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THE WELL-POSEDNESS OF A SEMILINEAR
WAVE EQUATION ASSOCIATED WITH A LINEAR
INTEGRAL EQUATION AT THE BOUNDARY



Abstract. In this paper, we prove the well-posedness for a mixed nonho-
mogeneous problem for a semilinear wave equation associated with a linear
integral equation at the boundary.
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1. INTRODUCTION

We investigate the following problem: find a pair (u,Q) of functions
satisfying

uge — () Uz + Flu,ug) = f(z,t), 0<z <1, 0<t<T, (1.1)
u(0,t) = 0, (1.2)

—p(t)ux(1,) = Q(1), (1.3)

u(z,0) = uo(x), wue(x,0)=u1(z), (1.4)

where F(u,u;) = K|u[P~2u+ \ug |9 2u; with p, ¢ > 2, K, X given constants,
ug, U1, f, p are given functions satisfying conditions specified later, and the
unknown function u(z,t) and the unknown boundary value Q(¢) satisfy the
following integral equation

t

Q) = K1(t)u(1,t) + M (H)ue(1,¢) — g(t) — /k(t —s)u(l,s)ds  (1.5)
0
with g, k, Ky, A1 given functions.

This problem is a mathematical model describing the shock of a rigid
body and a viscoelastic bar (see [1], [2], [8], [9], [10], [11]) considered by
several authors.

In [1], with F(u,u;) = Ku + Mg, p(t) = a?, f(z,t) = 0, An and Trieu
studied the equation (1.1); in the domain [0,!] x [0,7] when the initial
data are homogeneous, namely u(z,0) = u(z,0) = 0 and the boundary
conditions are given by

(1.6)

Euz(ovt) = _f(t)v
u(l,t) =0,

where E is a constant.

In [6], Long and Dinh considered the problem (1.1)—(1.4) with A\ (¢) =0,
Ki(t) = h > 0, u(t) = 1, the unknown function u(x,t) and the unknown
boundary value Q(t) satisfying the following integral equation

Q(t) = hu(1,t) — g(t) — /k(t —s)u(1,s)ds. (1.7)
0

We note that Eq. (1.7) is deduced from a Cauchy problem for an ordinary
differential equation at the boundary x = 1.

In [2], Bergounioux, Long and Dinh proved the unique solvability for
the problem (1.1), (1.4), where u(t) = 1, F(u,u) is linear and the mixed
boundary conditions (1.2), (1.3) replaced by

t

e (0,1) = hu(0, ) + g(t) — /k(t — )u(0, s) ds, (1.8)
0



72 Ut V. Lé

ua(1,8) + Kiu(1,t) + Mue(1,) = 0. (1.9)

In [12], Santos studied the asymptotic behavior of the solution of the prob-
lem (1.1), (1.2), (1.4) in the case where F(u,u;) = 0 associated with a
boundary condition of memory type at x = 1 as follows

u(1,t) + /g(t —s)p(s)ug(1,s)ds =0, t>0. (1.10)
0

In [8], Long, Dinh and Diem obtained the unique existence, regularity
and asymptotic expansion of the solution of the problem (1.1)—(1.4) in the
case where u(t) = 1, Q(t) = Kiu(1,t) + Mue(1,t), ug(0,t) = P(t), where
P(t) satisfies (1.7) instead of Q(¢).

In [9]-[11], Long, Lé and Truc gave the unique existence, stability, reg-
ularity in time variable and asymptotic expansion for the solution of the
problem (1.1)—(1.5) when F(u,u:) = Ku + Aug.

The present paper consists of two main parts. In Part 1, we prove a the-
orem on existence and uniqueness of a weak solution (u, Q) of the problem
(1.1)—(1.5). The proof is based on a Galerkin type approximation associated
with various energy estimates type bounds, weak convergence and compact-
ness arguments. The main difficulties encountered here are the boundary
condition at = 1 and the presence of the nonlinear term F'(u, u). In order
to overcome these particular difficulties, stronger assumptions on the initial
conditions ug, u; and parameters K, A\ will be imposed. It is remarkable
that the linearization method from the papers [3], [7] can not be used in
[2], [5], [6]. In the second part we show the stability of the solution of the
problem (1.1)—(1.5) in suitable spaces. The results obtained here may be
considered as generalizations of those in An and Trieu [1] and in Long, Dinh,
Lé, Truc and Santos ([2], [3], [5]-[12]).

