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SOLUTION OF A BOUNDARY VALUE PROBLEM
OF STATICS OF TWO-COMPONENT ELASTIC
MIXTURES FOR A SPACE WITH TWO
NONINTERSECTING SPHERICAL CAVITIES



Abstract. Using a general representation of solutions of a system of
homogeneous differential equations of statics of two-component elastic mix-
tures which is expressed by six harmonic functions, we study boundary value
problems of statics of two-component elastic mixtures for a space with two
nonintersecting spherical cavities when different boundary conditions are
given on the spherical surfaces. The uniqueness theorems are proved. The
solution of the considered problems is reduced to the investigation of an infi-
nite system of linear algebraic equations. It is proved that such systems are
quasiregular. The question of regularity of the partial displacement vector
is studied.
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INTRODUCTION

In recent years, considerable progress has been made in the investiga-
tion of physical and mechanical properties of composite materials, a stress-
strained state of structural elements with regard for their structure. The
results of the investigation in the composite material technology area have
applications in various spheres of industry and engineering. The present
work is dedicated to the effective solution of static problems of the linear
theory of a mixture of two isotropic elastic materials. We use the funda-
mental equations derived in Green, Naghdi [6], Steel [14] and Green, Steel
[7]. Some of the problems touched upon in the present work were considered
in various aspects by other authors. For example, Atkin, Chadwick, Steel
[1], Knops, Steel [10], Natroshvili, Jagmaidze, Svanadze [13] are dedicated
to the uniqueness theorems of various linearized dynamic problems of the
mixture theory. Effective solutions of problems of statics and steady-state
oscillations of the elastic mixture theory are obtained for a ball in [4] and
[13]. In the present work, a new approach is proposed to the solution of
boundary value problems for concrete domains.

1. SOME NOTATION, AUXILIARY FORMULAS AND THEOREMS

The three-dimensional Euclidean space is denoted by R?, and the points
(vectors) of this space by x, y, z. The coordinates of these points in the
basis e; = (1,0,0)7, e = (0,1,0)T, e3 = (0,0,1)" are denoted by z;, 2,
T35 Y1, Y2, Y3; 21, 22, 23. | is the transposition symbol.

We denote by Q7 a finite domain from R? with the boundary 052, and
by Q= the complement of the set & to R3 (@~ =R3\ Q).

If a function ®(z) defined in QF [Q27] is continuously extendable at a
point z € 99, then we denote by [®(2)]* ([®(z)]7) the limit

@) = Jim @) (@) = lin o).

We denote by r, ¥, ¢ (0 <7 < +00,0 < ¥ <7, 0 < p < 27) the spherical
coordinates of a point x € R3. Let us introduce the following vectors [12],
[16]:

Xk (0, 0) = e, Y,"™ (0, 0), k>0,

1 0 e 0
Yo (0 = — — £ Y(m) U k>1
k(0 0) Rk 1) (eﬁ 20 " smo a¢> e ) k21 (1.1)
1 ey O 0 (m)
Zie(9, ) = — — —e, — Y. "V, p), k>1,
k(0:9) k(k+1) (51n19 dp e 819) p (09)

where |m| <k, e,, ey, e, are the unit orthogonal vectors
. . . T
e, = (cosgosm ¥, sin ¢ sin ¢, cos 19) ,

. . T
ey = (cos«pcosﬁ,smgpcosﬂ, —sm19) ,
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Cp = (_ sin ¥, COS @, O)Ta

Yk( )(19,90):\/ = .Ek—km;'P’g )(cosﬁ)e #, (1.2)

P,Em)(cos ) is the first kind adjoint Legendre function of k-th degree and
m-th order [15]. In the sequel, under a vector we mean a one-column matrix.
On the sphere of unit radius the set

{ka(ﬁa SD)7 Ymk (197 SD)7 ka (197 SD)} ‘m|§k7 k:O,T.O

forms a complete orthonormalized system of vector functions in the space L.
The following identities are valid [2]:

er X (9,0)=Y,™(9,0), e YVii(9,0)=0, € - Zmi (0, ) =0,

er X ka(197 (P) =0, e X Ymk(ﬁa (P) = - mk('&a 90)7
ep X ka(ﬁv <P) = Ymk(ﬁv w)a
N d s
grad [a(T)Yk( )(19, cp)]:?i—(:) Xk (0, @)—i—# a(r)Yomr (9, @),

rot [a:a(r)Yk(m) (0, 9)] = VE(k+ 1) a(r) Zmk(9, ¢),
rot rot [a:a(r)Yk(m) (0, 9)] =

= L) )Xo (9, 0) 4RO (541 )l Yok (0, ),
(m{MmXﬁﬂawﬂ::Q%+§)an@R&@L
div [a(r) Yok (9, 9)] = — Mk+nﬂ?yy%a@,
div [a(r) Zmi(9, ¢)] =0, (1.3)
rot [a(r) X (0, 9)] = VAR T 1) 2 7,406, 0),

r

L o) Yo (6, ),

M (%_%)G(T)ka(ﬁa ©)— r
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where a(r) is a function of r, x = (x1,29,23)", a-b; a x b are the scalar
and the vector product of the vectors a and b, respectively.

Taking into account the recurrent relations of Legendre polynomials and
the orthogonality of the vectors (1.1), we obtain

9] k

SN eam)V ™M 0,0) = —ar(r)ng " (Aoo) Xoo (9, )+

k=0m=—k

oo k
DY {[ak )0 (k) = @k () ()| Xk (0, 0)

k=1m=—k

RO [ a1 ()52 a1 (3 (] Yo (9, 1

(1 k() G3) Ak) Znie (9, }, =12,
) k

Z Z egak(r)Yk(m) (19, @)Amk = LCLl (T)A01X00(19, QD)+
k=0m=—k \/g (1 4)

+Z Z {{\/ 17 zak—l(T)Amk_lJr

k=1m=—k

—I—\/% ak+1(T)Amk+1] X (9, 0)+

S R Bp—.
kR D) {E 7%2_7”1

_kil¢éZIB;ET;“““”&WHP%M&@+

ap—1(r)Amr—1—

m

+m ag (T)Amk ka (197 (P) }7

where A, is a constant and ay(r) is a function of r,

Amgik+1+

n(]’l)(A L) = 15 + 902, [\/(k+m+1)(k+m+2)
mk m -

2 (2k +1)(2k + 3)

; [k=m+1)(k—m+2)

015 + @62, k—m)(k—m—1
nfrz;)(Amk): Y 2 2 |:\/( 4)152_1 )Am+1k71+

+ (—1)j\/(k - n?i)k(fj-lm b Am1k1], (1.5)
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5oj +i01;
10D (Ami) = = [\/(k ")k +m A1) Apgri—

