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Abstract. A priori estimates of solutions of systems of functional dif-
ferential inequalities appearing in the theory of boundary value problems,
as well as in the stability theory are established. On the basis of these
estimates, new sufficient conditions of boundedness, uniform stability and
uniform asymptotic stability of solutions of nonlinear delay differential sys-
tems are obtained.
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INTRODUCTION

In the present paper, we consider systems of one-sided functional differ-
ential inequalities of types which appear in the theory of boundary value
problems and in the stability theory (see, e.g., [1]-[10]). In Section 1, a pri-
ori estimates of nonnegative solutions of such systems are found. Relying
on the obtained results, in Section 2 we establish new effective conditions
which guarantee, respectively, the boundedness, uniform stability and uni-
form asymptotic stability of solutions of nonlinear differential systems with
delay.

Throughout the paper, the use will be made of the following notation:

R=]—o00,+0[, Ri=[0,4+00[;
0;% 18 Kronecker’s symbol, i.e.,
1 for i=k
dir, = . ;
0 for i#k

x = (z;)~; and X = (zi4)}',—, are the n-dimensional column vector and

n X n-matrix with the elements z; and x;; € R (i,k = 1,...,n) and the
norms
n n
el =D lwal, (1X1 =" lwal;
i=1 ik=1

X! is the matrix inverse to X;

r(X) is the spectral radius of X;

F is the unit matrix;

I is a compact or noncompact interval;

C(I) is the space of bounded continuous functions x : I — R with the
norm

|2/l opy = sup {|a(t)] : t € T};

@OC(I ) is the space of functions x : I — R, absolutely continuous on
every compact interval containing in I;

L(I) is the space of Lebesgue integrable functions z : I — R;

Lioc(I) is the space of functions z : I — R, Lebesgue integrable on every
compact interval containing in I*)

1. THEOREMS ON A PRIORI ESTIMATES

On a finite or an infinite interval I, we consider the system of functional
differential inequalities

oiuii(t) < pi(tyui(t) + Y pir@Olluel oo, +a(t) (=1,...,n),  (11)
k=1

*) Lioe(I) = L(I), when I is a compact interval.
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where

o; € {=1,1}, pi € Lioe(I), pir € Lioc(I), @i € Lioe(I) (i,k=1,...,n);
pi(t) <0, pi(t) >0, gi(t) >0 ae. on I (i,k=1,...,n).

Definition 1.1. The vector function (u;)j—; : I — R™ is said to be a
nonnegative solution of the system (1.1) if

u; € Croe(I) NC(I), ui(t) >0 for tel (i=1,...,n)
and almost everywhere on I the inequalities (1.1) are satisfied.

Theorem 1.1. Let —00 < a < b < +o0, I = [a,b], t; = a for o; =1,
ti = be’l" g; = —1,

)

hi(t) = }/texp (oi /tpl(:v) dm)pik(s) ds

. . (1.2)
hi(t) = '/exp (ai/pi(:zr) dz)qi(s)ds (,k=1,...,n)
and
r(H) <1, where H = (Hhik”C(I))Zk:l' (1.3)

Then an arbitrary nonnegative solution (u;)?_; of the system (1.1) admits
the estimate

Z ||ui||c(1) < PZ (ul(tl) + ||hi||C(I))’ (1'4)
i=1 i=1
where
p=|(E-H)". (1.5)

Proof. According to (1.2), every nonnegative solution (u;)!; of the system
(1.1) on the interval T satisfies the inequalities

t

ult) < exp ([ pilo) de Justa)+

a

+§ <a/texp(/tpi(:c) dI)pik(S)d5)|uk|c(1)+

s
t t

+ / esp / pi(e) de) gi(s) ds <

a S

Sui(ti) + Y hik®)lugll o, + hi(t) for oy =1; (1.6)
k=1
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b
ut) < exp ([ pilo)deus)+

S

</beXp(/pi(SC) dx)pik(s)d5)||uk||cu>+

t

M=

+
1

S

exp (/pz(:c) dx) qi(s)ds <

t

_|_

“\m ﬁ

<ui(ti) + Y hie(®)llukll oy + hi(t) for i = —1.
k=1

If we assume

n

= (”uiHc(I))?:l’ o = (“i(ti))i:p h= (”hiHc(I))?:l’

then (1.6) and (1.7) yield

u < Hu + g + h,
ie.,

(E — H)a <o + h.
This, by virtue of the condition (1.3), implies that

< (E—-H) (@ +h).
Consequently, the estimate (1.4) is valid.
If I = R, then we assume that
hi € CRy), h; € C(Ry) (i,k=1,...,n),

where

-~

exp (/pz(x) dx)pik(s) ds,

-~

)

~
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(1.7)

(1.11)

(1.12)
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We are interested in the case where, along with (1.10), one of the following
three conditions

oo=1({=1,...,n); (1.1341)
m e {1 1}, oo=1 (i=1,...,m),
+oo
) (1.139)
o; = —1, /pi(s)ds:—oo (i=m+1,...,n),
0
and
—+oo
o, = —1, /pi(s)ds:—oo (i=1,...,n) (1.133)
0

is fulfilled.
In these cases we will, respectively, establish the following a priori esti-
mates:

Do ltillow,, <P (wil0) + hille, ) (1.141)
i=1 =1

ZHui”c(RJr) p(zuz +2Hh’ ||C(R+)) (1142)
3 =1 =1

ZHUZ||C(R+) SPZHh ”c(]@) (1'143)

Theorem 1.2. Let I = Ry and, along with (1.3) and (1.10), for some
j €{1,2,3} the condition (1.13;) be fulfilled. Then an arbitrary nonnegative
solution of the system (1.1) admits the estimate (1.14;), where p is the
number given by the equality (1.5).