2. THE EXISTENCE AND UNIQUENESS OF THE SOLUTION

First we introduce some preliminary results and notation used in this
paper. Put Q = (0,1), Qr = Q x (0,T), T > 0. We omit the definitions of
usual function spaces: C™(Q), LP = LP()), W™P(£2). We denote W™P =
Wme(Q), LP = WOP(Q), H™ = W™2(Q), L <p< oo, m=0,1,....

The norm in L? is denoted by || - ||. We also denote by (-,-) the scalar
product in L? or the dual scalar product of a continuous linear functional
with an element of a function space. We denote by || - ||x the norm of a
Banach space X and by X’ the dual space to X. We denote by L?(0,T; X),
1 < p < o0, the Banach space of the real measurable functions w : (0,7) —

X such that

T 1/p
ol = ([l ) <o it 1<p <o,
0
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and

l[ell pos (0,7, x) = esssup [Ju(®)[[x if p = oo.
0<t<T

Let u(t), u'(t) = us(t), u”(t) = use(t), ua(t), uga(t) denote u(x,t), 9% (x,t),
fo)

%tzu (z,t), & Se(x,t), 575 (w,t), respectively.

We put
V={veH": v(O):O}, (2.1)
Ou v 8u v
=(=—,— 2.2
alu, v) <8:c’ 8z> oz Oz (22)
Here V is a closed subspace of H! and ||v||H1 and |[v],, = /a(v,v) are two
equivalent norms on V.
Then we have the following lemma.
Lemma 1. The imbedding V — C°([0,1]) is compact and
[vllcogo,y < llvllv (2.3)

forallveV.

We omit the detailed proof because of its obviousness.
The process is continued by making the following essential assumptions:

(H1) K,\ > 0;
(H2) uo € VN H?, and u; € H';

(Hs3) g, K1, \1 € HY0,T), M\ (t) > o > 0, K1(t) > 0;
(Hy) k € HY(0,T);

(Hs) p € H*(0,T), u(t) > po > 0;

(Hs) f, fr € L*(Qr).

Then we have the following theorem.

Theorem 1. Let (H1)—(Hg) hold. Then for every T > 0 there exists a
unique weak solution (u,Q) of the problem (1.1)—(1.5) such that

u € L°°(07T;V0H2) NLP(Qr),
up € L=(0,T;V) N LYQr), uy € L(0,T; L?), (2.4)
u(l,-) € H*0,T), Q € H*(0,T).

Remark 1. By L>(0,T;V) C LP(Qr) Vp, 1 < p < o0, it follows from

(2.4) that the component u in the weak solution (u, Q) of the problem (1.1)—
(1.5) satisfies

(2.5)

uwe CO0,T;V)NCH0,T; L*) N L>(0,T;V N H?),
ug € L>®(0,T;V).
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Proof. The proof consists of Steps 1-4.
Step 1. The Galerkin approzimation. Let {w;} be a denumerable base
of V N H?. Look for the approximate solution of the problem (1.1)—(1.5) in

the form
m

U (t) = 3 oy (B, (2.6)
j=1
where the coefficient functions c,,; satisfy the following system of ordinary
differential equations

(U (), w5) + () (i (1), Wi ) + Qun (D)w; (1) + (F (tm (1), i, (8)), w5) =
= e ), 1<j<m, 2.7)

Qm(t):Kl(t)um(Lt)+A1(t)u;n(1,t)—g(t)—/k(t—s)um(Ls) ds, (2.8)

0

Um (0) = upm = Zamjwj — ug strongly in V N H?,
il (2.9)
ul, (0) = uyy = Zﬂmjwj — u; strongly in H'.
j=1
From the assumptions of Theorem 1, the system (2.7)—(2.9) has a solution
(Um, Qm) on some interval [0, T},]. The following estimates allow one to take
T,, =T for all m.
Step 2. A priori estimates. A priori estimates 1. Substituting (2.8) into
(2.7), then multiplying the j* equation of (2.7) by €y (t) and summing up
with respect to j, we get

1

NI + 5 1(0) S e ()]

t

+ Kl(t)um(l,t)—b\l(t)u:n(l,t)—g(t)—/kz(t—s)um(l,s) ds}u;n(l,t)—k

0
A+ (F (s Uy ) s ui, (£)) = (f(£), uiy, (£)). (2.10)
Integrating (2.10) with respect to ¢, we get after some rearrangements
¢
Sm(t):Sm(O)+/u( |t (5)]2 ds+/K1 2 (1 ) ds+