— WV m)E—m D An, 5= 1,2

d¢; is the Kronecker symbol, i = /—1.
Using the formulas (1.3) and taking into account the identity

ej X gradak(r)Yk(m) (9, ¢) = — 10t [ejak(r)Yk(m)(ﬁ,cp)], j=1,2,3,

from (1.4) we obtain

es} k
Z Z ajak 19 @)Amk =
k=0 m=—k
ShS ai(r)
(an 4
:Z Z (_1)]{Tngﬁ)(Amk)ka(ﬂv‘P)+
k=1m=—k
1 d 1
s (G + ) (A Vs (9, )+

1 (d k+2) (4,1)

+(=1)/ Vk(k +1) [m 7 g1 (1) (Ami )+

1/d k—1 2 :
+E (d_ - r )akl(r)nfrjy,k)(Amk)} ka(197<P)}7 J = 1727 (16)

Z Z Azag(r Y( ™) (9, 9)Ami —Z Z {—_ak A Xk (0, 0)—

k=0m=—k k=1m=—k

im d 1
SR At Yo (0,
o ar 7)) Ak (0,00
1 [R2=m2,d k-1
Kk o+ 1) [E 42— 1 (%_ r )a’“‘l(r)Am’“‘l_
1 (k+1)2—m?2 (d+k+2>
k1 \| @k+1)(2k+3) \dr

- (r)AmHl] Zoni(0,0) }

where 0; = e; x grad, n(j’e) j=1,2,0=1,2,3, has form (1.5).

mk

Using the formulas (1.3) and taking into account the identity

a m . m .
grad EP [ak(r)Yk( )(19, ¢)] =grad div [ejak(r)Yk( )(19, ©)], i=1,2,3,
J
from (1.4) we obtain

[e%S) k

> 2 grad—ak (Y™ (0, 0) A =

k=0m=—k

- _% (% + 2) 1(r )7700 ) (Ago) Xoo (9, )+
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oo k
S (I YCRLIE

k=1m=—k

drd k-1 (7.2)
+d7‘ (dT - r )akfl( )nmk (Amk):| ka('ﬂ, 90)+
VEk(k+1) d k+2 G
T |~ (a +— )ak+1(7’)?7mk (Apmr)+
d k—1 .

Z Z grad—a;C )Y(m)(ﬁ ©)Am :\/i_ di (— %)AOlXoo(ﬁ,go)—&-
k—

k=0m=—k

190 DR | STy KON

k=1m=—k

)ak 1(r)Apk—1+

(k+1)2-m? d d  k+2
+\/(2k+ 1)(2k + 3) dr (dr - Jars1 (1) Aness | Xk (0, 0)+

/k2—m21 d k-1
+Vk k+1[ 21 (ﬂ_ - )ak—1(T)Amk—1+

Let the vector f(i¥,p) satisfy sufficient smoothness conditions under

which it can be represented as a Fourier series

9] k

Z Z {akamk 19 QD)
k=0m=—k
+ VEGE+T) | B Yook (0, 9) + Yonk Zonk (D0 | (18)
where
2T ™
Qg = /d(p/f(ﬁ,w)fmk(ﬁ,w) sind dv, k>0,
0 0

F9, )Y mr (9, @) sind dd, k> 1, (1.9)

Bmk—\/ﬁ/d(p/

k(P 0)sinddd, k> 1.

Yk = \/k—H/ds@/fﬁcp
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Note that in the sequel, in (1.8) and in analogous series the summation
index k in the summands containing Y, (9, ¢) and Z,,,(9, @) varies from
1 to +oo.

The following theorems are valid [2].

Theorem 1.1. If f(z) € c® (09)), then the coefficients amk, Bmk, Ymk
defined by the formulas (1.9) admit the following estimates

Qmk = O™, Bk =0k~ 1), v = O™, £> 1.

Theorem 1.2. The vectors Xpmp (9, ©), Yk (9, 9), Zmk(9, @) admit the
following estimates for any k > 0

2k + 1
T
)

2k(k+ 1

> 1.10

Yok (9, )| < T kE>1, (1.10)
2k(k + 1)

| Ze (9, 0)| < o Bl

Moreover, as is known [4], [15],

V(0,0 </ o k=0 (1.11)

Definition 1.3. A vector u defined in the domain € will be called regular
if u e C*(Q)NCLHQ).

2. STATEMENT OF BOUNDARY VALUE PROBLEMS. UNIQUENESS
THEOREMS

The system of homogeneous differential equations of statics of the three-
dimensional theory of mixture of two isotropic elastic materials is written
in the form [6], [7], [14]

a1 Au’ + by graddivu' + cAu” + dgraddivu” = 0,

!/ : !/ " : " (21)
cAu' + dgraddivu’ + a2 Au” + bg graddivu” = 0,
where u' = (u},uh,us)", v’ = (uf,uy,uf)T are partial displacement vec-
tors,
_ _ 2 _
ay —,ul—/\5, b1 —,LL1+/\5+)\1—?042, CLQ—,[LQ—)\5,
b2:u2+)\2+/\5+%0/2, c=p3+ N5, ah=A3— Ay,
d=ps+Xs—Xs— 2ah, p=
= p3 + Az — 5—?0% p=p1+p2,
p1, p2 are the partial densities of the mixture; A1, Aa, ..., A5, 1, o, i3 are

the elasticity moduli characterizing the mechanical properties of the mixture



Solution of a Boundary Value Problem of Statics

which satisfy the conditions [3]

2
p1 >0, pips —p3 >0, As <0, >\1+§/L1 %042>0

2 P2 2 p1 p1 2
(ot =22 et) (ot gt B ab) > (st s t)
From these inequalities it follows that

a1a2—02 > 0, (a1—|—b1)(a2—|—b2)—(c—|—d)2 > 0.

Let us introduce the matrix differential operator

T®(9z,n) : TW(dz,n)
where

(Z)(Bm,n):[T,gf)(Bm,n)]gxg, £=1,2,3,4,

0 0 p
(1)(817 n):(,ul—/\5)5kj on (u1—|—/\5)nj M—F(/\l—?z é)nk
0 0
T35 @, m)= (s 2)0 5+ (15 =o g o (Ao =L a my
0 0
TS (0,m) = (s +36)00; 5+ (13— Ao, @+ (A4+”—; a;)nk

0
Tlgj)(a‘ru n) = (2 —\5)0k; an " (H2+As)nj 5— 8

93

The operator T(0x,n) defined by (2.4) is called the generalized stress

operator, dy; is the Kronecker symbol.

The vector form of the notation for the expressions T (dx,n), £ =

1,2,3,4, where u is a three-component vector, looks like

Tz, n)u = & % + nendivu + (e[n X rotul,
n

where
. . P2 4 _
§1 =21, 771—)\1—;0427 G = p1+ As,
&2 = 2u3, =X -5 p Lok, Co=pz— A5,
&3 = 2us, =M+ 2 0427 (3 = p3 — As,

&4 = 2u2, 7742)\2-1-;0/2, Ca = p2 + As.

