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Abstract. The Cauchy problem for a system of two scalar non-Volterra
linear functional differential equations is considered. Necessary and suffi-
cient conditions of the solvability are obtained. The method which is used
here can be applied to many other boundary value problems for functional
differential equations with monotone operators. Some new results on the
solvability are announced in the last part of the article.
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In this article dedicated to the memory of Professor N. V. Azbelev, new
results on solvability of the Cauchy problem for a system of two first-order
functional differential equations will be obtained. Moreover, in the last part
of the article, some new necessary and sufficient conditions of solvability for
other problems will be given. Solvability of boundary value problems for
functional differential equations was one on the favorite topics of Professor
N. V. Azbelev. The method presented below can provide unimprovable
conditions of solvability for many boundary value problems for functional
differential equations with monotone operators.

1. We use the following notation.
R is the space of real numbers.
[a, b] ⊂ R is the finite closed interval (−∞ < a < b < +∞).
C = C[a, b] is the space of continuous functions x : [a, b] 7→ R with the

norm ‖x‖C = max
t∈[a,b]

|x(t)|.
L = L[a, b] is the space of Lebesgue integrable functions z : [a, b] 7→ R

with the norm ‖ z‖L =
b
∫

a

|z(t)| dt.
All equalities and inequalities with functions from L are understood al-

most everywhere on [a, b].
Wn = Wn[a, b], n > 1, is the space of all functions x : [a, b] 7→ R

with absolutely continuous (n − 1)-th derivative with the norm ‖x‖Wn =
n−1
∑

i=0

|x(i)(a)|+
b
∫

a

|x(n)(t)| dt; W = W1.

L(X,Y) is the linear space of all linear bounded operators acting from the
space X into the space Y. An operator T from L(C,L) is called positive
if (Tx)(t) > 0, t ∈ [a, b], for every nonnegative function x ∈ C. L+ =
L+(C,L) is the set of all positive operators from L(C,L).

If T ∈ L+, then

‖T‖C7→L =

b
∫

a

(T1)(s) ds.

2. Consider the boundary value problem for the system of two first-order
functional differential equations











ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b],

ẏ(t) = (T21x)(t) + (T22y)(t) + f2(t), t ∈ [a, b],

`1(x, y) = α1, `2(x, y) = α2,

(1)

where f1, f2 ∈ L, α1, α2 ∈ R, Tij = T+
ij − T−ij , T+

ij , T
−

ij ∈ L+, i, j = 1, 2,

`i ∈ L(W ×W,R), i = 1, 2.
By a solution of (1) we mean a pair of functions (x, y) ∈ W ×W such

that the boundary conditions `i(x, y) = αi, i = 1, 2, hold and the functional
differential equations in (1) hold almost everywhere.
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Problem (1) is called uniquely solvable if there exists a unique solution
of (1) for every fi ∈ L, αi ∈ R, i = 1, 2.

It is well known that the problem (1) has the Fredholm property [1].
Therefore, the following assertion holds.

Lemma 1. Problem (1) is uniquely solvable if and only if the homoge-

neous problem










ẋ = T11x+ T12y,

ẏ = T21x+ T22y,

`1(x, y) = 0, `2(x, y) = 0,

(2)

has only the trivial solution.

Now we present the main lemma. Its modifications can be useful for
many other boundary value problems for functional differential equations
with monotone operators.

Lemma 2. If the problem (2) has a nontrivial solution, then there exist

points τ1, τ2, θ1, θ2 ∈ [a, b], and functions pij , qij ∈ L such that

−(T−ij 1)(t) 6 pij(t), qij(t) 6 (T+
ij 1)(t), t ∈ [a, b], i, j = 1, 2,

pij(t) + qij(t) = (T+
ij 1)(t)− (T−ij 1)(t), t ∈ [a, b], i, j = 1, 2,

(3)

and the boundary value problem










ẋ(t)=p11(t)x(τ1)+q11(t)x(τ2)+p12(t)y(θ1)+q12(t)y(θ2), t∈ [a, b],

ẏ(t)=p21(t)x(τ1)+q21(t)x(τ2)+p22(t)y(θ1)+q22(t)y(θ2), t∈ [a, b],

`1(x, y) = 0, `2(x, y) = 0,

(4)

has a nontrivial solution.