0

t ¢

+2 [ g(s)ul, 1sds—|—2/ )) ds+
0 0

—|—2/u;n(l,s)</sk(s—7')um(1,r) d7—> ds,  (2.11)
0 0
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where

Sm(t) = l[un (D1 + 1O luma (O] + K1 (t)uz, (1,8) + %Ilum(t)lliﬁ

t
+2A/Iluin(8)||%q ds+2/A1 ' (1,8)]? ds. (2.12)
Using the inequality
1
2ab§ﬂa2+gb2, Va,beR, 3>0, (2.13)

and the inequalities

t

Sn(t) 2 [t O + ol I + 2% [, (o) ds, (210
0
S (t
(101 < i Ollengy < Joma(®] </ 220, 215)

we will estimate respectively the terms on the right-hand side of (2.11) as
follows

¢ ¢
[ @@ s < [W@Isueds (210)
0 0
¢ t
/K{(s)ufn(Ls) ds < i/|K{(s)|5’m(s) ds, (2.17)
0 oy
¢
, 1
2 [gohin(1,9)ds < Glolton + 3 Sl (219
0
t s
2/u§n(1,s)(/k(s — T)um(1,7) dT) ds <
0 0
p 1 2
< 2—/\0 Sm(t) + 6—‘uOT||k||L2(O,T) /S’m(s) ds, (2.19)
t
0

In addition, from the assumptions (H;), (Hz), (H5) and the imbedding H'!
— LP(0,1), p > 1, there exists a positive constant C; such that

Sm(0) = urml|* + 12(0) | uoma |+
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2K
+K1(0)u3,, (1) + 7Hu0m||1£p <y for all m. (2.21)
Combining (2.11) (2.12), (2.16)—(2.21), we obtain
B
Sm(t) < CL+ = H9||L2(0T +1F1Z2@m + 3 N B+

t

+f {1+%T|Ik|lpon+ (I (8) HEL ()]) | Sm(s) ds. (2.22)
0

By choosing 8 = 22, we deduce from (2.22) that
t
S / NS (8)Spm(s) ds, (2.23)
0
where

1)
M( =2C4 + Hg||Lz(0 ) T 2||f||L2(QT)’

2
N{(s) = 2 [1 ¥ A—Tnknp om+ = WO+ K] 229
NS e LYo, T).
By Gronwall’s lemma, we deduce from (2.23), (2.24) that

t
S (t) < M:(Fl)exp(/N:(pl)(s)ds> < Cr, forall t € [0,T]. (2.25)
0

A priori estimate I11. Now differentiating (2.7) with respect to ¢, we have

(p (8), wj) + p(t) (U (£), i) + 1/ (E) (e (t ) Wj:r:> + Qn (w; (1)+
+ (K (p— 1) um[P72ul, + Mg — 1)|ul, | 2ull,,wi) = (f'(t),w;) (2.26)
forall 1 <j<m.
Multiplying the j** equation of (2.28) by Cpm; (t), summing up with respect
to j and then integrating with respect to the time variable from 0 to ¢, we
have after some persistent rearrangements

Xon(t) = Xin(0) + 244" (0) (womas wima) — 21" (8) (tma (), . (8))+

t t

3 / 1 (5) [t () |2 s 42 / 1 (5) (tma (5), () ds—

0 0
t

- 2/ [K1(s) — k(0)Jum(1, s)ulr, (1, s) ds—
0

- 2/ [K1(s) + A (s)]un, (1, s)unm, (1, s) ds+

0
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S

+2/tuxl(1,s) (g’(s) +/k’(s — ) (1,7) dT) ds—

0

(B (p = Dfum ()P, (), upy () ds+

(f'(s),up(s)) ds, (2.27)
where

Xin(t) = [[um (D1 + 1) |up e (O + 2 [ Ma(s)|ur, (1, )] ds+

o .