(2.5)

Let 095, j = 1,2, be a spherical surface with center at the origin O; and
the radius R;. Denote by 5, j = 1,2, the ball bounded by the surface 0€;,
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while Q= = R*\ (O gﬁg)._ Assume that a homogeneous medium occupies
the domain Q~ and Q02 = @.

Problem. Find in the domain 2~ a regular solution U (x)=(u'(x)u" (x))T

of the system (2.1) which on the boundary 082, j = 1,2, satisfies one of the
following conditions:

[U()]" =f9%2), j=1,2, or (2.6)
[T(02,n)U(2)] = fV(2), j=1,2, or (2.7)
[n(2) /()] = PV (2), [n(2) x rotw'(2)] = fUD(2),

G s (2.8)
() w(2)] " =102(2), [n(z) x rotu(2)] = £02)(2), j=1,2,
where fU)(z) = (fUD(2), fU2(2)7 is a siz-component vector, {0 (z) =
(fl(J’é)(z)7 fz(]’é)(z)7 z)EJ’I“})(Z))T, 0,5 = 1,2, is a three-component vector,
f,gj’é)(z), Cj =1,2, k = 1,2,3,4, are given functions on 08, n(z) is
the outward normal vector with respect to ; at the point z € 0%;.

In the neighborhood of infinity the vector U(z) must satisfy the following
conditions:

uj(@) = O(l2[™), uj(z) = O(l=| ™),

j
o’ (x) oul (x) (2.9)
L = o(|z[7"), —L=— =o(lz]™"), k,j=1,2.3.
S el S <ol ), k=123

Denote by (I)~, (II)~ and (I1I)~ the problems containing the conditions
(2.6), (2.7) and (2.8), respectively.

Theorem 2.1. If 9Q; € A(), 0 < a < 1, then Problems (I)~, (II)~
and (II1)~ admit at most one regular solution.

Proof. The theorem will be proved if we show that the homogeneous prob-
lems (I),(II)y and (I1I); (f9(2) = 0, ff’l)(z) =0, ¢,j = 1,2) have
only the trivial solution.

Let us introduce the matrix differential operator A(dx):

AQx) = | ,
AB) (9z) AW (9x) 636
AO(0z) = [A)(02)], 50 €=1,2,3,4,
where

W a0y — 0
Ay (0x) = a10k; A + by Fondz;

0) 0
Ay (0z) = cop; A+ d , £=23,

Ox0x;
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2
A (07) = azdy A + by .
J

Using this notation, the system (2.1) can be written in the form
A(0x)U(z) = 0.

Let us write Green’s formula in the domain 2~ for the system (2.1). We
obtain [13]

/ [U() - @)U () + B@,U)] do =
o
= / [U(2)]” - [T(0z,n)U(z)] ds, (2.10)
001 UON2

where

E(U,U) = ()\1 - % a;) (divu')? + ()\2 n p—pl a;)(div u")?+

3 / 3 "
H ouf,  OujN2 o ouy  oui\2
Ty Zl(&c:jLﬁ) ) Z (8xf+ﬁ) +

J= sJ=

(8% ou; ) (8%’ ouj ) N

o2, T o0\ B, T A

oxr; Ox
k=1 "J k

3

A ou’ ou’ o '’ 2

+2()\3—p1 a’z) div ! diva” — 22 E (ﬁ__ﬂ_ Uy J) '
P 2 r . ]

The quadratic form of E(U,U) is provided by the inequality (2.2).
If in (2.10) we take into account the boundary conditions of the homo-
geneous problems (I)y, (II), and A(Oz)U = 0, then we obtain

/E(U, U)dx = 0.

Q-

Hence it follows that E(U,U) = 0. A solution of this equation has the
form [13]

u(z)=b+1]a xx], v (z)=b"+][d x2z],
where a’, b’, b" are arbitrary three-component constant vectors.
Taking into account the conditions at infinity (2.9), we conclude that
a=b=b=0ie u(zr)=0u"(x)=0,2€ Q.
In the case of Problem (III); we need to consider the scalar derivative
U-A(0z)U = (a1u’ + cu”)Au’ + (eu’ + agu) Au"+
+ (b1u’ + du”) graddiv ' + (du’ + beu”) grad divu”. (2.11)
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Let u = (u1,u2,u3)" and v = (vy,ve,v3)" be three-component vectors.
Then after some transformations we obtain

u - Av = div(udive) — divudive + divfu x rot v] — rotu - rot v,
u - graddive = div(udive) — divudivo.
Taking these equalities into account in (2.11), we obtain
U-A(0z)U = div [((al +b)u + (c+ d)u”) div '+
+ ((c+ d)u' + (az + ba)u") divu” + a1 (v’ x rotu')+
+ c(u” x rotu’) + e(u’ x rotu”) + ag(u” x rot u”)} —E(U,U), (2.12)
where

E(U,U) =

P [((al +by)dive + (¢ + d) div u”)2 + dy (div u”)z} +

1
+— {(al rotu’ + crot u”)2 + da(rot u”)ﬂ : (2.13)
ai
dv = (a1 + b1)(az + b2) — (C+ d)2 >0, dy=ajas — > 0.

Denote by B(0, R) the ball bounded by the spherical surface S(0, R) with
the center at the origin and of the radius R. Let Q = Q7 N B(0, R), where
R > 0 is sufficiently large so that 092; C B(0,R), j = 1, 2.

Applying the Gauss—Ostrogradskii theorem, from (2.12) we obtain

/ [U - A(8z)U + E(U,U)] dz =
Qg
=— /[U(z)]_ - [P(0z,m)U(2)] ds+/U(:v) - P(0x,n)U(z)ds, (2.14)
801U S(0,R)
where
U-P(9z,n)U = (n-u)[(a1 + by) dive' + (c + d) div u"]+
+ (n-u")[(c+ d)dive + (az + bg) dive”]—
— (a1u’ + cu”) - [n x rotu'] — (cu’ + agu”) - [n x rotu”].  (2.15)

Here we have used the identity n - [u X rotv] = —u - [n X rot v].
If in (2.15) we use the estimates (2.9), then we have

U(z) - P(0z -n)U(z) = o(R™?). (2.16)

If in both parts of the equality (2.14) we pass to limit as R — oo and
take into account the estimate (2.16), then we obtain

/[U - A(0x)U+E(U, U)] do=— / [U(2)]” - [P(0z,n)U(z)]  ds. (2.17)
Q- 801U
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Taking into account the boundary conditions of the problem (I1I); in
the formula (2.15), we have [U(z)] - [P(0z,n)U(z)]” =0,z € 0Q;, j =1,2.

