p2, a2=A3— A

p1 and pe appearing in (1.2) are the partial densities and p1, p2, s,
A1, A2, A3, A4, A5 are real constants characterizing physical properties of

an elastic mixture and satisfying certain inequalities. «' = (u1,u2) and

u” = (ug, uq) are partial displacements.

Introducing the variables

z=x1 +1ix2, Z=1T1 — T2,

that is
_ztz _z2-Z
T T T Ty
the system (1.1) can be rewritten in the form ([2])
o*u o0%U
572 =V 1.3
ez oz T (1.3)
where
_ Uy + ’L"U,Q - B -
u= <u3 + iu4> = myp(z) = Kmzg'(2) + ¥(2), (1.4)
_|m1 Mm2 . l4 B 15 - 16
M_|:m2 m3:|’ ml_ll—i_E? m2—l2+§, ’I”I’Lg—l3—|—§7
az c aq
1 d27 2 d2, 3 d2’
az + by c+d ay + by
1+l d1’2+5 d1’3+6 i
_ |k ks o
K= |:k2 k4:| ) km = _57 (15)

ol s 1 L fmg —my _ 2
l—[l5 16], m _A_o ey , Ao =mims —my >0,

50]{31 = 2(0,21)1 — Cd) + blbg — d2, 50k2 = 2(da1 — Cbl),
6ok3 = 2(da2 — Cbz), 6ok4 = 2((111)2 — Cd) + b1b2 — d2,
50 = (2(11 + bl)(2a2 + bg) - (26 + d)2 = 4d1d2A0,
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dy = (a1 + bl)(aQ + bg) — (C—|— d)2 > 07 do = ar1a9 — 02 > 0,
©(z) and v (z) are analytic vectors.
The vector of forces has the form

2 —1 1 0
= (gg§4 - zgggg) = 55 (= 20(2) +211), (1.6)

where
o 0 0
35—(1‘) =n1 8—172 — N2 %7
n1 and ny are the projections of the unit vector on the axes x; and zs.
Obviously, the unit vector of the tangent is s(x) = (—nga,n1); (TU) is the
projection of the force vector on the axes zj (k =1,4),

(1.7)

M1 3 2
= , detpy= —p3 > 0. 1.8
[ { p MJ = pape — 13 (1.8)

Here we give the definition of a regular solution in the domain D¥.

The vector U is a regular solution in the domain D% for the equation
(1.3) if this vector and its first order derivatives are continuous up to the
boundary, while the second order derivatives lie in the domain DT and
satisfy the equation (1.3).

We can now formulate the third boundary value problem.

Find a regular solution in the finite domain D¥ which on the boundary
(i.e. on S) satisfies the boundary conditions

(nU)* = f(t), (sTU)" =F(t), (1.9)
where f and F are given continuous functions on S. The sign “+” refers
to interior limiting values. If instead of DT we take D~ = Fs \ 5+, where
D' =D*uS and E5 is the two-dimensional infinite plane, then the bound-
ary conditions take the form

(nU)™ = f(t), (sTU)” = F(2), (1.10)
where the sign “—” refers to exterior limiting values. For the domain D~

to the conditions of regularity we add the following conditions at infinity:

oUu /

If the point is on the boundary, then ¢ is the affix of the point z.
The fourth boundary value problem in the domains Dt and D~ is defined
analogously. The boundary conditions now are the following;:

(sU)" = f(t), (nTU)T = F(t), (1.12)

(sU)™ = f(t), (nTU)~ = F(t), (1.13)

where f and F are given continuous functions.
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Below we will need the following Green’s formulas ([2]):

/ E(u,u) dyy dys = /uTu ds = Im/Z/{Tﬁds, (1.14)
D+ S
/ E(u,u) dyy dys = — /uTuds = —Im/Z/ITads7 (1.15)
- s
where
ImUTU = n(TU),, + s(TU)s, (1.16)