Proof. Suppose the problem (2) has a nontrivial solution (x, y) and

min
t∈[a,b]

x(t) = x(τ1), max
t∈[a,b]

x(t) = x(τ2),

min
t∈[a,b]

y(t) = y(θ1), max
t∈[a,b]

y(t) = y(θ2).

Using the inequalities

x(τ1) 1 6 x(t) 6 x(τ2) 1 y(θ1) 1 6 y(t) 6 y(θ2) 1, t ∈ [a, b],

for the positive operators T+
ij , T−ij we get the inequalities

T+
111x(τ1)− T−111x(τ2) + T+

121y(θ1)− T−121y(θ2) 6

6 ẋ 6 T+
111x(τ2)− T−111x(τ1) + T+

121y(θ2)− T−121y(θ1)

and

T+
211x(τ1)− T−211x(τ2) + T+

221y(θ1)− T−221y(θ2) 6

6 ẏ(t) 6 T+
211x(τ2)− T−211x(τ1) + T+

221y(θ2)− T−221y(θ1).
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Then for some function ζ such that ζ(t) ∈ [0, 1], t ∈ [a, b], we have the
equality

ẋ = (1− ζ)
(

T+
111x(τ1)− T−111x(τ2) + T+

121y(θ1)− T−121y(θ2)
)

+

+ ζ
(

T+
111x(τ2)− T−111x(τ1) + T+

121y(θ2)− T−121y(θ1)
)

=

= p11x(τ1) + q11x(τ2) + p12y(θ1) + q12y(θ2),

where

p11 = (1− ζ)T+
111− ζT−111, q11 = ζT+

111− (1− ζ)T−111,

p12 = (1− ζ)T+
121− ζT−121, q12 = ζT+

121− (1− ζ)T−111.
(5)

Besides, for some function ξ such that ξ(t) ∈ [0, 1], t ∈ [a, b], we have the
equality

ẏ = (1− ξ)
(

T+
211x(τ1)− T−211x(τ2) + T+

221y(θ1)− T−221y(θ2)
)

+

+ ξ
(

T+
211x(τ2)− T−211x(τ1) + T+

221y(θ2)− T−221y(θ1)
)

=

= p21x(τ1) + q21x(τ2) + p22y(θ1) + q22y(θ2),

where

p21 = (1− ξ)T+
211− ξT−211, q21 = ξT+

211− (1− ξ)T−211,

p22 = (1− ξ)T+
221− ξT−221, q22 = ξT+

221− (1− ξ)T−211.
(6)

There exist functions ζ(t) ∈ [0, 1] and ξ(t) ∈ [0, 1] such that (5) and (6)
hold if and only if the conditions (3) are fulfilled.

So, the problem (4) has a nontrivial solution (x, y) and the conditions
(3) hold. �

The problem (4) is finite-dimensional. Hence it can be solved explicitly.
For the Cauchy problem (`1(x, y) = x(a), `1(x, y) = y(a)) we obtain the
following necessary and sufficient conditions guaranteeing the solvability.

Theorem 3. The Cauchy problem










ẋ = T11x+ T12y + f1,

ẏ = T21x+ T22y + f2,

x(a) = α1, y(a) = α2,

(7)