% (¢=1) /Hat il ()] 7 ))szs. (2.28)

From the assumptions (H1), (Hz), (Hs), (Hg) and the imbedding H'(0,1) —
L?(0,1), p > 1, there exist positive constants D1, D2 depending on p(0),
ug, u1, K, A, f such that

Xin(0) = [lup, (017 + p(0)[[wrmal* <
< :“( )HUOmMH + K||U0m||L2p 2+ )\Hulm”L;qlfz—"
O + p(O0)[wrma|* < D1,

201 (0) (Uoma, Uima) < 2|1 (0)|tomal||[uime || < D2

(2.29)

for all m.
Taking into account the inequality (2.13) with § replaced by 1 and the
following inequalities

t

Xm(t) = IIUZI(t)IIQJruoIIu;m(t)IIQ+2Ao/IU” (1, 5)] ds, (2.30)
C

[t (L, )] < [um ()l go @y < lltima () \/ <y (231
to

[, (1, )] < [ (D)l ooy < Nt (] < o (2.32)

we estimate, without any difficulties, the terms in the right-hand side of
(2.27) as follows

=241 (8) (e (£), Uy (1)) < BrXom () + Crli (), (2.33)

1
Brpd
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2/u”(s)<um(s),u;m(s)>dsg ¢ "3 /Xm(s) ds, (2.34)
0
3/u< e (S d8<—/|u Wn(s)ds,  (235)
2/ Ki(s ]um(Ls)u;ﬁl(Ls)dsg
0

T / 61
< 2T K i + 2 X (1), (2.36
uoﬂ1” 1= k(O)Z20,1) g (t),  (2.36)

—2/ [K1(s) + A (s)]un, (1, s)uln, (1,s) ds <
0

> [, o 5

Suoﬂlo/[KMSHlM(S)i JXm(s) ds + 53 X (1), (237)

20/7#1(175) (g/(s)+O/k/(S_T)Um(1,T)dT> ds <
< 2 X0+ 21 o + LW on |- 239

—2K(p / ()P 2 (), i (s)) ds <

0

p— —2 t
=2 WO ( ) O/Xm (2.39)
2/ ))ds <ﬁl/X d8+ Hf ||L2(QT) (2.40)

0

In terms of (2.27), (2.29), (2.33)—(2.40) we obtain that

Cr | 12 T
Xm(t) < Dy 4 Dy + w(t)]” +
( ) 1 2 ﬁlﬂg | ( )| 61M2
CT 1
5 ||K1 (O)H%Q(O,T) + 5_1 ||fl||%2(QT)

Cr

1 2
L =) Xt + = (11913 L)\
+51( +30) Xm0+ 3 1oy + 2T B |+
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t
3 1
+2/[ + | (s)| + —— (KZ(s) + [N (s)]*)+
/ b1 2u0|ﬂ( ) ﬂluo( 1(s) + [Ni( )|)
p—l CT pT72 /
+—K(— ]/Xmsds. 2.41
— K(=5) 0 (s) (241)
By the choice of 51 > 0 such that
3 1
1+ —) <= 2.42
61(+2)\0)—2’ (242)
we obtain
t
17 (2) (2)
X (t) S Mp7(t) + | Ny (8)Xm(s)ds, (2.43)
0
where
—~ 20 20
M{P (£) = 2Dy + 2D + ——5 |1/ ()] + == 111320, +
o0 Britp 51/%2
T ’ 2 "2
+—||K] — k(0 + — +
o 1K1 = kO0)[|7200,1) 3 £ 172 (@r)

4 Cr
4+ |: 12 + 227 % 2 :|,
& lg HL2(0,T) 10 | ||L1(0,T)

NE(9) =4[5+ 5o 0 6)] + 5 (E) + N ))+

1 o\ T
+2 K<—T) }
vV Ho Ho
N e LY(0,T).

(2.44)

From the assumptions (H3)—(Hg) and the embedding H*(0,7) — C°([0, T])
we deduce that

MP () < M2 for all te 0,7, (2.45)
where M}m is a positive constant depending on T', D1, Ds, Cr, u, (1, g, f,
K1, A1. From (2.43)—(2.45) and Gronwall’s inequality we derive that

t
X (t) < M exp ( / N;Q)(s)ds) <Dy forall te[0,T].  (2.46)
0

On the other hand, we deduce from (2.8), (2.12), (2.25), (2.28), (2.46) that

5DT 5T20T
@01y < S Il + S 1y + 5l Wy
5Dr
+ 20 (1614 X0 |G = KOl ) (24)

where [[A1[eo = [[A1]l Lo (0,17)-
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Taking into account the assumptions (Hs), (Hy), we deduce from (2.47)
that

|Qumll 20,7y < Cr for all m, (2.48)
where C'r is a positive constant depending only on 7.
Step 3. Limiting process. In view of (2.12), (2.25), (2.28), (2.46) and

(2.48), we conclude the existence of a subsequence of (u,, @ ), also denoted
by (tm, @m), such that

Uy, — U iN L>(0,T;V) weakly™,

U — u in L>°(0,T; LP) weakly™,

u,, —u' in L>(0,T;V) weakly™,

ul, —u in L*>(0,T; L) weakly™,

uly, —u’ in L®(0,T; L) weakly*, (2.49)
Um(1,-) — u(l,-) in H?(0,T) weakly,
[um [P 2t — x1 in L2°(0,T; LP/P71) weakly™,
lul 197 2u!, — xo in  L(0,T;LY97Y) weakly™,

Qm— Q in H*(0,T) weakly.