IN

Proof. We will prove the theorem only for the case j = 2, because the case
j € {1,3} is considered analogously.

By virtue of (1.11) and (1.12), for an arbitrary b €0, +oo[ every non-
negative solution (u;)?_; of the system (1.1) on the interval [0, b] satisfies
the inequalities

wi(t) < exp ([ pilw) de)us(0)+

o—_

n
+Z||hik||c(m+)||uk||c(m+) +||hi||c(m+) (i:17"'7m)7
k=1

) < exp pi(z dm uZ b)+

\@
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n
+ Z ||hik||c(m+)||uk||c(m+) + ||hi||c(mg+) (Z =m+1,... 7”)'
k=1

If in these inequalities we pass to the limit as b — —+oo, then taking into
account the condition (1.133) we obtain

n
ul(t) < UZ(O) + HhikHc(m )Huk”C(R ) + ||hiHC(]R ) (Z =1,.. -am)a
+ + +
k=1

n
ul(t) < Z ||hik||c(1<+)||uk”c(1{+) + ||h’i||c(1<+) (Z =m+1,.. -an)'
k=1

Consequently, the inequality (1.8) is valid, where

U= ([[uillow,,)iys To = (uoi)ii,
ug; = ui(0) (i=1,...,m), wu=0 (i=m+1,...,n),
h = (||hi||c(1<+))?:17 H = (”hik”ca@r))zk:y
However, according to the above-said, by means of the condition (1.3), from
(1.8) we obtain the inequality (1.9). Thus we have proved that the estimate
(1.145) is valid. O

In case I = R, the system (1.1) is investigated under the assumptions
that
0 +oo

/ pi(s)ds = —oo for o; =1, / pi(s)ds = —o0 for o; =—1, (1.15)
s 0
hik € C(R), h; € CR) (i,k=1...,n), (1.16)
where
t t
hi(t) = /exp(/pi(x) dx)pik(s) ds,
t t
hi(t) = /exp(/pi(:c) dx)qi(s) ds for o; =1,
while for o; = —1 the functions h;; and h; are defined by the equaliti-
es (1.12).

Analogously to Theorem 1.2, we prove

Theorem 1.3. Let I =R, and the conditions (1.3), (1.15) and (1.16) be
fulfilled. Then an arbitrary nonnegative solution (u;)!_, of the system (1.1)
admits the estimate

n n
Z ||ui||0(m) < PZ ||hi||C(R)7
i=1 =1

where p is the number given by the equality (1.5).
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2. BOUNDEDNESS AND STABILITY OF SOLUTIONS OF DIFFERENTIAL
SYSTEMS WITH DELAY

Consider the differential systems
x(t) + gi (t, x1 (11 (1)), . .. ,xn(nn(t)))xi(t) =
= fi(t, x1(Taa (1)), .-+, zn(Tm(t))) (i=1,...,n) (2.1)
and
26 +g0i(t)zi (7;(1) = fi (t, 21 (1i1 (1)), - . ., 2n(Tin (1)) (=1,...,n). (2.2)
Here g; : Ry x R" = Ry, f; : Ry xR®™ = R (¢ = 1,...,n) are functions
satisfying the local Carathéodory conditions,
90i € Lioec(Ry), goi(t) >0 for teRy (i=1,...,n),

and 7; : Ry = R, 7, : Ry — R (i,k = 1,...,n) are measurable on every
finite interval functions such that

Ti(t) <t, T(t) <t for te Ry (i,k=1,...,n).

Let
a€eRy, ¢ €C(—o0,al), c, €R (i=1,...,n).
For the systems (2.1) and (2.2), we consider the Cauchy problem

xzi(t) = ¢i(t) for t<a, zi(a)=co (i=1,...,n). (2.3)
Suppose
1 for t>a Tik(t) for t>a .
t)= i (1) = k=1,...,n),
X ) {O for t<a’ Taik (1) {a for t<a (@ n)
; >
Tai(t): {TZ(t) o e (7::17._.,71)7
a for t<a

and introduce the following

Definition 2.1. Let —oo < a < b < 400 and I = [a,b[, or —00 < a <
b < 400 and I = [a,b]. The vector function (x;)?, : I — R™ is said to be
a solution of the problem (2.1),(2.3) (of the problem (2.2),(2.3))
defined on I, if