(TU),, and (TU), are, respectively, the normal and the tangential compo-
nents of the force vector, and E(u,u) is the doubled potential energy of the
form

E(u,u) =
6’11,1 8u2 6’11,1 8u2 6’11,3 8u4 2
=29 (G ) #2009 (G + 52 (G + )
8’&3 8’[1,4 2
+(ba —)\5)(8 ™ + 8—$2)

|:( 8u2 6’11,2 8u1 ) 2:|
0x1 8:02 8171 8:02
) (B 222
Ous 8U4 Ouy Ous
[(5301 0o (8:101 (’9952) }

Y (%_%) _(%_%) _ (1.17)

oxy Oxs 0z O
Let us prove the theorem allowing us to solve the third boundary value
problem: a regular solution in the domain DV satisfying the homogeneous

conditions of the third boundary value problem is identical zero, if S is not
a parabolic type line without center.

Proof. The use is made of the formula (1.14). In (1.9), if f = F = 0, then
it follows from (1.14) that

+p1

+p2
xz

U] =¢1 —EXa, Uy =Ca+EX], Uz =C3—cEx2, uyg=cy+exy, (1.18)
where ¢, (k= 1,4) and ¢ are arbitrary constants.
We write
dx dx
nU = (nq(ug + cuz) + no(ug + cuq)), np = d—52 , Ng = _d_s2 )

Then

dzs . dx
_ +_ arz ary
0= ()" = (uy + cuy) I (u3 + dug) Is
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Thus we easily get

d d
(c1 — exa) % — (c3 — exa) disl =0,
d d
(c2 +ex1) % — (ca +exn) di; =0,
that is,
d €, 9 9
I (c1 + ca)xe — (c3 + ca)x1 — 2 (x] + 25 — 2x122)| = 0. (1.19)
(1.19) results in

€
3 (x1 — x2)% — (c1 4 co)xa + (c3 + ca)z1 = €,

where c is a real constant. On the basis of (1.19) we can write the so-called
discriminant D; and the higher terms discriminant Dy. In our case, using
the well-known formulas from the analytic geometry, we obtain

1 -1 A
le—s_ll _11‘—07 Dy=|"1 1 123 ,
A B —-C
€
where
q_Gta g ate
€ €

Since Dy = 0, this implies that the line S is without center, of parabolic
type. The condition Dy = A(—A— B) — B(A+ B) = —(A+ B)? = 0 implies
that A+B = 0 or ¢1 +co+c3+cq = 0, and in this case the line is represented
by conjugate lines. Thus we have proved that the uniqueness of a solution
of the third boundary value problem takes place if s is not a parabolic type
line without center, or conjugate lines.

Just in the same way we can prove the uniqueness of a solution of the
third boundary value problem in the domain D~.

The fourth boundary value problem in the domains DT and D~ is con-
sidered analogously and it is proved that the uniqueness of a solution in the
domain DT takes place if S is not a parabolic type line without center, and
in case of the domain D™, S is not a straight line.

2. SOLUTION OF THE THIRD BOUNDARY VALUE PROBLEM OF STATICS
OF AN ELASTIC MIXTURE IN THE DOMAIN D7t

Consider the expression —2¢(z) + 2uld(2).
Taking into account the formula (1.4), we obtain

—20(2) + 2uld(2) = (A = 2E)p(2) = 2pKmz¢'(2) + 2u(2),  (2.1)

where A = 2um, and F is the unit matrix.
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We seek for ¢(z) in the form
(A-2E)! z
w(z) = 7/111 (1 - Z)g(y) ds, (2.2)