is uniquely solvable for all operators Tij = T+
ij − T−ij , where the operators

T+
ij , T

−

ij ∈ L+, i, j = 1, 2, satisfy the inequalities

‖T+
11‖ 6 A+, ‖T−11‖ 6 A−, ‖T+

12‖ 6 C+, ‖T−12‖ 6 C−,

‖T+
21‖ 6 D+, ‖T−21‖ 6 D−, ‖T+

22‖ 6 B+, ‖T−22‖ 6 B−,

if and only if

41 =

∣

∣

∣

∣

∣

∣

∣

∣

1− a+
1 a−1 −c+1 c−1

a−2 − 1 1− a+
2 c−2 −c+2

−d+
1 d−1 1− b+1 b−1

d−2 −d+
2 b−2 − 1 1− b+2

∣

∣

∣

∣

∣

∣

∣

∣

> 0
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and

42 =

∣

∣

∣

∣

∣

∣

∣

∣

1− a+
1 a−1 −c+1 c−1

a−2 − 1 1− a+
2 c−2 −c+2

−d+
2 d−2 1− b+2 b−2 − 1

d−1 −d+
1 b−1 1− b+1

∣

∣

∣

∣

∣

∣

∣

∣

> 0

for all numbers a+
i , a−i , b+i , b−i , c+i , c−i , d+

i , d−i , i = 1, 2, such that

a+
1 + a+

2 6 A+, a−1 + a−2 6 A−,

b+1 + b+2 6 B+, b−1 + b−2 6 B−,

c+1 + c+2 6 C+, c−1 + c−2 6 C−,

d+
1 + d+

2 6 D+, d−1 + d−2 6 D−,

a+
i , a

−

i , b
+
i , b

−

i , c
+
i , c

−

i , d
+
i , d

−

i > 0, i = 1, 2.

The proof of Theorem 3 is based on Lemmas 1 and 2.

Remark 4. The problem (7) is uniquely solvable for all Tij = T+
ij − T−ij ,

where the operators T+
ij , T

−

ij ∈ L+, i, j = 1, 2, satisfy the inequalities

‖T+
11‖ 6 A+, ‖T−11‖ 6 A−, ‖T+

12‖ 6 C+, ‖T−12‖ 6 C−,

‖T+
21‖ 6 D+, ‖T−21‖ 6 D−, ‖T+

22‖ 6 B+, ‖T−22‖ 6 B−,

if and only if the problem (7) is uniquely solvable for all Tij = T+
ij − T−ij ,

where the operators T+
ij , T

−

ij ∈ L+, i, j = 1, 2, satisfy the equalities

‖T+
11‖ = A+, ‖T−11‖ = A−, ‖T+

12‖ = C+, ‖T−12‖ = C−,

‖T+
21‖ = D+, ‖T−21‖ = D−, ‖T+

22‖ = B+, ‖T−22‖ = B−.

3. Now we consider a particular case of the problem (7):










ẋ = T11x+ T12y + f1,

ẏ = −T21x+ T22y + f2,

x(a) = α1, y(a) = α2,

(8)

where Tij ∈ L+, i, j = 1, 2.
The conditions guaranteeing the unique solvability of this problem are

obtained in [27]. Here we will improve that result and obtain necessary and
sufficient conditions for the problem (8) to be uniquely solvable.

As it is shown in [27], the problem (8) is uniquely solvable if and only if
the problem











ẋ = T11x− T12y + f1,

ẏ = T21x+ T22y + f2,

x(a) = α1, y(a) = α2

(9)

is uniquely solvable.
The application of Theorem 3 yields necessary and sufficient conditions

of the unique solvability.
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Lemma 5. The Cauchy problems (8) and (9) are uniquely solvable for

all operators Tij ∈ L+, i, j = 1, 2, such that

‖T11‖ 6 A, ‖T12‖ 6 C, ‖T21‖ 6 D, ‖T22‖ 6 B,

if and only if

41 =

∣

∣

∣

∣

∣

∣

∣

∣

1− a1 0 −c1 0
−1 1− a2 0 c2
0 d1 1− b1 0
d2 0 −1 1− b2

∣

∣

∣

∣

∣

∣

∣

∣

> 0

and

42 =

∣

∣

∣

∣

∣

∣

∣

∣

1− a1 0 −c1 0
−1 1− a2 0 c2
0 d1 1− b1 −1
d2 0 0 1− b2

∣

∣

∣

∣

∣

∣

∣

∣

> 0

for all nonnegative numbers ai, bi, ci, di, i = 1, 2, satisfying the inequalities

a1 + a2 6 A, b1 + b2 6 B, c1 + c2 6 C, d1 + d2 6 D.