Since A(0x)U = 0, from the formula (2.17), with the latter equality taken
into account, we obtain

/ E(U,U)dz = 0. (2.18)
a

Using (2.3), from (2.13) we obtain E(U,U) > 0. Taking this inequality
into account, from (2.18) we have E(U,U) =0, x € Q.

Hence, with (2.13) taken into account, we obtain divu'(z) = 0,
divu”(x) =0, rotu/(z) =0, rotu”(z) =0,z € Q.

A solution of this system has the form

u'(z) = grad Uy (x), u’(z)=grad¥s(z), =€, (2.19)

where ¥;(z), j = 1,2, is an arbitrary harmonic function.
Since [n(z)-v'(2)]” =0, [n(2)-u"(2)]” = 0, the harmonic function ¥ ;(z),
j =1,2, on the boundary 952; satisfies the Neumann condition

8\15-(2)} - .
=0 oy, £,j=1,2.
[ an(z) ) z E Z? 7] )

As is known, the Neumann homogeneous problem has the solution
U;i(x) = ¢; = const, j = 1,2, x € Q. Inserting this value of the func-
tion ¥;(z) into (2.19), we have that v'(x) =0, v”(z) =0, x € Q™. O

3. SOLUTION OF THE PROBLEM

Let us assume that the axes of the coordinate systems ijgj )xéj )a:gj ),
j = 1,2, are parallel and have the same orientation. We denote by z(/) =
(xg ),xgj),xé )) and (75,75, ;) the Cartesian and spherical coordinates of
the point z with respect to the coordinate systems O, a:(J ) (J ) (J ) j =
1,2. The spherical coordinates of the point O, with respect to the Sys-
tem legl)xgl)xgl) are denoted by (h, J9, o).

Since the axes of the coordinate systems are parallel and have the same
orientation, the following equality is true:

M =23 4 heg, (3.1)

where e = (cos @g sin g, sin g sin ¥, cos Jg) "
Passing to a new origin of the coordinates, we can write the transforma-
tion formula of the spherical coordinates in the form [5], [§]

Tqikilyk(m)(ﬁqv ®q) =

—Z Z GLm (90, 00V (05, 0), q#i =12, rj <h, (3.2)

p=0s=—p
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where

s,m s 1
Gty (Do, 00) = (=1)° [(=1)"814 + (=1)*824] Jpy *
An(2k+1)(k+p+m—s)(k+p—m+s)! }1/2

(2p+1)(2k+2p+1) (k+m)!(k—m)!(p+s)!(p—s)!
dk; is the Kronecker symbol, Yk(m)(ﬁq, ©q) has the form (1.2).

Y]:-:—;S) (1905 900)7

If in the formula (3.2) we take into account that
rg = 7’J2- + h* — (=1)%2hr;cosv;, q#j=1,2,
where
cosy; = sind; sin g cos(p — @) + cos¥; cos Vo,
and use the recurrent relations of Legendre polynomials [5], [15]
(k—m+1)sin 19P,£m71) (cos¥) = cos ﬂP,im)(cos 9) + P]ginl) (cos ),
(2k + 1) sin ﬁP,gmfl)(cos ¥) = P,ng) (cos¥) — P,gfl) (cos ),
sin 19P,£m+1)(cos 9) = (k —m) cos ﬁP,im)(cos V) — (k+ m)P,STl) (cos ),

d
sin 70 Pém) (cos1) = sin ﬂPémH) (cos¥) + m cos 19P,§m) (cos ),
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then we obtain

7”q_lﬁlyk(m Vg, 2q) Z Z [ Uiy (o, po)r 7

p=0s=—p
05 Do, o)t | VO (0, 05) a #5=12, (33)
where
pkq ™ (o, o) = G (90, p0) + (=1)T T h¢SD) (9o, o),
pkq ™ (99, o) —h2kaq (Vo, ¢o) + (— )thrjs(l]c);)(ﬁ07(p0)7

—s+1)(p—s+2 s—1.m
Cris(l]c)ZJ('l?O?(pO)_Slnﬁo[ \/(p 1 ) GSi) (9o, p0)—

(2p+1)(2p+3)

(Yo, o) |+

vo |[P+s+1(P+5+2) (st1,m)
(2p+1)(2p + 3) pHikyg

P+1)% =8> (sm)
+2COS§0\/W Gp—i—lk,q( 05900)5

+ + -1 s—1,m
<<2’q>(ﬂo,<po>—smﬁ{ \/(p Hp =) 6 o)~

mskp 4p 1 p—1k,q
[ (p - S)<p i ) s+1,m
_6%\/ 4p? — 1 Gz(v+1kq)(1907‘?0> -

2 —s? G(s,m

p )
— 2cos?y PP p71k,q(1907900)-

A solution of the considered problem will be sought in the form [4]

2
o () (i 2(, 9 () (50
u’(:c)_;{gradq)lj (:c(J))—Fgradrj (rj (9_7°j+1) [ @5 (z9))+

+51<1>§j) (:v(j))}—i—rot rot (:E(j)r?@éj) (:E(j)))—i—rot (x(j) @éj) (:v(j)))},

) 5 (3.4)
_ () (.0 2 () (.G
u”(:c)_;{grad oy (21)) +gradr? (rj 8_7°j+1) [32@5 (1) +
-I—Ozg(I)gj) (:v(j))]—i—rot rot (:E(j)r?@gj) (:v(j)))—i—rot (x(j)@éj) (x(j)))},
where <I)(J)(:1:(J)) j=1,2,,¢=1,2,...,6 are scalar harmonic functions,
20 = @) o 2T, ;= 2D vy =20 grad

8rj
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o] = dil [C(C =+ d) — a1 (ag + bg)} , ﬁl 1 (agd — Cbg)
Qg = dil [C(C+d) —ag(al +b1)}, Bo = (ald—cbl)

The harmonic functions <I>(])( @), j=1,2,£=1,2,...,6 will be sought in
the form

%S k

Z Z ( ) m)( Ja%ﬁg)Asi’;f), (3.5)

k=0m=—k
7=12 ¢=1,2,...,6,

where Afi’,f) are unknown constants.
We require of the ) (2)), j =1,2, £ =2,3,5,6, that

/ oW (z)ds =0, j=1,2, £=2,3,5,6, (3.6)
0%,
where 0€2} is the sphere with center at the point O; and of the radius R
(Rg+h <R <+o0,q#j=1,2).