211
S

where det(A —2E)~! > 0, g is a vector, complex in general, which will be

defined below.
Inserting (2.2) into (2.1), we find that

—2p(z) +2ud =
1 2ukm(A —2E)"Y [ zg —
== [m(1 <> gdS + - / Y4 +2iz). (23)
S 5

We choose W in the form
2y(z) = i/[ln (1-%) ~in(1- %)}gds—k

2mi
5
_ -1
n 2ulm(A . 2F) /Ct? JS (2.4)
2mi o]
and insert (2.4) into (2.3). Thus we obtain
A—2EF)"1
~2p(2) + 20U = 5~ / < pkm(A — 2) /ggds, (2.5)
-z i T
5 ¢ 5

where o =2 —-(, 0 =2z - (.
Inserting (2.5) into (2.1) and then into (1.6), we get

. o ¢ pKm(A=2E)"" (o _ }
TUu {/1 5 945+ — S/EgdS . (20)
)

~ 0s(x)
Taking into account (2.2) and (2.4), the expression (1.4) takes the form
m(A—2E)~1 z Km(A-2E)=Y [z _
=——F |1 =)gdS+—"—"— | =7gd .
u omi / n ( g)g S+ omi /E gd5+¢(2)
5 S
Substitutibg here the value 1(z) from (2.4), we obtain
m(A—2E)~1 z
=—— [In(l-=)gdS—
u omi / . ( g)g 5
5
(2p)~1 / Z Km(A—-2E)~! / o _
—|m (1 Z)g ds + — Zgds.  (27)
s

The vector U is continuous up to the boundary.
Taking into account (2.6) and (2.7), in case of the third boundary value

problem to find g we obtain the integral equation of the form

()t = f(2), (sTU)" = F(z). (2.8)
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The use is now made of the system (2.8) which we rewrite as follows:

(nU)" =,
s 00 suKm(A—2E)~1 [ 5., 00 _ (2.9)
sg+2m,{/a dS+ — / 95 gdS ;=F(t), teS,
s s
where
0 = arctg u, x = (r1,22) € S. (2.10)
Yy — 1

To investigate the equation (2.9), besides the vector U we will need the
vector V' ([2]):

Vzi[—mcp( )+ —zgo

) ¥(2)].
Relying on [2], we have U + iV = ngo( an

0
TU = 2 [(A—2E)p(2) + Bz () + 2u0(2))
ds(x) (2.11)
9 , '
TV =i 55 [ — (A=2E)p(2) + Bz¢'(2) + 21 (2)],
where B = pl.
Using the vectors U and V', we can show that
oV ou
=1 — o1
NU = —im 95(@) NV =im B5(@) (2.12)

where N is the pseudostress operator ([2]).

The operator N is of great importance for investigation of boundary value
problems of statics of elastic mixtures.

For the solvability of the problem we have to investigate the system
(2.9). Towards this end, we consider the homogeneous equation obtained
from (2.9), when f = F = 0. Let it have a nontrivial solution which we
denote by go. Introduce the notation:

Ulz,go) = U (z), V(z,g0)=VO(x). (2.13)

From the uniqueness theorem we find that U®)(z) = 0, x € D*. Then
LU© =0 (2], p. 434) and TV (z) = 0. But as is known, (TV()+ =
(TV®)~. Using in this case Green’s formula in the domain D~, we have
VO (z) =0, 2 € D~. Thus we obtain TU®)(z) = 0, x € D~. Obviously,
for the vector go we have TU®) () = 0,z € D, and TU®) () = 0,z € D~.
Consequently, (TU(t))* =0, ¢ € S, and (TUO(t))~ =0, t € S. But
since there takes place the formula 2go = (TU® (t))T — (TUO(t))~ = 0,
we find that the homogeneous equation corresponding to (2.9) has a trivial
solution. In this case, the inhomogeneous equation (2.9) has always a unique
solution for an arbitrary right-hand side f and F.