Theorem 6. The Cauchy problems (8), (9) are uniquely solvable for all

positive operators Tij , i, j = 1, 2, such that

‖T11‖ 6 A, ‖T12‖ 6 C, ‖T21‖ 6 D, ‖T22‖ 6 B,

if and only if

A < 1, B < 1, CD <
(

3
√

1−A+ 3
√

1−B
)3
.

Proof. Using Lemma 5, we get

41 =(1−a1)(1−a2)(1−b1)(1−b2)+d1

(

c2(1−a2)+c1(1−b2)
)

−c1c2d1d2.

If A > 1, then 41 6 0 for a1 = A, a2 = b1 = b2 = d1 = 0. Therefore,
the inequality A < 1 (and, similarly, B < 1) is necessary for the inequality
min41 > 0. Further, the coefficients in41 at b2, a2, and d2 are nonpositive.
Hence 41 takes its minimum value for maximum possible values of a2, b2,
and d2: a2 = A− a1, b2 = B − b1, d2 = D − d1.

Now, the coefficients at a2
1 and b21 in the expression

41 = (1− a1)(1−A+ a1)(1− b1)(1−B + b1)+

+ d1

(

c2(1−A+ a1) + c1(1−B + b1)
)

− c1c2d1(D − d1)

are negative. So, the function 41 takes its minimum value for a1, b1 at the
ends of the intervals [0, A], [0, B] correspondently. Choosing the minimum
of these four values, we get

41 = (1−A)(1−B) + d1

(

c2(1−A) + c1(1−B)
)

− c1c2d1(D − d1).

Since 41 is a linear function of c2, then the minimum value can be taken
either for c2 = 0 (then 41 > 0) or for c2 = C − c1. Let C > 0 and
c2 = C − c1. Obviously, 41 > 0 for d1 = 0 or for d1 = D. Let d1 ∈ (0, D).
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Minimizing 41 over c1, we get that 41 > 0 for (D − d1)C 6 |B − A|, and
for (D − d1)C > |B −A| the expression 41 takes its minimum value at

c1 =
1

2

(

C − A−B

D − d1

)

.

Then

41 = (1−A)(1−B) + d1

(

C
2−A−B

2
− (A−B)2

2(D − d1)

)

−

− 1

4

(

C2 − (A−B)2

(D − d1)2

)

d1(D − d1).

We need conditions under which min41 > 0. It is more convenient to
find conditions under which min(41(D − d1)) > 0. We have

2(D − d1)41 = 2(1−A)(1−B)(D − d1)+

+d1

(

C(2−A−B)(D−d1)−(A−B)2
)

− d1

2

(

C2(D−d1)
2−(A−B)2

)

.

Finding the zeros of the derivative of (D − d1)41 by the variable d1, we
obtain that the minimum is taken at

d1 =
1

3

(

D − 2−A−B

C

)

. (10)

It is clear that d1 ∈ (0, D) if and only if CD > 2 − A − B. In this case
the condition (D − d1)C > |B − A| is fulfilled. If d1 < 0 (that is, if CD 6

2−A−B), then the minimum value of (D − d1)41 is positive.
So, let CD > 2 − A − B and d1 be defined by (10). Then after some

transformations we obtain

(D − d1)41 =
−1

27C

(

(CD − (2−A−B))3 − 27CD(1−A)(1−B)
)

.

The real root of the cubic equation
(

CD − (2− A−B)
)3 − 27CD(1−A)(1−B) = 0

with respect to the product CD can be found explicitly. It is easy to prove
that the unique positive root of this equation is

CD = M
def
=

(

3
√

1−A+
3
√

1−B
)3
.

Therefore, min41 > 0 if and only if CD < M . In a similar way we obtain
that min42 > 0 if and only if CD < M , A < 1, B < 1. This completes the
proof. �

Remark 7. The exact value of the upper bound for the product CD in
the solvability conditions of the problems (8), (9) confirms the good quality
of the approximate value

CD < 4
√

(1−A)(1−B) +
(
√

1−A+
√

1−B
)2
,
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which is found in [27]. Indeed, the difference between the exact value and
the approximate one does not exceed 0.18 for all A,B ∈ [0, 1). Also, as it
is shown in [27], this estimate is exact for A = B.