With the help of the compactness lemma of J.L. Lions ([4, p. 57]) and the
embeddings H?(0,T) — H'(0,T),H(0,T) — C°([0,T]), we can deduce
from (2.49); 3,67 the existence of a subsequence, still denoted by (wm, Qm ),
such that

Upy, — u strongly in L*(Qr

(Qr)
u,, — u' strongly in L*(Qr),
)

Um(1,-) — u(1,-) strongly in  H'(0,T), (2.50)
ul (1,-) — /(1,-) strongly in  C°[0, 77,
Qm — Q strongly in c0,T).

The remarkable results of (2.8) and (2.50)5_4 help us to affirm that

t

Qut) — K1 (£)u(1, ) + M (' (1, 1) — g(t) — /k(t ~ S)u(l, s)ds =
0
= Q(t) strongly in C°[0,T]. (2.51)

On account of (2.50)5 and (2.51), we conclude that
Q(t) = Q(¢t). (2.52)
By means of the inequality

||z = [yl*y| < (a + DR |z —y],
Va,y€[-R,R] forall R>0, a>0, (2.53)
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it follows from (2.31) that

Hum|p72um - |u|p72u’ <(p-1)RP?uy, —u|l, R= ﬁ . (2.54)
Ho

Hence, it follows from (2.54), (2.50); that

[t |P™ 2y, — |u|P~2u strongly in L*(Qr). (2.55)
By the same way, we are able to get from (2.53) with R = Zzo, (2.49)3
and (2.50); that

lul [P~2ul, — |ug|P~%u; strongly in L*(Qr). (2.56)
As a result, we deduce from (2.55), (2.56) that

F(um,ul,) — F(u,u;) strongly in L*(Q7). (2.57)

Passing to limit in (2.7)—(2.9), by (2.49)1 5, (2.51)—(2.52) and (2.57) we have
(u, Q) satisfying the problem
(u"(t),v) + p(t)(ua(t), va) + Q(t)v(1)+
H(K |u(t)[P2u(t) + Mug ()9 2us (), v) = (f(t),v), Yo €V, (2.58)
u(0) = ug, v (0)=uy, (2.59)
Q) = K1(t)u(1,t) + M (H)ue(1,t) — g(t) — /k(t —s)u(l,s)ds, (2.60)
0

in L?(0,T) weakly. Nevertheless, we obtain from (2.42)5, (2.57) and the
assumptions (Hs)—(Hsg), that

1
wer = oo [u" + F(u,u;) — f] € L>®(0,T; L?). (2.61)
I
Thusu € L (O7 T;VNH 2) and the existence result of the theorem is proved
completely.

Step 4. Uniqueness of the solution. We start this part by letting (u1, Q1)
and (uz,@2) be two weak solutions of the problem (1.1)—(1.5) such that

U; € LOO(O,T; VN HQ) N LP(QT),
u, € L®(0,T3V) N L9(Qr), uf € L=(0,T; L2), (2.62)
ui(1,-) € H*(0,7), Q; € HY(0,T), i=1,2.
As aresult, (u, Q) with u = u; —us and Q = Q1 — Q2 satisfies the following
variational problem
(u"(t),v) + p(t)(us(t), va) + Q(t)v(1)+
+ K (Jur ()P ur (t) — Juz(8)[P?ua(t), v)+
+ Al (01720 (1) = [uh (1) T2 uy(t), v) =0 VeV,
u(0) =/(0) =0,

(2.63)
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and
Q) = K1 (8)u(l, ) + M (O (1,1) — /k(t CSu(ls)ds.  (2.64)
0