Thus we have proved that the third boundary value problem of statics of
an elastic mixture has always a unique solution if s is not a parabolic type
line without center.
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3. SOLUTION OF THE THIRD BOUNDARY VALUE PROBLEM OF STATICS
OF AN ELASTIC MIXTURE IN THE DOMAIN D~

The third boundary value problem has the following boundary conditions
of the form:

(mU)” =f, (sTU)” =F, (3.1)

refers to the exterior boundary values of the domain

“_»

where the sign
D~ =E,\D +, and f and F' are known continuous functions.
From [2] we write out the well-known formulas

U =mep(z) + LZWZ)—&- P(z), V= i[— me(z) + ézap’(z) +W} (3.2)

2
and )
TU = 55 [(A—2E)p(z) + B2/ (2) + 2ut(2)]
- (3.3)
TV =i %(m) [ — (A—=2E)p(2) + Bz¢'(2) + 21 (2)],

where ¢(z) and ¢(z) are analytic vectors and A—2F is a nonsingular matrix,
ie., det(A—2E) >0, B = ul.
In the domain D~ we seek for ¢(z) in the form

o(z) = %/(lna —1Inz)gdS, (3.4)
S

where g is an unknown vector, 0 = z — . Hence we have

o(2) = —w/ (l - i)gds.

211 oz
S

Substituting ¢(z) and ¢’(z) into (3.3), we obtain

0 1
S

BUCA [ (2 S 07T

271, oz
s
TR S R TR Y
~ 0s(x) 2mi no—Inzg
S
B(A—-2E)7! z Z\_ —
Ry e
s

Choosing %(z) in the form

i 2mi

_om)-1
2up(z) = 1 (Ing—1nZz)gdS — B(A—2E)/ (% - %)@d& (3.6)
S S
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we get
1 B(A —2E)7 !
o= 9 —./(9—19)9(15— A=2E)" [ 54s],
Os(x) | mi i T
s s
(3.7)
_ ~1
Tv—_9 —/lnrgdS—B(A 2E) /%gds :
0s(x) i o]
3 3
where
0 = arctg u, ¥ = arctg 2 (3.8)
Y1 — 1 1

It is obvious from (3.7) that T'V is defined in both domains D" and D~.

Moreover, the equality
(TV)t =(TV)~ (3.9)
holds.

We consider that ¢() and ¥(z) appearing in (3.2) are defined by means
of (3.4) and (3.6). Then U and V are single-valued vectors, continuous up
to the boundary S.

Taking into account the boundary conditions of the third boundary value
problem, we can write

(nU)~ = f(t),
—sg+ %/(e—ﬁ)gdS— B —sz)—l /emgdS:F(t), tes, (310)
S S
where
A—2E)7!
U= %/(ma—lnz)gdS—
S
A—2E) -1
_%/@_%)gds- (25731 /(ma—lnz)gdSJr
S S
24)"'B(A - 2E)~1
e ;m. ) /(i—i)?dS. (3.11)
S

Obviously U is a single-valued vector, continuous up to the boundary S. In
this case, (3.10) is a system of Fredholm integral equations of second kind.

Let us now investigate (3.10). To this end, let us consider the homoge-
neous equation obtained from (3.10), when f = F = 0. Assume that it has
a nontrivial solution which we denote by gg. Introduce the notation

Ulw,g0) = U (@), V(w,g0) = VO (). (3.12)

From the uniqueness theorem we obtain U (z) = 0, 2 € D~. Then
LU (z) =0,z € D~, and TV (z) = 0. Taking into account the property
(TVO)= = (TVO)* and using Green’s formula in the domain D, we will
have V(O (z) = 0, 2 € D=. Then LV(®(z) = 0 and TU® (x) = 0. Finally,
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using the formula 0 = (TU)" — (TU)~ = 2go, we find that go = 0. Hence
our assumption that the homogeneous equation obtained by means of (3.10)
for f = F = 0 has a nontrivial solution is invalid.

Thus we have proved that the system (3.10) has always a unique solution,
when f and F are continuous functions and S is a parabolic type line without
center.

4. SOLUTION OF THE FOURTH BOUNDARY VALUE PROBLEM IN THE
DOMAIN DTt

The method of solution of the third boundary value problem in the do-
mains DT and D~ described above fits for the solution of the fourth bound-
ary value problem in the domains DT and D~.