4. In the last part of the article we include some results on solvability of
various boundary value problems for various functional differential equations
(without proofs). All proofs are based on some analogues of Lemma 2 and
will be presented in forthcoming articles.

The following theorems 8–15 are dealing with particular cases of the
boundary value problem for the second order functional differential equation
{

x(n)(t)=(T+x)(t)−(T−x)(t)+(Q+ẋ)(t)−(Q−ẋ)(t)+f(t), t∈ [a, b],

`ix = αi, i = 1, . . . , n,
(11)

where n = 2 or n = 3, T+, T−, Q+, Q− ∈ L+, `i ∈ L(Wn,R), i = 1, . . . , n.
Such problems are considered in [17]–[26].
The problem (11) is called uniquely solvable if for every f ∈ L and

αi ∈ R, i = 1, 2, there exists a unique function x ∈ Wn such that the
functional differential equation in (11) is fulfilled almost everywhere and
the boundary conditions `ix = αi, i = 1, 2, hold.

Theorem 8. The periodic boundary value problem

{

ẍ(t) = (T+x)(t) − (T−x)(t) + f(t), t ∈ [a, b],

x(b)− x(a) = α1, ẋ(a)− ẋ(b) = α2,

is uniquely solvable for all operators T+, T− ∈ L+(C,L) such that ‖T+‖ =
T +, ‖T−‖ = T − if and only if either

T − < T +, 0 6 T − 6
3

L
,

T −
1− LT −

4

6 T + 6
1

L
(8 + 4

√
4− L T −)

or

T + < T −, 0 6 T + 6
3

L
,

T +

1− LT +

4

6 T − 6
1

L
(8 + 4

√
4− L T +),

where L ≡ b− a.

Theorem 9. The periodic boundary value problem

{...
x (t) = (T+x)(t) − (T−x)(t) + f(t), t ∈ [a, b],

x(b)− x(a) = α1, ẋ(a)− ẋ(b) = α2, ẍ(a)− ẍ(b) = α3,
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is uniquely solvable for all operators T+, T− ∈ L+ such that ‖T+‖ = T +,

‖T−‖ = T − if and only if either

T − < T +, 0 6 T − 6
24

L2
,

T −
1− L2 T −

32

6 T + 6
64

L2

(

1 +

√

1− L2 T −
32

)

or

T + < T −, 0 6 T +
6

24

L2
,

T +

1− L2 T +

32

6 T − 6
64

L2

(

1 +

√

1− L2 T +

32

)

,

where L ≡ b− a.

Theorem 10. The antiperiodic boundary value problem

{

ẍ(t) = (T+x)(t) − (T−x)(t) + f(t), t ∈ [a, b],

x(b) + x(a) = α1, ẋ(a) + ẋ(b) = α2,

is uniquely solvable for all operators T+, T− ∈ L+ such that ‖T+‖ 6 T +,

‖T−‖ 6 T − if and only if

T − + T + 6
4

b− a
.

Theorem 11. The boundary value problem

{

ẍ(t) = (T+x)(t) − (Q−ẋ)(t) + f(t), t ∈ [0, 1],

x(0) = α1, x(1) = α2,

is uniquely solvable for all operators T+, Q− ∈ L+ such that

‖T+‖ 6 T +, ‖Q−‖ 6 Q−

if and only if

Q− 6 1, T + 6 8
(

1 +
√

1−Q−
)

.

Theorem 12. The boundary value problem

{

ẍ(t) = (T+x)(t) + (Q+ẋ)(t) + f(t), t ∈ [a, b],

x(a) = α1, x(b) = α2,
(12)
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is uniquely solvable for all operators T+, Q+ ∈ L+ such that ‖T+‖ 6 T +,

‖Q+‖ 6 Q+ if and only if

Q+ 6 1,

T +
6 1 +

2(1 +
√

1 +Q+)

Q+
for Q+

> Q+
0 ,

T +
6

(3+(3+Q+)
√

1−2Q+)(4+Q+)3

12+8Q++13Q+2+8Q+3+(12+ 8Q+−Q+2)(1+Q+)
√

1−2Q+
,

for Q+ 6 Q+
0 ,

where Q+
0 ≈ 0.3157 is the unique solution of the equation

1 +
2(1 +

√
1 + q)

q
= T0(q)

on the interval q ∈ (0, 1/2].