Inserting the value of the function <I)(])( @), j=1,2,£=2,3,5,6, from
(3.5) in (3.6) and taking into account the identity

2w

//Ym)ﬁgosmﬁdﬁ {2\/_ k=m=0,

for others k£ and m,

we have A" =0, j=1,2,0=2,3,5,6.
Using the formulas (3.2), (3.3) and (3.5), we obtain:

o k
CI)(J) @)y Z Z rkY m) qa@q)st}f)v t=1,4,5,6,
k=0m=—k
TQ_(TJ_ o +1)<p§j>(z<ﬂ'>):
J 67‘j
o k
= —Z Z [r’qHQB (@:6) | kc(qj)}y(m)(ﬁqv‘%’q)v
k=0 m=—k 5 (37)
2 (T' v _|_3)(I)(])(:17(J)) =
J J 67‘j ¢
oo k
== > [ 4 b ESO|Y 0,00), €= 2.3,
k=0m=—k

o] k
0 . ) . .
(23 gy +3) 2 @) = =30 37 Ay D) LD (=23,
k=0m=—k
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where g # j = 1,2,

B = Z Z REFLGL) (o, 00) AGY, £=1,4,

p=0s=—p
oo P )
Z Z Rp+1kaJ 190’900)‘4%6)’ t=15,6,
p=1s=—p
oo P )
B =32 30 o)l Y o po) AGY, £=2.3,
p=1s=—p
oo p )
=2 3 PR A0, €= 2.3 (3.8)
p=1s=—

P
D(q}f) _ Z (p— 2)Rp+1a§;;;)( 0, 800>Ag§€), (=23,

8HM8

B 72 Z p— 2)RTD (o, 00) ALY, €= 2,3,

p= 15—*p
HSY — Z Z (2p — DRETIG (90, 00) AL, £ =2,3.
p=1s=—p

Taking the equalities (3.1) and (3.7) into account in (3.4) and using (1.5),
we obtain

k+1 Rj\k+2 (;
w=3 3 {5 () a+

k=0m=—k
R; RNk (i
+kRj((k—1)(oz1+1)+2)( ) AGD+uk(e—1)R; (22 ) AT+
J J
+ k?‘k_l(B(J’l) — o C Jv ) C(j’g) _ E(Jﬂ))_
rktt (al(k +2)BY2) 4 8, (k +2)BYY +
+(k+2)D - 2Hfiﬁ))}ka<19j, o1) + Vh(k + 1)x
1 [ Rj\Fk+2 (D) G2)
— (% AYY Rk 1) —2 A
x|:Rj(7“j) mk R((OL1+ ) )(7‘])
_51]€R ( ) A(J3)+ k 1(B(J 1) 107(75}3) _ﬁlcg}f))_
J

_ et (algfgﬁ + 4 BYY 4 ngf))} Yok (9, 05)+

RNK+L 4
RRHD[(2) ALY + B | Zun(0), w}+

rj
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]2}1602 Z kYm) ga%ﬁg)H(JQ)

k=0m=—k
+ (1 heo x grad y S 37 Y™ (05.0) B (3.9)
k=0 m=—k
k
E+1 Rj\kt2 (;
(J) ( ) A(JA)
e =3 3 {5 () s

k=0m=—k

+Bak(k—1)R; ( )A<J,2>+kR ((k_l)(a2+1)+2)( )Ao,

k= (B~ 30U aaCll - B

— 75 (Bak + 2)BYY + sk +2) B+

+ (k+ DY = 28UY) | Xa 03,05+
1 /R\Nk+2 ., RiNF  (j2)
R+ 1) | = (22) A% - gokR (<) AU -
| g (1) - ks (1)
Rk .
— Ry(kaz+1) = 2) (=2) A0+
rj
+ri N (B = 520,50 — 02O — EJY) -
— I (RBYD + aaBUY + DUD) | Yon(0, )+
R;
]

oo k
+(=172he0 Y ST VM W), ) HYD +
k=0m=—k

k(k—s—l)K >k+ A(J6)+r B(a6)}27%(19],7%}_F

) k
+(=1)heoxgradd " S~ kv (9, 0)BYY, j=1,2. (3.10)
k=0m=—k

Using the formulas (1) and (1.8), we have

JQhﬁOZ Z kYm) Jv‘PJ)H(Lé)

k=0m=—k
00 k
L — j, il
:Z Z {{ PG (U0) 4 ok 1Ug:>(Hgk>)}kawj7%)+

ekt 1) 1 oy, L ko1 G2 it
[k+1 ry o (H) ry 1ng)(Hgk))]Ymk(ﬁja@j)+

N‘
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+\/k(k+1)r;?afgﬁ(Hf,{;f))ka(ﬁj,@j)}, j=1,2, £=23, (3.11)

) k
(—1)Yheq x grad Y Y rFv M (0,0, BYY =
k=0 m=—k
4 ¢ k(k+1)
_Z Z { o0 (B r(wzbk))x[ka(ﬁjv@j)"’Tymk(ﬁjv@j)}"'

k=0m=—k

+Vk(k+1)r J 5) 7, e))ka(ﬁj,cpj)}, j=1,2, £=05,6, (3.12)
where

o 1)(H( ]f)) = (- )321{005 ©o 811119077 (H(J 2))

Ok m

. . 2,1 i (k+1)2—m? j 0
+sin g smﬁonfnk)(Hfik))—COSﬁo (2k11)(2k13) fvsz)rl g

U (L) = (1728 cos posin (2 1131+
+ sin g sin 190777(3}@2) (H,Si e)) + cos g % Hg}f)l] ,
afi’kg) (Hg}f)) = 72?]5;15 [cos o sin 19077(1 3)(H(J 2)) sin ¢ sin Jg x
x 3 (HID) L im cos 9o HY; >], j=1,2, £=2,3, (3.13)
A HGD) = (171 = cosgosindunl 7 )+

—l—smﬁosmgoonfn 3)(B(J )) zmcosﬁoBJ )]

5 ¢ (2k+3)h [ 11 0 2,1 0
fik)(Hf(nk)) = (_1)J ﬁ 777(711@ )(Bf(ik)) +777(nk )(Bf(ik))_

(k+1)2—m2 (o _
1\ or = 1ok =3y P — 192 /—506.
\/(2k+1)(2k+3) i1 J=1,2, £=5,6

Taking the equalities (3.11)and (3.12) into account in (3.9) and (3.10),
we obtain

%) k
D=3 {ugi(rj)ka(ﬁjasﬁj)Jr

k=0m=—k

k(k+1) [vfi])c("’j)ymk(ﬁj, ©7) + Wi (1) Zio (95, %')} }v (3.14)
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) =3 3 o) X, )+
k=0m=—k
EED [0 ()Y wj,%>+w5,%,l<rj>zmkwj,sm]}, =12,

where

n k+1 (RjNk+2 (s
uph() = == (32) A+

+ kR ((k — )(a1+1)+2)( )AU?)

mk

R.
+61k(k_1)RJ(T_J) A(]73)_|_ k+1€]71)+ k lg(Jx2)
J

@y L (BN Gy o (BiNE LG
k(1) = (Tj) AU R (k(an +1) 2)(Tj) AU
1 _ .
_51]€R( J) A(J3)+ k+1€J3 +ET;€ 1(5731}62),