Choosing v = v’ in (2.63); and integrating with respect to ¢, we arrive at

t t
S(t) < /u'(s)”um (s ||2ds+/K{ (s)u?(1,s)ds
0

2 [t o=t

—2kgf<magw%u@>—hu@np2uA$n/@»da (2.65)
where 0
S0 = W/ O + )l (O? + Ka(O2(1.0)+
2/t)\1(5)|u/(1,5)|2d5. (2.66)
Note that O
§0) 2 o (1)) + a0 n24-2xoj;| (Ls)ds, (26)
)
L8] < O oo < )] < 1/ 23 < (2.68)

We again use the inequalities (2.13) and (2.53) with o = p—2, R = maz ;=12
l|lwil o< 0,7;v)- Then it follows from (2. 65) (2.68) that

t

1 , , g
SWS%!UMM+WﬁMﬂ)@+MﬁW+

T 1 _
o ||k||§2(07T)/5(T) I+ (- KR 2/5(8) ds. (2.69)

Choosing 8 > 0 such that B3 < %, we obtain from (2.69) that

t

S(t) < /ql(s)S(s)ds, (2.70)
0
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where
1 , , 2T 9
s) = — (Il oo + K1 (5)]) + o— Ik +
a1(s) m (' lloo + 1K1 (s)]) i &l 220,17
+—— (p—1)KRP2, (2.71)
\//To( )
q1 € L2(07T)

By Gronwall’s lemma, we deduce that S = 0 and Theorem 1 is proved
completely. (I

Remark 2. In the case where p,q > 2 and K, A < 0, the question about
the existence of a solution of the problem (1.1)—(1.5) is still open. However,
we have received the answer when p = ¢ = 2 and K, A € R published in [11].

3. THE STABILITY OF THE SOLUTION

In this section we assume that the functions ug, uy satisfy (Hz). By The-
orem 1, the problem (1.1)—(1.5) has a unique weak solution (u, Q) depending
on u, K, A\, f, K1, M\, g, k. So we have

U:U(/L,K,)\,f,Kl,)\l,g,k), Q:Q(.uaK7>\afaK17)\lvgvk)a (31)

where (u, K, A, f, K1, \1, g, k) satisfy the assumptions (Hy), (H3)—(Hg) and
up, up are fixed functions satisfying (Hs).
We put

%(:u‘OuAO) = {(/1‘7K7 )‘7f7K17Alag7k) : (M7K7)\7 qula)‘lugvk)
satisfy the assumptions (Hy), (H3)*(H6)},

where g > 0, \g > 0 are given constants.
Then the following theorem is valid.

Theorem 2. For every T > 0, let (H1)—(Hg) hold. Then the solutions of
the problem (1.1)—(1.5) are stable with respect to the data (u, K, A, f, K1, A1,

g,k), i.e., if
(MaKa)\J f7 K17)\17g7k)7 (ijKjuAjufjquuAiagjakj) S S(IU/OuAO)a
are such that
119 = bl my — 0. 17— K] [V = 3] =0,

If - fllr2grm + 17 - ftHL?(QT) — 0,
[ — Killgio,0) = 05 M — Ml o,y = 0

g’ — gHHl(o,T) -0, [+ - k”Hl(o,T) —0

as j — +oo, then

(uj,u;-,uj(l,-),Qj) = (u, v, u(1,),Q) (3.3)
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in L>=(0,T;V) x L>(0,T; L?) x H'(0,T) x L?(0,T) strongly as j — +00,
where

U :u(uj,Kj,Aj,fj,K{,A{,gj,kj),
Qi = QW , KI N, f1,K{ N.,g k).
Proof. First of all, we have that the data (u, K\ f,Ki,\,g, k) satisty
Il oy < o' 0 <K < K5 0< A<,

Hf”L?(QT) + ||ft||L2(QT) </
||K1||H1(0,T) < Kl*a ||/\1||H1(0,T) < /\L
<9, <k,

(3.4)

||9||H1(0,T) HkHHl(O,T)

where p*, K*, \*, f*, KT, A1, g%, k* are fixed positive constants. Therefore,
the a priori estimates of the sequences {u,,} and {Q.,} in the proof of
Theorem 1 satisfy

t
[ (DI + b0l twma ()11 + 2Ao/lu§n(1,8)|2d8 < My, Vtel0,T], (3.5)
0

t
[l ()% + 10| (B[ + 2X0 / lui (1, 8)|*ds < My, Vte[0,T], (3.6)
0

1Qullsrr 0.7 < M. (3.7)
where M is a positive constant depending on T', ug, u1, o, Ao, u*, K*,
A*, f* (independent of u, K, A, f, K1, A1, g, k).