The boundary conditions for the fourth boundary value problem in the
domain DT are

(st = f(t), (nTU)T =F(t), tesS, (4.1)

where sU and nT'U are the tangential components of the displacement vec-
tor and the normal components of the stress vector, respectively.

The conjugate vectors U and V have the form of (3.2). Moreover, the
formulas (3.3) hold. In (3.3) we take

A-2E)! —t
o) = B2 [ty as, (1.2
i ¢
S
where ¢ = (y1,y2) € S, and ¢ is an unknown vector. (4.2) yields
A—2E)! 1
¢'(z) = _AZ2B7 : ) /:gdS. (4.3)
2m
S
Substituting (4.2) and (4.3) into (2.12), we obtain
0 1 (—=z B(A—-2E)7! [z _ —
TU_as(x) [%/In c gdS 57 /ggdS—&-Zu (2)],
S
0 1 (—z
TV = —— /1 ds—
v ds(x) { 2mi / . ¢ 945 (4.4)
3
B(A —2E)7 ! —
_BA-2E)" /éadsmuw(z)].
2m T
]
In (4.4) we take 1(z) as follows:
1 -z
2u(z) = — e In c gdS+
3
B(A —2E)7 ! 1 -
+¥/é§d8——,/ln(gd$. (4.5)
2m o 2m
3 3
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Then (4.4) takes the form

_ 1
TU_LF/@LZS_M/QWS],
T g
S
1

Os(z) |7
9 1 B(A-2E (46)
TV = —/lnrgdS Q/ggds .
Os(z) |7 i o)
5 5
It follows from (4.6) that
(TU) = —g(t { / g dS — B(A-2E)" / eQ“’gds},
5 (4.7)

0 1 B(A-2F ,
(TV)+ = m [;/lnrg dsS — % /ezlegdS],
S S

where 6 is defined by (3.8), and 7 = \/(z1 — y1)? + (22 — y2)2.
It is obvious from (4.6) that the vector T'V is defined on the whole plane

and is continuous, i.e., we have

(TV)* = (TV)". (4.8)

Calculating from (3.2) the generalized stress vector, we find that

o (@“U)z—iafrf)l), o (@v»—«fw)j (49)
(T0)s —i(TU)s (V)i —i(TV)3

where ¢ is a constant and

* 0
TU = 75(2) [ —2¢(z) + 2u — »)U],
5 5 (4.10)
TV = 55(2) [—20(2) + 2u — »)V].
(4.9), let 3¢ = 2u — 2(A — E)~'u. Then
0
LU = 75(0) [ —2¢(z) +2(A - E)uU],
__ 90 ~1
LV = 75(2) [—2¢(z) +2(A - E)"'uV].
Bearing in mind the arguments given in [2], we have
TU = —i(A— E)LV, TV =i(A— E)LU, (4.11)

where TU and TV are obtained from (4.9), when > = 0.
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We can now rewrite (3.2) and (3.5) in the form
(sU)" =,
(nTU) = —ng(t) +n W — Gg dS—
s(t) L= % (4.12)
B(A-2E)1

™

5/ e2“’gds] = F(t),

where under U we mean that ¢, ¢’/(z) and ¢(z) are defined from (4.2) and
(4.3).

Thus for finding an unknown vector g we have obtained a system of Fred-
holm integral equations of second kind. Assume that (4.11) has a nontrivial
solution when f = F = 0, which we denote by gg. Let

Uz, go) = U (z), V(z,g0)=VO(x). (4.13)

By the uniqueness theorem, when S is not a parabolic type line without
center, we obtain

U z)=0, ze DT,
Then (4.11) yields LU (z) = 0 and
TV O (z) =0, z € D*.