Corollary 13. The problem (12) is uniquely solvable for all operators

T+, Q+ ∈ L+ such that ‖T+‖ 6 T +, ‖Q+‖ 6 Q+ if

T + 6 12 + 4
√

1− 2Q+ for Q+ 6 Q+
0 ,

where Q+
0 ≈ 0.3157 is the unique solution of the equation

1 +
2 (1 +

√
1 + q)

q
= T0(q)

on the interval q ∈ (0, 1/2].

Theorem 14. The boundary value problem
{

ẍ(t) = (T+x)(t) − (T−x)(t) + f(t), t ∈ [a, b],

x(a) = α1, x(b) = α2,

is uniquely solvable for all operators T+, T− ∈ L+ such that ‖T+‖ 6 T +,

‖T−‖ 6 T − if and only if

T − 6
4

L
, T + 6

8

L

(

1 +

√

1− LT −
4

)

,

where L ≡ b− a.

Theorem 15. The boundary value problem
{

ẍ(t) = (T+x)(t) − (T−x)(t) + f(t), t ∈ [a, b],

x(a) = α1, ẋ(b) = α2,

is uniquely solvable for all operators T+, T− ∈ L+ such that ‖T+‖ 6 T +,

‖T−‖ 6 T − if and only if

T − 6
1

L
, T + 6

4

L

(

1 +
√

1− L T −
)

,

where L ≡ b− a.
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In Theorem 16 a boundary value problem for a singular functional differ-
ential equation is considered in a special Banach space defined, for example,
in [2], [16]. Such problems are investigated in [3], [4].

Theorem 16. The singular boundary value problem
{

(t− a) ẍ(t) = (T+x)(t) − (T−x)(t) + f(t), t ∈ [a, b],

x(a) = α1, ẋ(b) = α2,

is uniquely solvable for all operators T+, T− ∈ L+ such that ‖T+‖ 6 T +,

‖T−‖ 6 T − if and only if

T − 6 1, T +
6 1 + 2

√
1− T −.

In Theorem 17 we obtain a result on solvability of the generalized Cauchy
problem for scalar functional differential equations. The Cauchy problem
and similar problems for scalar functional differential equations are consid-
ered in [6]–[13], [30].

Theorem 17. The generalized Cauchy problem
{

ẋ(t) = (T+x)(t) − (T−x)(t) + f(t), t ∈ [a, b],

x(c) = α,
(13)

where c ∈ [a, b], is uniquely solvable for all operators T+, T− ∈ L+ such that

c
∫

a

(T+1)(s) ds 6 T +
a ,

b
∫

c

(T+1)(s) ds 6 T +
b ,

c
∫

a

(T−1)(s) ds 6 T −a ,

b
∫

c

(T−1)(s) ds 6 T −b

if and only if

Ψ(T −b ) < 1− T +
b , Ψ(T +

a ) < 1− T −b , T +
a T −b < (1− T +

b ) (1− T −a ),

where

Ψ(z) =







0 if z 6 1,
1

4
(z − 1)2 if z > 1.

In the last four theorems we present results on the solvability of bound-
ary value problems for systems of functional differential equations. Such
problems are considered in [5], [14], [15], [27]–[29].

Theorem 18. The antiperiodic boundary value problem










ẋ = σ1T12y + f1,

ẏ = σ2T21x+ f2,

x(a) + x(b) = α1, y(a) + y(b) = α2,
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where σ1, σ2 ∈ {−1, 1}, is uniquely solvable for all operators T12, T21 ∈ L+

such that ‖T12‖ 6 C, ‖T21‖ 6 D if and only if

C D < 4.