RaNk+1 . ,
win () = (32) AGD + k0, (3.15)

J
@y kAL RNE () e (B G
k() = =5 (Tj) AUD & Bok(k 1)R](Tj) AUy

+ kR ((k = D(az+1) + 2) (%)%J*’"’)Jr
J

_,_T;_cﬂggf)_i_ k— 1636

mk
1 | k2 k.
v(2l)c(TJ') - (&) J74) — BokR, (R ) A(Lk?)_
" Ry Ay rg/ "
RiNE . . 1 .
~R;(k(az+1)—2) (T—j) AGD +5 D+ D,
-\ k+1
w® (r;) = (&) AGD) 1 kg,
T
(90 = —ay(k+2)BYY — ik +2)BYY —

—(k+ 2D + 2H£i;f) — o (D),
(92 = kBUY — a1 kY2 — kY — kEUD 1
,2 2 4 5
+ o (HZ) + o (BUY),

; ; ; 1
ggrﬂlf’) — _alB(J»Q) _ ﬁlB(ng’) _ D(J 2) 4+ k . 7(71161)(1_‘[7(7{]3)),

é(]}j) _ B(]75) + O.(J)B) (H(L?)) _|_O.(]75) (B(J)5)) (316)

m

099 — 25U _ 5y (k4 2)BYY — as(k + 2)BYY —
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—(k+2)D 7(3”3) (J;l)( (J73))7

(99 = kB — k02— k;l:cf,{;? ~ kESD +

o (HO) + o (L),

— _8,BUD _ 0, BUD _ pUd | ﬁag}j)(ﬂgg),
é(JykS) B(]ﬁ) + 0(3’3) (H(]’?’)) +a(]’5) (B(J,G))

m

Let us consider Problem (I)~. It will be assumed that in the system
(1.1) the vector function fU-9(z), £,j = 1,2, is expanded into a series as
follows:

f(J’e) Z Z { mk(V,05)+

k=0 m=—k
k(k +1) |89 Yor (95, 05) + 100 Zine (95, 0 0. (3.17
(k4 1) | Bt Yok (05, 05) + Vi, Zmie(F5,05) | ¢ 2 € 0. (3.17)

If in both parts of the equality (3) we pass to limit as x — z € 99Q;
(rj — R;) and take into account the boundary conditions of the problem
(I)~ and the formulas (3.15) and (3.17), then for the unknown constants
we obtain the following system of algebraic equations:

__Aoﬂol +R [(J 1) +R [(J 2) _ ((JJ('JJ),

3.18)

LG 5) . L 66 _ (G2 (

__A(J, ) R; g(]; KJ; Js — 1.9
R] + + R] aOO ) .] <y

ka1 , , 4
L AGY kR (k= 1) (a1 +1)+2) ATD 4 Bie(k— 1) R; AUD =2 03D,

J

7 A = Ry (k(on +1) =2)ATY — Bk R ALY =
J

k41
RJ
FER;((k — 1)(ag + 1) +2)A%Y = 203 (3.19)

= AU+ Bok(k — 1R AYD+

1 _
= Aui = Bk RGATD = Ry (k(oz + 1) = 2) AT = a0
J

mk Lk >

AGD 2 G5 4GS _ 60 sy
where
Iﬁi)kl) _ asi)kl) _ R§+1£§ix1) Rk 1£(Jx2)

mk

mk’

2) _ ﬁ(j,l) _ Rl_c+1€(jv3) . Rk 1( 3,2)
I(j)3) (.7:2) Rk+1£(]x5) Rk lg(.]ﬁ) (320)

mk mk
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mk

j,4 j,2 k j,7 1 k— j,6
wgk):ﬁgk)_Rj—i_lggk)_ERj 1((] )
A5 D < R, P oD RSP, k21, =

If in the formulas (3) we use the notation of (3.8) and (3.13), then we
have

00 p
0 =373 REF O AL — Bk + 2)paly) (90, 0) ALY,

p=1s=—p
o0 p
1,2 m,s R 1,2 s
D =373 R [RGB, o) ALY + CU A~
p=1s=—p
— Bukpby (9, 00) AL + 0G0 (Gl Al |+
+ quGgg:)qO) (1907 <P0)AE)%’1)7
o0 p
1,3 1,3 m,s
G0 =303 R CUSAGY — Bipaly) o, 0) ALY
p=1s=—p
00 p
j 4 i3 m,s , j 4 ,
Egk) = Z Z qu)H {(217 - 1)0216)((;1(@,(1))142% 2+ Cginp)kAg% 5)}
p=1s=—p
o0 p
5 m,s 1,5
(=30 DR [ Bk 2paly (Do, o) AGD + O A (3.21)
p=1ls=—p
o0 p
j,6 m,s ),6
G0 =373 BRI = Bapkbf (90, 90) AL + Coo AL+
p=1s=—p
RO (Do, 00) ALY + o0 (G0 A +
+ quG%”qO) (Do, p0) A,
o0 p
N m,s 1,7
00 =37 30 Ry = apaly) (0. 00) ALY + COT ALY
p=1s=—p
00 p
(4:8) _ (4,3) ( (1(m,s) , (4.8) ,
G =33 Rt [p - 0ol (G ALY + G, a0,
p=1s=—p
where

Cgﬁ;)k = _(k + 2) [p(oq + 1) — 2] a}g’;:;) (1907 SDO)+
+2(2p — 1)G(mﬁs)(1907 o)+ (2p — 1)g(j*1)(G(mws)),

kp,q mk kp,q
Clhk = —klp(ar +1) = 2677 (o, w0) + (20 — Do (Gl)),
j,3 m,s 217 -1 j,1 m,s
Oigylp)k = - [p(al + 1) - 2] a’](cp7q)(1907 <P0) + m 07(7]7,k ) (chp,q ))7

Clk = Gl (D0, 00) + 002 (G,

smpk — “'kp,q kp,q
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Os(i’zi)k =2(2p— l)G,(Cz;)(ﬁo, ®o0)—
— (k+2)[ploz +1) — 2)al ) (90, 00) — (20 — Do (G,

U0 — —k[p(as +1) — 2] (90, po) + (2p — 1o (G,

smpk kp,q kp,q
1,7 m,s 2]? 1 ), 1 m,s
Os(znp)k = - [p(a2 + 1) — 2] al(cpﬂ)(l%, (po) + m Ufik)(G;p)q )),
j,8 m,s j,5 m,s .
Cginp)k = Gl(cnq ) (1907 SDO) + O"S?{Lk ) (Gl(cp,q ))7 J 7& q= 1u 2.