But the vector TV (z) crosses continuously the boundary S. In this case
we have

(VO Nt = (@vO @)~ =o.
Using now the uniqueness theorem, in the domain D~ for the vector V()
we find that
VO(@z)=¢, zeD,
where c is a constant vector.
Thus we have obtained that

LvO(z)=0, ze D",
and using (4.11), we get

TUO () =0, z €D,

Since
(TUO ()~ = (TUO ()" = 290(t)
and
(TUO ()" = (TUO@)* =0,

we obtain go(t) = 0. Thus the homogeneous equation obtained from (4.12)
for f = F = 0 has only the trivial solution. Hence the equation (4.12) has
a unique solution, when f and F' are arbitrary continuous functions.

Thus our investigation of the fourth boundary value problem in the do-
main DT is complete.
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5. SOLUTION OF THE FOURTH BOUNDARY VALUE PROBLEM
IN THE DOMAIN D~

The fourth boundary value problem in the domain D~ is written as
follows:
(sU)" = f(t), (nTU)~ = F(1), teS, (5.1)
where f and F' are the known functions.
The vector ¢(z) is sought in the form

NEEE Ll
pl2) = —— n = 9(y) ds, (5-2)
s
where ( = y1 + iy2 € S, and g is an unknown vector. It follows from (5.2)
that
A—2E)"! g
P 2 /%ds. (5.3)
2m T
s
Substltutlng (5.2) and (5.3) into (3.3), we obtain
o)1
TU L2 g BA2E) /i@ dS+2u(2) |,
(x 2mi 2mi o
s s
0 1 (—=z
V= 5s@) {_ omi /ln ¢ 945 (5.4)
s
B(A-2E)7! —
_BA—28) /éydswuw(z)]-
2m ol
s

In (5.4) we take 1(z) such that

1 ___
2u(z) = — o 1n< c gdS+
S
_ -1 _
B4 QE) égds — i /1n§g ds. (5.5)
2mi o 2mi
S S

0s(x) i
S
B (5.6)
TV = 0 l/ln?"gdS—B(A 2E) /gyds
Os(z) |7 i T
S
where
6 = arctg g2 T2 (5.7)
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From (5.6) it follows
_ 2 |1 B(A-2E)"" [ 59
(TU)” =g(t) + ) [W/ngS— - /e gds|,
S

™
S

(TV)™ = aj(t) Hs/mrgds— B(A_—Q,E)ls/emgds].

(5.8)

211

It is evident from (5.6) that (T'V)~ is defined on the whole plane and is
continuous, i.e., we have

(TV)” =(TV)™ . (5.9)
We now write U and (5.6) in the form
(sU)” =1,
R NN
(nTU)™ =ng(t) + Bs(0) L" 5/6‘9 ds 5.0
B(A-2E)~!

T

S/ e2i9gds] = F(t),

where under U we mean that ¢, ¢/(z) and ¢(z) are defined from (5.2), (5.3)
and (5.5).

(5.10) is a system of Fredholm integral equations of second kind. Let us
investigate the system (5.10). Towards this end, we assume that (5.10) has
a nontrivial solution, when f = fF = 0, which we denote by go. Let

Uz, go) =UD(x), V(z,g0)=VO(x). (5.11)
By the uniqueness theorem , when S is not a straight line, we obtain
UO(z)=¢, €D,
where ¢ is a constant. Then we find from (4.11) that LU (z) = 0 and
TVO(2)=0, € D".
The vector TV(®)(z) crosses continuously the boundary S, and we have
(TvO@)” = (@vO@r)* =o.

Using now the uniqueness theorem in the domain D~ and assuming that
S is not a parabolic type line without center, we have

VO(z)=0, zeDT.
Hence we obtain LV () (z) = 0, € D*, and from (4.11) it follows that
TUO(2) =0, € DF.
Taking into account the formula

(TUO ()" — (TUO ()" =290
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and the fact that (TU©(t))~ = (TU© (t))* = 0, we find that
go =0.

Thus we have proved that a solution of the fourth boundary value prob-
lem in the domain D~ always exists if f and F' are continuous functions.
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