T; € @00(1)7 xi(a)=cy (i=1,...,n)

and almost everywhere on I the equality (2.1) (the equality (2.2)) is fulfilled,
where

zi(Tik(t)) = ( X (T (1)) ci(7s
X, (Tir (€)@ (Tai (t)) (i,k=1,...,n), (2.4)
ai(mi(t)=(1— ( i) ci(ri(t) +x, (1i(0)zi (i (1)) (i=1,...,n), (2.5)
and

ci(t)=0 for t>a (i=1,...,n).
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Definition 2.2. Let —o0 < a < b < 400 and I = [a,b] (I = [a,b]).
A solution (z;)_; of the problem (2.1),(2.3) or of the problem (2.2),(2.3)
is said to be continuable if there exist b € [b,+o0o[ (b €]b,400]) and a
solution (Z;)™_, of that problem defined on [a, ] and such that

Ti(t) =x(t) for tel (i=1,...,n).
A solution (x;)}_; is otherwise called noncontinuable.
If £;(¢,0,...,0) =0 (i = 1,...,n), then the system (2.1) (the system
(2.2)) under the initial conditions
x;(t) =0 for t <0
has a trivial solution. Following [10], we introduce

Definition 2.3. A trivial solution of the system (2.1) (of the system
(2.2)) is said to be uniformly stable if for any € > 0 there exists 6 > 0
such that for arbitrary numbers and functions a € Ry, cg; € R and ¢; €
C(] — o0,al) (i =1,...,n) satisfying the condition

(leos| + lleill o - ap) <6, (2.6)
i=1
every noncontinuable solution of the problem (2.1),(2.3) (of the problem

(2.2),(2.3)) is defined on [a, +oo[ and admits the estimate

n
Z ||mi||C([a,+oc[) <Ee. (2'7)
i=1

Definition 2.4. A trivial solution of the system (2.1) (of the system
(2.2)) is said to be uniformly asymptotically stable if for any ¢ > 0
there exists § > 0 such that for arbitrary numbers and functions a € R4,
coi € Rand ¢; € C(] —o0,al) (i = 1,...,n) satisfying the condition (2.6),
every noncontinuable solution of the problem (2.1),(2.3) (of the problem
(2.2),(2.3)) is defined on [a, +00[, admits the estimate (2.7) and is vanishing
at infinity, i.e.,

tlir+n z(t)y=0 (i=1,...,n). (2.8)
Theorem 2.1. Let there exist nonnegative numbers Ly, £; (i,k=1,...,n)
and nonnegative functions fo; and goi € Lioc([a,+00[) (i = 1,...,n) such
that
r(L) <1, where L= (lir)' 11, (2.9)
¢ t
Lo; = sup {/exp ( - /gOi(x) dx) foi(s)ds: t> a} < 400 (2.10)

(i=1,...,n)
and on [a, +oo[ XR"™ the inequalities

gi(t7$17---,xn)290i(t)7 ’f’i(tazla"'v‘rn)‘ <
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< gt wn, ) (D balonl +6) + fosl) (G=1...m)  (211)
k=1

are satisfied. Then every noncontinuable solution of the problem (2.1), (2.3)
is defined on [a,+00], is bounded and admits the estimate

n
Z 123ll ¢ 40 < p(
=1

where p = ||(E — £)7Y.

Callerllog oy + D (lcoil + Coi + ), (2.12)
=1

n
ik=1

Proof. Let
S Z gik}”ciHC(]—x,a[) + Z (lCOil + lo; + Ei). (2.13)
ik=1 i=1

To prove the theorem, it suffices to verify that for every b €Ja, 400 an
arbitrary solution of the problem (2.1),(2.3) defined on [a,b] admits the
estimate

Z HCCZ'HC([CL,b]) < pf. (214)
=1

Suppose ¢;(t) =0fort >a (i =1,...,n),

pi(t) = —3; (t, 1 (Til (t))7 ey xn(Tm(t))),
pik(t) = Lig|pi(t)] (i, k=1,...,n),

ai(t) = (i&ﬂ%(m(t))\ +fz‘)|29i(f)| + foi(t) (i=1,....,n)  (2.16)
k=1

(2.15)

and
wi(t) =|z;(t)] (i=1,...,n).
Then by the condition (2.11), almost everywhere on [a, b] the inequalities
pi(t) S —goi(t) S 0 (’L = 1, N 7’I’L) (217)

and

wi(t) = pi(t)ui(t) + fi(t, 2(ria (1)), ..., 2(Tin (1)) sgn(2:(t)) <

< pilHus()) + S pirun(rasn (1)) + G(t) (=1,...,)
k=1
are satisfied. Consequently, (u;)?_; is a nonnegative solution of the system
(1.1), where 0, =1 (¢ =1,...,n), I =[a,b)].
Let hi, and h; (i,k = 1,...,n) be the functions given by the equalities
(1.2), where t; = a (i = 1,...,n). Then by virtue of the conditions (2.10),
(2.17) and the notation (2.13), (2.15), (2.16), we have

||hikHC(I) :E’Lk (’ka: 173”)7 (218)
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t t

hi(t) < (i&kﬂckﬂc(]ﬂo,a[) —i—fi) /exp (/pz(x) dx) |pi(s)| ds+
k=1 a s
+/6XP(—/90i(ﬂC)dCC>f0i(8) ds <