With (3.22) taken into account, the system (3.18) implies

A = R+

S p

j, 1 , 0,s ,
+3° 3 w0 A — 26,palyy) (00, 00) ALY,
p=1s=—p
, , (3.22)
4 ,2
MG = ~Ryolf?+
0 p
+3° % R2prt! [ — 28apa§) (00, p0) AL + cggngggf’)} .
p=1s=—p
A solution of the system (3) has the form
Amk = H(k)xmk, (3.23)
where
A = [ALD . ALD 4@ 4RO
e e
Tk = [mm}c O S N /U AN N ] ,
HM (k) 0 _ _
HE)= | oo L HO() = [0 ()] g 7=1.2,
0 H(2) (k) 12x12
)y — L%
h) (k) = M(Jk) [— A(k) + 4(2k — D)(azk — k —1)],
) _ 2Rjk 1k(k —1)ds 2 _ 2
W) = 30 [ Tk Do — (B = Do — (B +1) }
: 261 Rik(2k —1) () 261 Rik(2k% + k — 1)
h(]) k) = — J B9 (k) = _ J
13( ) A(k) ) 14( ) A(k) ’

hD (k) =0, £=5,6,

pD () = R B ) 2 () + Rk~ 1)
2 202k —1)RZ * % 2(2k — 1)R? ’

()

(4) (4)
)y Dis (k) G hid (k) O
h23 (k)_(2k—l)R§ ’ h24 (k)_(2k—1)R]2 ’ h2€ (k)_07 6_5767
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hé?(lc):—m 2 k(a1 +1) =2k )R} (k) +R; (k(or+1)=2)].
h$ (k) = —Wm [2(/‘3(011 +1) — 2k — 1)h{ (k) +
+R;((k = D(e1 +1) +2)),
) = - T ), E= 5 B =0, 0=50
n () = — 2L CE 1) zRféZf U = -2k k(ilzz)_ SR
3 (k) = Qf(jk) [— A(k) +4(2k — 1) (key — k — 1)],
h{) (k) = QA}% [k(k ;ll)d“‘ +k(k + ay — (k% — D)oo — (k + 1)2},

W) (k) =0, =56, WD (k) =1, £=5,6,
W) (k) =0, £=1,2,3,4,6, h{)(k)=0, £=1,2,...,5,
A(k) = —4{(0110@ — B1B2)k? — (a1 + an)k(k+1) + (k+1) }

Since ayag — (182 = Z—f >0, a1 + as < 0, we have A(k) < 0.
If the values AO{)’Z) ¢ = 1,4 from (3.22) are inserted into the expression
(99 ¢ — 2.6, contained in (3.21), then we obtain

mk

,2 m,0 ,1
é(] )7_kR2G§€0q)(1905900) (q )_|_

mk T

_|_Z Z { R;DJrlequ) (%o, @O)A(q 1) RerlC (4,2) A q 2)

smpk
p=ls=—p
_ﬁlkpRprl(;;;)wO, sDo)A(q’g)+RPHU(J?)(G;($;))A§Z’5)+

+ kRSRp-i-l G(m 0) (1907 SDO)Cs(éplo)A (4,2) _
~ 261kpRBRP“G%£> (Yo, w0)aly?) (o, 90)AG? |,

G = kRQGI(chqO)(ﬁo,sﬁo) 0+ (3.25)
+ Z Z [kRerlG(m S)wo’ <P0)A( q,4) _
p=1s=—p
— BapkREVIB (1o, 00) A2 + REFICUD), AW+
q kp,q smpk
+1 (J14) (m,S) ,6
+RY (G VAG® ~

— 20opk R} p“G,;qu (D0, p0)al?) (9o, o) AL+
+RRIRE G (90, 00)Cm AGY .
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Substituting the values éfi’,f), j=12¢=12...,8, from (3.21) and
(3.24) into (3), we have

P
Tk = Omk + Z Z N(s,m,p, k)Agp, (3.26)

p=1s=—p

where Agp, T have the form (3.24), and

N(s,m,p, k) = | oo ,
N(é)smpk [ (J (s,m,p, )]6x6, £=1,2,
N(é)smpk [ (J (s,m,p, )]6x6, =12,

= [0 80 5D 0]

GU2D — oD 4 pR2RE GO ; (90, 00)af”,
a = 50 e) +RIR;™ Gy . '(9o, po)alls”, (327)
&(j’5) %(rzl) ~(16) %(n]C L jAq=1,2, (=1,2;

)

N (s,m,p, k) = —kRIRITPGL0 Y (90, 00)C30,

N3 (s,m,p, k) = 261 kpRERS PG (90, p0)agys (9o, o),

N33 (s, m,p, k) = 26:kpRER; PG (90, po)agys (9o, o),

N (s,m,p, k) = —kRIRF PG (99, 00) C0), (3.28)
Nl-(g)(s,mm, k) = % i@w(&mm, k), i=2,4, £=2,3,

NP (s,m,p, k) =0, i=1,2,3,4, £=1,4,5,6,

NP (s,m,p,k) =0, i=56, £=1,2,....6, j#£q=1,2;

N (s,m,p, k) = —kRET'REFLGLY) (90, 00),
Nl(%) (S’ m, ps k) Rk 1RP+1 [R2Csmpk + Csmpk}
N (s.m.p.k) = ipRETRE
x [R3(k + 2)“;7;;)(1907 ®o) + kbé’;f’j) (Y0, %0)],
N (s,m,p, k) = —RE REH 6D (G,
N9 (s,m,p, k) =0, £=4,6,
N (s,m,p. k) = —RETTREVIG (90, o),

kp,q
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k—1 pp+1 | p2,~(4,3) L G2
R Rp |:R Csmpk + E Csmpk}’
— BipRETRET[R2a{™) (W0, 00) + b (90, 0)),
_ 4 m,s
_ER;? 1R1q)+1or(ik)(Gl(€pyq))’

= BapR; Ry

s,m, p, k
x [(k+2)R2a"* (00, po) + kbr) (90, o)),
NG b) = ~RE R [RECGT + CE).
Néi)(s m,p, k) = Rk 1RPHG,($;)(190,@0),
Nig) (s, m,p, k) = —Rj T R0 (G),
Kféi)(smp k)=0, £=1,5,
N (s,m,p, k) = BapR} 1RP+1[R2a,($;)(190,¢0) + b (9o, 00)],
Ni )(S’m’n k) = Rk lRp+1 {3205(3{;)1@ Os(f{gk}
NP (s,m,p, k) = R’“ 1RP+10225><ﬁo,w0>,
N (s,m,p, k) = — 1 RERE0UD (G,
Kfii)(smn k)=0, 6—1,5,
N (s,m,p,k) = —(2p — DR} RZ o2 (G, (3.29)
Kféé)(s m,p, k) = RkRp"’lCanik,
N9 (s,m,p, k) =0, £=1,3,4,6,
NG (s.m.p. k) = ~(2p = DR R o [0 (@),
NG (s.m.p. k) = —REREH OO
(s,m,p, k)

=0, £=1,2,4,6, j#q=1,2.