Hence the limit (u, Q) of the sequence {(um, @m)} defined by (2.6)—(2.8)
in suitable spaces is a weak solution of the problem (1.1)—(1.5) satisfying
the estimates (3.5)—(3.7).

Now by (3.2) we can assume that there exist positive constants u*, K*,
N, f*, Kt M, g%, k* such that the data (pd, K7, N, f7, K{, N, ¢’ k7)
satisfy (3.4) with (;L,K,)\,f, Kl,)\l,g,k) = (,uj,Kj,/\j,fj,Kf,/\Jl,gj,kj).
Then, by the above remark, we have that the solution (uj,Q;) of the prob-
lem (1.1)—(1.5) corresponding to

(1, K\ fy K, M, g0k) = (02, K90, 9K N, g7 k)

satisfies

t
5 ()17 + proluaje ()] + 20 / |uj(1,5)*ds < My, Vte[0,T], (3.8)
0

t
lluf NI + pollwfe (1)1 + 220 / |uf(1,5)|*ds < My, Yte[0,T], (3.9)
0

1Qill g1 0,7y < Mr- (3.10)
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Put ‘ _ ‘
= —p, Kj =K —K, )\ =N -,
fi=f—f K=K —Ki, X =M=\, (3.11)
Gi=9"—g, kj=k -k
Consequently, v; = u; —u, P; = Q; — Q satisfy the following variational
problem

(V] (1), 0) + p(t) vga (£), va) + Py (E)o(1)+
-I—K'-<|uj|p72 -—|u|p72u v>—|—
+ A (g |72 = /2, v)
= <fj=v> - Mj(t)<ujw(t)avw>_
= K ([ulP "%, v) = A (|20 v) Yo €V,
v;(0) = v} (0) =0,

(3.12)

where

Py(t) = Q;(t) — Q(t) =

t

= Kl(t)’l)j(l,t)+A1(t)’th(1,t)—/k(t—s)vj(l, S) dS—/g\j(t), (313)
0

5(t) = G5 (1) — K (8)u;(1,) = Apj(Huge(1, )+

t—s Juj(1,s)ds. (3.14)

\&

Substltutlng Pj(t) into (3.12), then taking v = v in (3.12); and integrating
in ¢, we obtain

8;(t) < / ()l Ids+/K1 2(1, ) ds+
0

T

¢
v’»(l T)dT/ (r—s)v;(1,s ds+2/ )ds—
0

0

+ 2

\N

t
(JulP~?u, ] ds—2/\J/ (Ju|772u’ v (s)) ds+
0

o\rh

+2/aj<> , s)ds—z/ (5 (uza (5), Vi (5)) ds—
0 0

—2K; / {Ju;|P~2u; — |u|p72u,v;(s)> ds, (3.15)
0
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where

Si(t) = 05O + u(®)llve (B + K1 (t)]v; (1, 1)+

2//\1(5)|v;(1, s)|? ds. (3.16)
0
Using the inequalities (2.12), (3.8), (3.9) and
¢
S0 2 IO + ol O + 2% [0 0)Pds,  (317)
0

we can prove the following inequality in a similar manner

164 1. ~ 1 ~
Silt) = S+ 5 ||gj||%2 o) + 1fillZ2gr + —TMTlluj||§o+

+T(MT) K, +T(MT) 1]Xj]2+

Ho Ho
/ 1
+/{4+ N2 + =Tk ||2 20 1+
[/l o 1N Z2(0,7)
0
2K*
+ p—1)RP? + K18:|S'Sd8 3.18
\/M_o( ) [ K1 (s)]|55(s) (3.18)

forall 8> 0and ¢t € [0,T].
Choose 3 > 0 such that ﬁ < 1/2 and denote

E ||g]||L2(OT +2Hfj||L2 QT) TMTHMJHoo"‘

+2T(M—O) |Kj|2+2T(M—O) AR (3.19)

2K~ _
TI|kl|Z20,7)+=— (p=1)RP 2 [K1(s)] |- (3.20)

_ /1|12
o6) =2+ 112+ -

1
Bo
Then from (3.18)—(3.20) we have

¢
< R; + / #(5)S;(s) ds. (3.21)
0
By Gronwall’s lemma, we obtain from (3.21) that

S, (t) </¢ ) <DWR,, vieo,T], (3.22)

where D(T1 )is a positive constant.
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On the other hand, using the imbedding H*(0,T) < C°([0, T]), it follows
from (3.13), (3.14), (3.17), (3.19) and (3.22) that