< Zgiknck”cqu,a[) + 4+ Lo for a<t<b (i=1,...,n)
k=1

and

Z”hich) SE_Z|00i|' (2'19)
=1 =1

From the conditions (2.9) and (2.18) we obtain the condition (1.3). Using
now Theorem 1.1 and the inequality (2.19), it becomes clear that

n

D uillon, <2 (uila) + hillewy) = 2D (leoil + il o) < oL
i=1 i=1

i=1

Consequently, the estimate (2.14) is valid. O

Corollary 2.1. Let on [a,+0o[ xR™ the inequalities

t

gi(t,x1,. .., xn) — go(t) > goi(t), exp (/go(:c) d:c) |filt,z1, .., 20)| <

a

< (it r, o) = go() (D lamn (] + ) + foslt)  (2:20)

k=1
(i=1,...,n)
be satisfied, where £;. and ¢; (i,k = 1,...,n) are nonnegative numbers, go,
goi and fo; € Lioe([a, +00[) (i = 1,...,n) are nonnegative functions, and

Taik (t)

Nk (t) :exp( / go(x) dm) (i,k=1,...,n). (2.21)

a

If, moreover, along with (2.9) and (2.10) the condition

+oo
/ go(z) dxr = +o0 (2.22)

a

is fulfilled, then every noncontinuable solution of the problem (2.1),(2.3) is
defined on [a,+oo| and is vanishing at infinity.
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Proof. After the transformation
zi(t) = yi(t) for t < a,
¢

x;(t) = exp ( — /go(:zr) dz)yi(t) for t>a (i=1,...,n), (2.23)
the problem (2.1), (2.3) takes the form
yi(t) +§i(t7y1(ﬁ'1(t)) Yn (Tin (t ))) i(t) =
= filtyi (T (), - -, yn Tm( ) (i=1,...,n), (2.24)
yi(t) = ¢;(t) for t <a, yi(a)=coy (':1,...7n), (2.25)

where

gi(tv'rla"'axn) :gl(tv

Z1 Tn

i1 () nin(t
t

f;(t,xl,...,xn):exp(/go(x)dx)fi(t, 1 ey In ) (i=1,...,n).

ni1 () Nin (1)
On the other hand, by virtue of (2.20), on [a, 400[ XR™ the inequalities

@(t,xl,-- s Tn) 2> goi(t) ’fl(t Il,...,CCn)’S

n

< gi(tuxlu' 7xn)(Z€zk|xk| +€z) +f07,(t) (Z = 1)"'7”)
=1

;) — a0l0),

a

are satisfied. However, by Theorem 2.1, it follows from these inequalities
and the conditions (2.9) and (2.10) that every noncontinuable solution of
the problem (2.24), (2.25) is defined and bounded on [a, 4+00].

Taking now into account the equalities (2.22) and (2.23), one easily sees
that an arbitrary noncontinuable solution of the problem (2.1),(2.3) is de-

fined on [a, +oo[ and satisfies the condition (2.8). O
Corollary 2.2. Let for some 5y > 0 on the set
{(t,zl, e mn)t tERy, |zk] < 8o (k= 1,...,n)} (2.26)
the inequalities
|filt, @1, .. xn)| < gilt2r, ... @ Z&k|xk| i=1,...,n) (2.27)
be satisfied, where i, (i,k =1,...,n) are nonnegative constants satisfying

the condition (2.9). Then the trivial solution of the system (2.1) is uniformly
stable.

Proof. Suppose

(2) x for |z| < dg
v(z) = )
dosgnz for |z| > ¢
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gi(t,z1, ... xn) = gi (t,v(zl), . ,v(xn)),
ﬁ(t,:vl, IS fi(t,v(xl), . ,U(ajn)) (i=1,...,n),
and consider the differential system
2 (t) + 3i (6, 21 (Tin (1)), - - -, o (Tn (1)) 4 (8) =
= filt,z1 (i (8), -y n(Tin () (i=1,...,n). (2.29)
By virtue of (2.28), on the set (2.26) the equalities

(2.28)

Zii(taxlu"'uxn) :gi(taxlw"axn)a
filt,or, o wn) = filt,an, .. ze) (i=1,...,n)

are satisfied. Therefore for the trivial solution of the system (2.1) to be
uniformly stable, it is necessary and sufficient that the trivial solution of
the system (2.29) be uniformly stable.

According to (2.27), on R} x R™ the inequalities

filt,wr, )| S Gilt 2, wn) > lalzg| (i=1,...,n)  (2.30)
k=1

are satisfied. By Theorem 2.1, these inequalities and the condition (2.9)
imply that for arbitrary a € Ry, ¢p; € R and ¢; € C(] — o0,a]) (i =
1,...,n) every noncontinuable solution of the problem (2.29), (2.3) is defined
on [a,4o0[, is bounded and admits the estimate

Z Hxi”c([a,JrOCD < po Z (|COi| + ||Ci||C([a,+oo[))7 (2'31)
i=1 i=1
where
po=[E-m) (14 Y ta).
ik=1

For an arbitrarily given € > 0 we assume

0 =¢€/po.