If the values of the vector @, from (3.26) are inserted into (3.23), then
for the unknown constants we obtain the following infinite system of linear
algebraic equations:

o P
Apk =0k + Y Y LampeAsp, k=1, (3.30)
p=1s=—p

where A, has the form (3.24),

Umk = H(k)amk; Lsmpk = H(k)N(Sv m,p, k)a
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[ I
smp smp
Lamphk = [cvveeeeeennnnnns ,
3 4
Lgnipk . Lgn)mpk
L) =HOK)ND (s,m,p, k), LE)  =HY(kK)ND(s,m,p, k), 51
LY =HO (RN (s,m,p, k), Lij‘,lpk HO N (s,m,p, k).

Let us investigate the system (3.30). For this we need estimates of the
elements of the matrix Ly, with respect to p and k.
The following estimate is valid [8]:

[(p-i—k—&-m—s) (p+k—m+s)! }1/2 (p+k)!

Grmlh—mptsp—s) = pm o Bzl pzl (332)

Taking the inequalities (1.11) and (3.32) into account, we obtain

1 [2p+1 (p+k)!
’kaq 1907900 ’ — dk+p+1 2k+1 p'k' )
(m,s) 3 2p+1 (p+k+1)!
|av ) (o, o) < T\ 2T SRR (3.33)

3 [2p+1 (p+k)
L 190’900)’<dk+1’*1 2k+1 plk!

Using the inequalities (3.33), from (3.31), with the formulas (3.28) and
(3.29) taken into account, we obtain the following estimates:

LS| < ak(p+1)2(

smpk

Rl)k+P 2p+1
d 2k+1"°

L& < s+ D+ () (52)"

y (k+p+1)! [2p+1
plk+1)! V2k+1~

(B.43)| o Ra\F Ry\pt! (3.34)
L3 <+ 1k + 1 (B2)" (B

><(l<:+p+1)! [2p+1
plk+1)! V2k+1~
&)Hp 2p+1

d 2k +1°
6732172au67 k217 p217

L ) < 6k(p+ 1)

smpk

where «, (3, v, § are positive constants not depending on p and k.
Let us show that the system (3.30) is quasiregular, which means that the
regularity condition is fulfilled only in the rows, starting from a certain one,
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ie., [9]

P 12

STNS LD <1, k=N+1,N+2,..., £=1,2,...,12,  (3.35)

p=1s=—pj=1
and, moreover,

0 P 12

SN S < oo, k=1,2,...,N, £=1,2,...,12, (3.36)

p=1s=—p j=1

oo p 12 )
el <M (1= >0 D0 ST ILEDL), (3.37)

p=N+1s=—p j=1
k=N+1,N+2,..., {=1,2,...,12

where M > 0 is a constant.
We first prove the existence of a natural number N such that for £ > N
we have the following inequality:

[e%s) D 12
”
SN S <10 (3.39)
p=1s=—pj=1
k=N+1,N+2,..., £=1,2,...,12

where 0 < &/ < p<e< 1l
Taking into account the inequalities (3.34) and the identity [5]

o0

k+p)! 1 \k+1
Z(+p) tp:( ) L, 0<t<1,
p=0

k!p! 1—t

we obtain
e’} D 12
() Ry\k Ry \k
;s;p;wmpk' <owk(=) +ouk(=2) +

tos(k+ 1)4(d—dR2)5(dfle)k Foalk+ 1)4(d—dR1)5(df%2Rl)k =

R k
< ak‘*(ﬁ) k>, (3.39)
- 2

where o, gy, £ = 1,2, 3,4, are positive constants not depending on k.
The following lemma is true [3].

Lemma 3.1. If 0 < a = const < 1, ¢ = const > 0, m and k are natural
numbers, then the inequality k™a* < c is valid for any

k> N = max {27 [4a%c_%(1 - al/m)_2] },

where [o] is the integer part of the number enclosed in the brackets.
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By virtue of this lemma we conclude that the inequality

0k4(di{1R2)k <l-p

holds for any k > N where

N = max {2, [104 (1~ ) HRE (VT T - V) ]}

Thus we have proved the inequality (3.38) and, along with it, the inequality
(3.35).
From the inequality (3.39) it follows that

P 12
SN SIS <okt <oN'<4oo, k=1,2,...,N, (=1,2,...,12.

p=ls=—pj=1
The inequality (3.36) is thereby proved.
Let us choose a constant M such that
1
M == max|amrel, E>1, £=1,2,...,12.

E/
Hence, with (3.38) taken into account, it follows that

|Cmke,e] < max|amk7g| =Me' < Mp <

(1= 3 Y <M (1= 3 SV L), ()

p=ls=—pj=1 p=N+1s=—pj=1
k=N+1,N+2,..., £=1,2,...,12.

The inequality (3.37) is thereby proved.

Thus we have proved that the system (3.30) is quasiregular. As is known
[9], the problem of the existence of a solution of such a system reduces to
the problem of the existence of a solution of a finite system.

From the system (3) it follows that for k — oo

j,1 1 2 1
|~ gl ~ 180
|$(J13)| |aj2)| |$(J4)|N|ﬂj2)|
j,5 1 ,6 2 .
29D~ S0 129D~ D), =12,
The series (3) containing the constants Bfi]f), (=1,2,. C,(,i,f),
Dy, v, e) E(J Y Hr(,szf)a { = 2,3, converge irrespective of the fact Whether

x € Q or x E 09, 7 = 1,2. The regularity of the vector U = (uv/,u") de-
pends on the convergence of the series (3) and their derivatives of first order
containing the constants A(M) j=1,2¢=1,2,...,6. If z € Q, then
r; > Rj, 7 = 1,2, and the above—mentioned series converge absolutely and
uniformly in Q’. If x € 09, then, in view of the estimates (1.10), (1.11),
for the convergence of the series (3) and their first degree derivatives it is
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sufficient that the coefficients afﬁg, ﬁfﬂg, ”yfgc, 7 =1,2, admit the following
estimates for k£ — oo

P =0k, Y. =0k, 7Y =0k, j=1,2.  (341)

mk

From Theorem 1.1 it follows that the coefficients o) 7(2;6, 77(2,)6, ji=1,2,

mk?

admit the estimates (3.41) if the vector function f)(z) belongs to the class
fU(2) € C*(09y), j =1,2.

Note that since the coefficients 0‘57]3@7 7(7]3@7 *yg;g, 7 =1,2, tend to zero for
k — oo, we can always choose a constant M > 0 such that the inequality
(3.40) be fulfilled.

With (3.5) taken into account, from (3.4) it follows that for |z| — co we
have

g\
&vk

Problem (I)~ is solved.
Problems (IT)~ and (III)~ are solved analogously.
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