I1Pjll 20,1y <

T 1 T 5
< (4= 1K lloo + == M1 lloo + | — |IE VDV R+
= < L0 || 1|| m || 1|| L0 || ||L2(O,T)) T 7

+gill20,1) (3.23)
53 2.2 12 2 2
By < 51830y + 20l oy + 0 TMrlIAS 52 0.0y
+2T(%)p_l\f(j\2 +2T(%)q_lﬁj\2 <
Ho Ho

< D ([0l 0y + 155100y + Wl o+ 1l + Il7). 329

—~ ~ TMr | ~
o)< Wl + | o 1ol
Mrp |\~ TM+ ~
SOV ELCY W R CE Y

<D (IG3l1s 00+ 1Bl s 0.0y + 105 s .0y + Wil 0. ) (3:25)

Finally, by (3.2), (3.11) and the estimates (3.22)—(3.25), we deduce that
(3.3) holds. Hence, Theorem 2 is proved completely. O

ACKNOWLEDGEMENT

The author would like to thank the referees for their positive opinions
about the manuscript of this paper. In addition, thanks are due to Professor
Vakhtang Kokilashvili from Georgian Academy of Sciences for his attention
to this paper on the occasion of the Workshop on Function Spaces, Dif-
ferential Operators and Nonlinear Analysis in Helsinki, Finland, 2008. In
particular, the author is very grateful to Thay Lé Phuéng Quan for telling
him how to compose his results by Latex. This is truly a simple gift for the
author’s Mum on the occasion of her 75th birthday.

REFERENCES

1. N. T. AN aND N. D. TrIEU, Shock between absolutely solid body and elastic bar
with the elastic viscous frictional resistance at the side. J. Mech. NCSR. Vietnam
XIII (2) (1991), 1-7.

2. M. BERGOUNIOUX, N. T. LONG, AND A. P. N. DinH, Mathematical model for a shock
problem involving a linear viscoelastic bar. Nonlinear Anal. 43 (2001), No. 5, Ser.
A: Theory Methods, 547-561.

3. A. P. N. DinH aND N. T. LoNG, Linear approximation and asymptotic expansion
associated to the nonlinear wave equation in one dimension. Demonstratio Math. 19
(1986), 45-63.



88

10.

11.

12.

Ut V. Lé

. J.-L. Lions, Quelques méthodes de résolution des problemes aux limites non-linéaires.
Dunod; Gauthier-Villars, Paris, 1969.

. N. T. LonGg AND A. P. N. DiNH, On the quasilinear wave equation: wuy — Au +
f(u,ut) = 0 associated with a mixed nonhomogeneous condition. Nonlinear Anal.
19 (1992), No. 7, 613-623.

. N. T. LonG AND A. P. N. DINH, A semilinear wave equation associated with a linear
differential equation with Cauchy data. Nonlinear Anal. 24 (1995), No. 8, 1261-1279.

. N. T. LoNG AND T. N. DiEM, On the nonlinear wave equation utt — Ugz =
f(z,t,u, uz, ut) associated with the mixed homogeneous conditions. Nonlinear Anal.
29 (1997), No. 11, 1217-1230.

. N. T. LonGg, A. P. N. Ding, AND T. N. DiEM, On a shock problem involving a
nonlinear viscoelastic bar. Bound. Value Probl. 2005, No. 3, 337-358.

. N. T. Long, Ur V. LE, AND N. T. T. Truc, A shock of a rigid body and a linear

viscoelastic bar. Hem Ped. Univ. J. Natur. Sci. 4(38) (2004), 27-40.

N. T. Long, Ut V. L&, AND N. T. T. Truc, A shock of a rigid body and a linear

viscoelastic bar: Global existence and stability of the solutions. Hem Ped. Univ. J.

Natur. Sci. 6(40) (2005), 26-39.

N. T. Long, Ur V. L&, AND N. T. T. TrRuc, On a shock problem involving a linear

viscoelastic bar. Nonlinear Anal. 63 (2005), No. 2, 198-224.

M. L. SANTOS, Asymptotic behavior of solutions to wave equations with a memory

condition at the boundary. Electron. J. Differential Equations 2001, No. 73, 11 pp.

(electronic).

(Received 20.07.2007)

Author’s address:

Department of Mathematical Sciences

P.O. Box 3000

FI-90014 University of Oulu

Finland

E-mail: levanut@gmail.com, utlev@yahoo.com