Then by virtue of the estimate (2.31), the fulfilment of the inequality (2.6)
ensures that of the inequality (2.7). Thus the trivial solution of the system
(2.29) is uniformly stable. O

Corollary 2.3. Let for some 69 > 0 on the set (2.26) the inequalities

t

gi(t,x1, ..., @) > go(t), exp (/go(x) dx)|fi(t,x1,...,xn)‘ <

0

< (gi(t,xl, ey X)) — go(t)) Z&k%k(t)kvﬂ (i=1,...,n) (2.32)
k=1



56 1. Kiguradze and Z. Sokhadze

be satisfied, where

Toik (t)
vir (t) = exp ( / go(x) dm) (i,k=1,...,n) (2.33)
0
and Ui, (i,k = 1,...,n) and go € Lio.(Ry) are, respectively, nonnegative
constants and a nonnegative function satisfying the condition (2.9) and
+oo
/ go(s) ds = +o0. (2.34)
0

Then the trivial solution of the system (2.1) is uniformly asymptotically
stable.

Proof. Let §; and f; (i =1,...,n) be the functions given by the equalities
(2.28). To prove the corollary, it suffices to verify that the trivial solution
of the system (2.29) is uniformly asymptotically stable.

According to (2.33),

t

~ik(t) < exp (/go(a:) dz) for t>0 (i,k=1,...,n). (2.35)
0
On the other hand, for an arbitrary a € R we have

a

ik (t) = nik (t) exp (/go(:v) dm) for t>a (i,k=1,...,n), (2.36)
0
where 7 (i,k =1,...,n) are the functions given by the equalities (2.21).
By (2.28), (2.32), (2.35), and (2.36), the inequalities (2.30) are satisfied
on R x R™, while the inequalities
¢

Gi(t,x1,...,xn) > go(t), exp (/go(:c) dx)’fi(t,zl,...,:cn)‘ <

< (@it mr,. o wn) = go)) Y Camin(®)lak] (G k=1,...,n)  (2.37)
k=1

are satisfied on [a, +00[ xR™.

Owing to Corollary 2.2, the inequalities (2.9) and (2.30) guarantee the
uniform stability of the trivial solution of the system (2.29). On the other
hand, by Corollary 2.1, it follows from (2.9), (2.33) and (2.37) that an
arbitrary noncontinuable solution of the problem (2.29), (2.3) is defined on
[a, +00] and satisfies the equalities (2.8). Consequently, the trivial solution
of the system (2.29) is uniformly asymptotically stable. g

Corollary 2.4. Let
vraimax {t — 7 (t) : t e Ry} <400 (i,k=1,...,n) (2.38)
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and for some 09 > 0 on the set (2.26) the inequalities
gz(ta T1y.-. ,In) > gO(t)v

~ . 2.39
‘fi(taxla"-u‘rn)’Sgi(taxlu"'axn)zgiklxu (121,...,71) ( )
k=1

be satisfied, where Ly, (i,k =1,...,n) and go € Lioc(R4) are, respectively,
nonnegative numbers and a nonnegative function satisfying the conditions
(2.9) and (2.34). Then the trivial solution of the system (2.1) is uniformly
asymptotically stable.

Proof. By (2.9) and (2.38), there exist numbers n > 1 and v > 0 such that

r(Ly) <1, where L, = (nlir); -, (2.40)
and
0<t—7(t) <y for te Ry (i,k=1,...,n). (2.41)
We choose ¢ > 0 such that
(14+¢)exp(e) < n. (2.42)

Without loss of generality it can be assumed that
t+y
/ go(s)ds <1 for t € Ry.

Set .
0:(0) = T o).
Then, by virtue of (2.34), (2.41) and (2.42), we have
+o0
/ g=(t) dt = 400, (2.43)
0
¢
/ ge(z)dr <e for te Ry (i,k=1,...,n),
Toik (t)
and
t t Toik (t)
exp (/gg(:v) dm) = exp ( / g=(x) dm) exp( / g=(x) dm) <
0 Toik (t) 0
< % vein(t) for te Ry (i,k=1,...,n), (2.44)
where

Toik (t)

%ik(ﬁ)ZeXp( / gg(:v)dx) (i,k=1,...,n).
0
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Moreover, it is clear that on R x R™ the inequalities
gilt,z1,...,xn) = (L+e)gi(t,x1, ..., xn) —egi(t,z1, ..., xn) <
< (A +e)gi(t,z1,...,xn) —ego(t) =
=1+e)(gilt,21,...,2n) —ge(t)) (i=1,...,n) (2.45)

are satisfied. Taking into account (2.44) and (2.45), from (2.39) we find
¢

gi(t, w1, xn) > ge(t), exp (/ga(ﬂﬁ) dx)’fi(taivl,---axn)} <

0
S (gi(taxh ceey :En) - g&(t)) anm’kzk(f)kﬁﬂ (l = 1u ey TL)
k=1

However, by Corollary 2.3, the above inequalities together with the con-
ditions (2.40) and (2.43) guarantee the asymptotic stability of the trivial
solution of the system (2.1). O

We will now proceed by considering the system (2.2). The following
theorem holds.