Theorem 19. The Cauchy problems










ẋ = −T11x+ T12y + f1,

ẏ = T21x− T22y + f2,

x(a) = α1, y(a) = α2,

and










ẋ = −T11x− T12y + f1,

ẏ = −T21x− T22y + f2,

x(a) = α1, y(a) = α2,

are uniquely solvable for all operators Tij ∈ L+, i, j = 1, 2, such that

‖T11‖ 6 A, ‖T12‖ 6 C, ‖T21‖ 6 D, ‖T22‖ 6 B

if and only if

A < 3, B < 3, C D < ϕ(A)ϕ(B),

where

ϕ(t) =







1 if t ∈ [0, 1],

1− (t− 1)2

4
if t ∈ (1, 3].

Theorem 20. Let max(A,B) > 1
5 . The Cauchy problems











ẋ = −T11x− T12y + f1,

ẏ = T21x− T22y + f2,

x(a) = α1, y(a) = α2

(14)

and










ẋ = −T11x+ T12y + f1,

ẏ = −T21x− T22y + f2,

x(a) = α1, y(a) = α2

(15)

are uniquely solvable for all operators Tij ∈ L+, i, j = 1, 2, such that

‖T11‖ 6 A, ‖T12‖ 6 C, ‖T21‖ 6 D, ‖T22‖ 6 B,

if and only if

A < 3, B < 3, C D < ϕ
(

min(A,B))ψ(max(A,B)
)

,

where

ϕ(t) =

{

1 if t ∈ [0, 1],

1− (t−1)2

4 if t ∈ (1, 3],
ψ(t) =

{

1 + 1/t if t ∈ (0, 1],

3− t if t ∈ [1, 3].

If 0 < max(A,B) < 1
4 , then the inequality

CD < 8− 16 max(A,B)
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is sufficient for the unique solvability of the problems (14), (15).

Theorem 21. The Cauchy problem











ẋ = T11x+ T12y + f1,

ẏ = T21x+ T22y + f2,

x(a) = α1, y(a) = α2,

is uniquely solvable for all operators Tij = T+
ij − T−ij , T+

ij , T
−

ij ∈ L+, i, j =
1, 2, such that

‖T+
11‖ 6 A+, ‖T−11‖ 6 A−, ‖T+

12‖ 6 C+, ‖T−12‖ 6 C−,

‖T+
21‖ 6 D+, ‖T−21‖ 6 D−, ‖T+

22‖ 6 B+, ‖T−22‖ 6 B−

if and only if

A+ < 1, A− < 1 + 2
√

1−A+, B+ < 1, B− < 1 + 2
√

1−B+,

C+D+ < M1(A
+, A−, B+, B−), C−D− < M1(A

+, A−, B+, B−),

C−D+ < M2(A
+, A−, B+, B−), C+D− < M2(A

+, A−, B+, B−),

where the functions M1, M2 are defined by the equalities

M1(A
+, A−, B+, B−) = (ϕ(A−)−A+)(ϕ(B−)−B+),

M2(A
+, A−, B+, B−) = inf

(

k +
1

k
+m+

1

m

)

(

R+
√

R2 + 4S
)

, (16)

where

ϕ(t) =

{

1 if t ∈ [0, 1],

1− (t−1)2

4 if t ∈ (1, 3],

R =
(

(1− a+
1 )(1− a+

2 )− a−1 (a−2 − 1)
)(

(1− b+1 )(1− b+2 )− b−1 (b−2 − 1)
)

,

S =
(1− a+

1 )(1− b−2 )

k
− k b−1 (1− a+

1 ) +
(1− a−2 )(1− b+1 )

m
−ma−1 (1− b+2 ),

the lower bound in (16) is taken over all k,m > 0 and over all nonnegative

a+
i , a−i , b+i , b−i , i = 1, 2, such that a+

1 +a+
2 6 A+, a−1 +a−2 6 A−, b+1 +b+2 6

B+, b−1 + b−2 6 B−.

Remark 22. The function M2 defined in (16) is computed in Theorems 3,
20 and in [14], [27–29] for some particular cases.
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13. R. Hakl, A. Lomtatidze, and J. Šremr, On nonnegative solutions of a periodic
type boundary value problem for first order scalar functional differential equations.
Funct. Differ. Equ. 11(2004), No. 3-4, 363–394.
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