Theorem 2.2. Let there exist nonnegative constants €, (i,k=1,...,n)
and nonnegative functions g € Lioe([a,+00[) and fo; € Lioe([a, +00[)
(i,k=1,...,n) such that the inequalities

\filt,r, )] <) gzl + foit) (i=1,...,n), (2.46)
k=1

gik(t)+90i(t)/(gik(5)+5ikgok(5)) ds<lirgoi(t) (i, k=1,...,n) (2.47)

Tai(t)
are satisfied, respectively, on [a, +oo[ xR™ and [a,+oo[. If, moreover,
lgglﬁgfn(t) >a (i=1,...,n), (2.48)
t t t
Lo; =sup {/exp ( —/goi(:v) dm) foi(s)ds+ / foi(s)ds : tZa} <
a s Tai(t)
<400 (i=1,...,n) (2.49)

and the condition (2.9) is fulfilled, then every noncontinuable solution of
the problem (2.2),(2.3) is defined on [a,+oo[, is bounded and admits the
estimate

n n
Z ||zi||c([a,+oo[) < pz (”CiHC(]—oo,a[) + ”601” + EOi)v (2'50)
=1 =1

where p is a positive constant depending only on goi, gir and Ly (i,k =
1,...,n).
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Proof. By (2.48), there exists by € ]a, +o00[ such that

Tai(t) = 7 (t) > a for t > by. (2.51)
Assume
n n bo
_ (1 + 3 elk) Zexp (/gOZ ds), (2.52)
i,k=1
Z 9ik (t) + dirgor(t)), (2.53)
i,k=1
bo
o= poex ( [ (s)ds). (2.54)
p= [l B - 071 S @t 8] (2.55)
i,k=1
and
l= Z (HC'L.”C(]foo,a[) + |COi| + éOi)' (2'56)
i=1

To prove the theorem, it suffices to state that for an arbitrary b €]a +
oo[, every solution of the problem (2.2),(2.3), defined on [a, b] admits the
estimate (2.14).

According to the conditions (2.46), (2.47) and the equalities (2.4) and
(2.5), almost everywhere on [a, b] the inequalities

[216) + X, (7 () g0i (B)i(7ai (1) | <

< gin(®) |k (rain(®)] + q0i(t) ((=1,...,n) (2.57)

and

|25 (8)] < goi (8) ]2 (ai (8)] + D gk (8) |k (Tain (£))] + qoi (t) (2.58)

(i=1,...,n)
are satisfied, where
q0i(t) = g0i(t) S (lik + i) ekl oy + foilt) (i=1,...,0). (2.59)
k=1

Suppose first that b €]a, by] and put

y(t) = Z coi| + Z/|x;(s)| ds (i=1,...,n).
i=1 =17
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Then on [a, b] the inequality
Dl ()] < y(h)
i=1

is satisfied. If along with this fact we take into account the notation (2.53),
then from (2.58) we can find

v =3 (el [antsras) + [ atons)as.
=1 a a
On the other hand, by (2.49), (2.52), (2.56), and (2.59) we have

n bo
> (|COi| +/q0i(3) dS) <
i=1 ’

N N bo bo bo

§Z|60i| —l—Zexp (/gm(s) ds) /exp ( —/goi(:v) dm) qoi(s) ds < pol.
i=1 i=1 s s p

Therefore,
t

y(t) < pol + /g(s)y(s) ds for a <t <b,
whence by the Gronwall lemma and the notation (2.54) it follows that
¢
y(t) < pol exp (/g(s) ds) <pif for a<t<b

and, consequently,

Z |z;(t)] < p1l for a <t <b.
i=1
Thus we have proved that if b € Ja, bo), then the estimate (2.14) is valid since
owing to (2.55) we have np; < p.
Let us now pass to the consideration of the case where b €]bg,+00][.
According to the above-proven, we have

1illoguny < P2l G=1,...,m). (2.60)

Therefore,
|lzi(bo)| < p1l (i=1,...,n), (2.61)
|2i(rai ()] < prl+ [zill s |2 (Taie ()] < prl + [l o (2.62)

for t € [a,b] (i,k=1,...,n),
where I = [bg, b].
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Taking into account the inequalities (2.47) and (2.62), from (2.58) and
(2.59) we obtain

t

[i(t) — 2i(rai(1))] < / 12 (s)| ds <

Tai(t)
. ¢
<> ( / (gir(s) + dirgor(s)) dS) 1kl oy +
k=1
Tai(t)
+ Z ik + 51;3 |ck||C(]—oo,a[) + plf) + lp; fora.a. tel (2.63)
k=1

(i=1,...,n).
By virtue of (2.51) and (2.57), almost everywhere on I the inequalities
|z (1) = ai(t) sena(t) < — gos(t)|2i (8)] + gos (8) |2 (t) — @i(7ai (1)) +

+ 37 g wr(rae ()| + qoi(t) (=1,...,n)

are satisfied. This together with (2.47), (2.59), and (2.63) imply that the
vector function (u;)?_; with the components

u;(t) = |z ()] for tel (i=1,...,n)

is a solution of the system of functional differential inequalities

(t) < gOZ +Z€’Lk901 |u’t||C(I) +q1( ) (’L'Zl,...7’l’l,),
where
a(t) = {Z(fik +0ik) (2l ekl ap + P1E) + Loi | g0i () + foi(t)  (2.64)
k=1
(i=1,...,n).

These inequalities by virtue of Theorem 1.1 and the condition (2.9) yield

Z ||xi||c(1) = Z ||ui||c(1) < H(E - H)_1||£*7 (2'65)
=1

i=1
where

t

Zul (bo) —I—Zmax{/exp /gol )dz)qi(s)dsz bogtgb}.

bo
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On the other hand, according to (2.49), (2.56), (2.61), and (2.64), we
have

0 <npil+ Y (G + 0i) (2]l ekl + p1f) +2ZEOZ—

i,k=1 =1

4 Z 1k + 5zk plé

i,k=1

Taking this inequality and the notation (2.55) into account, we find from
(2.60) and (2.65) that

n n
Z ||‘r7:HC([a,b]) < Z (Hxi”C([a,bo]) + ||xi||cu)) < p€~
=1 i=1

Consequently, the estimate (2.14) is valid. 0

Below, we will apply a somewhat more general than Theorem 2.2 propo-
sition concerning the boundedness of solutions of the differential system

i(t) + goi(t)wi (7:(t)) =
= fz (t, 1‘1(7’1'1 (t))7 ey (Tilm(t)); ey xn(nnl (f)), ey xn(ﬁ-nm(t))) (266)

(i=1,...,n).
Here f; : Ry x R™ — R (i = 1,...,n) are functions satisfying the local
Carathéodory conditions, go; € Lioc(Ry) (¢ = 1,...,n) are nonnegative
functions, and 7, : Ry — R, 7 : Ry = R (4,k=1,...,n; j=1,...,m)

are measurable on every finite interval functions such that

Ti(t) <t, Tu;(t) <t for teRy (4,k=1,...,n; j=1,...,m).

Theorem 2.2'. Let there exist nonnegative constants iy, (i,k=1,...,n)
and nonnegative functions gix; € L([a,+o0[) (1,k=1,...,n; j=1,...,m)
and foi€Lioc([a, +00[) (i=1,...,n) such that, respectively, on [a, +oo[ xR™"
and [a, +00[ the inequalities

}fl-(t,:cll,. s Llmy ooy Lmly - - ;Inm)} S
<D 0D g Ol + foilt) (=1,....n)
k=1j=1

and

¢
Zgzk] + goi(t) / ng; + dirgor (s )) ds < Lirgoi(t)
Tai(t)
(i=1,...,n)
are satisfied. If, moreover, the conditions (2.9), (2.48) and (2.49) are ful-

filled, then every noncontinuable solution of the problem (2.66), (2.3) is de-
fined on [a,+o0[, is bounded and admits the estimate (2.50), where p is
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a positive constant depending only on goi, gik; and iy (i,k = 1,...,n;
j=1,...,m).

We omit the proof of this theorem since it is analogous to that of Theo-
rem 2.2.

Corollary 2.5. Let there exist nonnegative constants £, (i,k=1,...,n)
and v and nonnegative functions go € Lioe([a, +0]), gir € Lioc([a, +00[)
and f; € Lipe([a, +0]) (i,k =1,...,n) such that the inequalities (2.46) are
satisfied on [a,4+oo[ XR™ and the inequalities

t—1i(t) <7v, t—1u@) <~y (,k=1,...,n), (2.67)
along with (2.47) are satisfied on [a,+oo[. Let, moreover,
¢

sup {/exp ( —/tgol-(:c) dx)fol-(s) ds+ /t foi(s) ds : tZa} <400 (2.69)
0 s Tai(t)
(i=1,...,n),

where
t

A zexp(/go(s) ds) forlt) (i=1,....n) (2.70)

and let the conditions (2.9) and (2.22) be fulfilled. Then every noncon-
tinuable solution of the problem (2.2),(2.3) is defined on [a,+oo[ and is
vanishing at infinity.

Proof. Without loss of generality, we can assume that ¢ > 0 (i,k =
1,...,n) and
t+y

/ go(s)ds <1 for t > a. (2.71)
i
On the other hand, by virtue of (2.9), there exists n > 1 such that the
inequality (2.40) is fulfilled. We choose € > 0 so small that
i =(1+e)exp(e) +e/li <n (i,k=1,...,n). (2.72)
By the transformation
x;(t) = yi(t) for t < a,
¢
z;(t) = exp ( - s/go(:ﬂ) dm)yi(t) for t>a (i=1,...,n),

a

the problem (2.2), (2.3) is reduced to the system

yi(t) + Goi(8)ys(rs(0)) = Fi(t,ys(0), 00 (7 (), -y (Tan (1)) (2.74)
(i=1,...,n)

(2.73)
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with the initial conditions (2.25), where
t
goi(t) = exp (6 / go(s)dS)goi(t) (i=1,...,n), (2.75)
Tai(t)
filt,m a1, .. ) = ego(t)a+
¢
+exp (6/g0(5) ds) fi(t, G (®)1, o G (D)) (0 =1,.00m)  (276)

a

and
t

Cir (1) zexp(—s / go(s)ds> (i=1,...,n). (2.77)
Taik (t)

By the inequalities (2.46) and the notation (2.70) and (2.77), we find

‘ﬁ(t,x,xl,...,xn)‘ =

= cgo(®)|z| + > e (®)|zk] + foi(t) (i=1,...,n), (2.78)
k=1

where
t

Gin(t) = exp (g / go(s) ds)gik(t) (k=1,....n). (2.79)
Taik (t)
On the other hand, according to (2.68), it follows from (2.75) that
goi(t) = goi(t) = go(t) (i=1,...,n). (2.80)
By virtue of (2.67) and (2.71), the inequalities
t Tai )+
/ go(s)ds < / go(s)ds <1,

Tai (t) Tai (t)
t Taik (£)+

/ go(s)ds < / go(s8)ds <1, (i=1,...,n)
Taik () Taik ()
are satisfied on [a, +00[. Therefore from (2.75) and (2.79) we have
90i(t) < exp(e)goi(t), Gir(t) <exp(e)gik(t) for t >a (i,k=1,...,n).

If along with the above estimates we take into account the inequalities
(2.47), (2.72), and (2.80), we obtain

gir(t) + €0irgo(t) + goi(t) / (Gik(s) + €6ingo(s) + Girgin(s)) ds <

Tai (t)
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< exp(e)gir (t) +egoi(t)+ (1+€) exp(e)Goi(t) [ (gin(s)+birgor(s)) ds <

Tai

—

t)

&~ o~

< (1+¢) exp(g) exp ( / go(s) ds) [gi;g(t)-&- (gik(8)+5ik90k(8)) ds|+
Tai(t) Tai(t)
+€§Oi(t) < 5ik£ik§0i(t) < 77&'1@01(15) (Z =1,... 7’I’L). (281)

By Theorem 2.2') it follows from the conditions (2.40), (2.67), (2.69),
(2.78), and (2.81) that every noncontinuable solution (y;)!"_; of the problem
(2.76), (2.25) is defined on [a, 400 and is bounded.

On the other hand, every noncontinuable solution (x;)"_; of the prob-
lem (2.2),(2.3) admits the representation (2.73). Owing to (2.22) and the
boundedness of (y;)j—;, it is clear that (x;)]_; is vanishing at infinity. O

Corollary 2.6. Let there exist constants §g > 0, by, >0 (i,k =,...,n)
and nonnegative functions g;x € Lioe(Ry) (i,k = 1,...,n) such that, re-
spectively, on the set (2.26) and on the interval Ry the inequalities

\filt,r, o wn)| <) gkl (i=1,...,n) (2.82)
k=1

and (2.47) are satisfied. If, moreover,

alinﬁgn(t) >0 (i=1,...,n)

and the condition (2.9) is fulfilled, then the trivial solution of the system
(2.2) is uniformly stable.

Corollary 2.7. Let there exist constants 69 > 0, L >0 (i, k=1,...,n)
and nonnegative functions g;x € Lioc(Ry) (i,k =1,...,n) such that on the
set (2.26) the inequalities (2.82) are fulfilled, while on the interval Ry the
inequalities (2.47) and (2.67) hold. If, moreover, the conditions (2.9) and
(2.34) are fulfilled, where

go(t) = min {goi(t) : i =1,...,n},
then the trivial solution of the system (2.2) is uniformly asymptotically sta-
ble.

Corollary 2.6 (Corollary 2.7) is proved analogously to Corollary 2.2 (Co-
rollary 2.3). The only difference is that instead of Theorem 2.1 we use
Theorem 2.2 (Theorem 2.2 and Corollary 2.5).

As an example, let us consider the linear differential system

() =Y pirzi(rin(t) (i=1,...,n), (2.83)
k=1
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where pix € Lioe(Ry) (i,k=1,...,n), and 7 : Ry = R (3,k=1,...,n)

are measurable on every finite segment functions satisfying the inequalities
Ti(t) <t (i,k=1,...,n).

The system (2.83) is said to be uniformly stable (uniformly asymp-

totically stable) if its trivial solution is uniformly stable (uniformly asymp-

totically stable).
Suppose

Toi(f) o {Tu(t) for T”(t) Z 0 (

=1,...,n).
0 for 7 (t) <0 ! n)
From Corollary 2.6 we have

Corollary 2.8. Let almost everywhere on Ry the inequalities

¢
pii(t) <0, / |pii(s)|ds <ty (i=1,...,n), (2.84)

TOi (t)

t
[pir (£)|+[pai (2)] / Ipir(s)|ds <lix|pii ()| (i,k=1,...,n; i#k) (2.85)
Toi(t)
be satisfied, where C;;, (i,k =1,...,n) are nonnegative constants satisfying
the condition (2.9). If, moreover,

liminf 7 (t) > 0 (i=1,....n),
then the system (2.83) is uniformly stable.
Corollary 2.7 results in

Corollary 2.9. Let almost everywhere on Ry the inequalities (2.84) and
(2.85) be satisfied, where i, (i,k = 1,...,n) are nonnegative constants
satisfying the condition (2.9). If, moreover,

400
vraimax {t — 7 (t) : t€Ry}<+oo (i,k=1,...,n), /p(t) dt =+00,
0
where
p(t) = min{|pii(t)| ci=1,.. .,n},
then the system (2.83) is uniformly asymptotically stable.

For 7;,(t) =t (i,k = 1,...,n), results analogous to Corollaries 2.8 and
2.9 have been obtained in [8].
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