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ON THE SOLVABILITY OF THE CAUCHY
PROBLEM FOR SYSTEMS OF TWO LINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

Dedicated to the blessed memory of Professor N. V. Azbelev



Abstract. The Cauchy problem for a system of two scalar non-Volterra
linear functional differential equations is considered. Necessary and suffi-
cient conditions of the solvability are obtained. The method which is used
here can be applied to many other boundary value problems for functional
differential equations with monotone operators. Some new results on the
solvability are announced in the last part of the article.
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In this article dedicated to the memory of Professor N. V. Azbelev, new
results on solvability of the Cauchy problem for a system of two first-order
functional differential equations will be obtained. Moreover, in the last part
of the article, some new necessary and sufficient conditions of solvability for
other problems will be given. Solvability of boundary value problems for
functional differential equations was one on the favorite topics of Professor
N. V. Azbelev. The method presented below can provide unimprovable
conditions of solvability for many boundary value problems for functional
differential equations with monotone operators.

1. We use the following notation.

R is the space of real numbers.

[a,b] C R is the finite closed interval (—oo < a < b < +00).

C = CJa, b] is the space of continuous functions z : [a,b] — R with the
norm || zl|c = ma)l()] |x(¢)].

tela
L = La,b] is the space of Lebesgue integrable functions z : [a,b] — R

b
with the norm | 2|, = [ |2(¢)] dt.

All equalities and ingqualities with functions from L are understood al-
most everywhere on [a, ].

W™ = W"[a,b], n > 1, is the space of all functions z : [a,b] — R
with absolutely continuous (n — 1)-th derivative with the norm || z||w» =

n—1 b
> 2O (a)| + [ [« (t)| dt; W = W
=0

L(X,Y) is the linear space of all linear bounded operators acting from the
space X into the space Y. An operator T from L£(C,L) is called positive
if (Tz)(t) > 0, t € [a,b], for every nonnegative function z € C. LT =
L1(C, L) is the set of all positive operators from £(C,L).

If T € LT, then

b

[Tlo—L = /(Tl)(s) ds.

a

2. Consider the boundary value problem for the system of two first-order
functional differential equations

i(t) = (Tux)(t) + (Ti2y)(t) + f1(t), t € [a,b],
y(t) = (Torz)(t) + (T22y)(t) + f2(t), t € [a,b], (1)
bz, y) = a1, Llo(z,y) = ao,

where fl, f2 eLl, oy, a2 € R, Tij = T:]r — Tz;7 T:]r, Tz; S £+, i, =1,2,
;e LW X W, R),i=12.

By a solution of (1) we mean a pair of functions (z,y) € W x W such
that the boundary conditions ¢;(z,y) = a;, i = 1,2, hold and the functional
differential equations in (1) hold almost everywhere.
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Problem (1) is called uniquely solvable if there exists a unique solution
of (1) for every f; €L, a; € R, i =1,2.

It is well known that the problem (1) has the Fredholm property [1].
Therefore, the following assertion holds.

Lemma 1. Problem (1) is uniquely solvable if and only if the homoge-
neous problem
T =Tz + Tioy,
y = Toi1x + Tay, (2)
bi(z,y) =0, fla(z,y) =0,
has only the trivial solution.
Now we present the main lemma. Its modifications can be useful for

many other boundary value problems for functional differential equations
with monotone operators.

Lemma 2. If the problem (2) has a nontrivial solution, then there exist
points 11, T2, 01, 02 € [a,b], and functions p;j, q;j € L such that

_(Tigl)(t) < pij(t)7 Qij(t) < (T;Jrl)(t), te [a7b]7 i,j=12,
pij(t) + ¢i5(t) = (T;1)(t) — (T;1)(t), t€lab], i,j=1,2,
and the boundary value problem
E(t)=pu()z(m)+q1(t)z(r2) +p12(t)y(61) +qr2(t)y(62), te€la,b],

y(t) =pa1 (t)x(71) +q21 ()2 (2) +p22(t)y(01) +a22(t)y(62), te€(a,b], (4)
O (z,y) =0, fla(x,y) =0,

has a nontrivial solution.

3)

Proof. Suppose the problem (2) has a nontrivial solution (z,y) and

min z(t) = z(m), tren[g)g] z(t) = x(m2),

t€la,b]
in y(t) = y(0 ) = y(6s).
tgfﬁ]y() y(61), tren[%]y() y(02)

Using the inequalities
w(m) 1<) <z(r2) 1 y(0h) 1 <y(t) <y(02)1, t€lab],

for the positive operators Ti}',

T;; we get the inequalities
Tiila(r) — Tla(re) + Thly(6h) — Tialy(6s) <
<@ < Tihla(r) — Tyle(n) + Tibly(62) — Tiply(6:)
and
Tyila(r) — Toyla(r) + Toply(61) — T ly(62) <
< Y(t) < Tyyla(m) — Toyla(mi) + Toh1y(02) — Toply(61).
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Then for some function ¢ such that ((t) € [0,1], ¢t € [a,b], we have the
equality
&= (1-¢) (T 1a(n) — Ty la(n) + Tialy(61) — Tiply(62))+
+ C(Th 1a(re) — Ty la(m) + Tis1ly(62) — Tip1y(61)) =
= puz(n) + quz(r2) + p12y(01) + q12y(02),
where
pi=1-QOTH1 =Tl qu = ¢ — (1T, (5)
pi2 = (1= QT51 = (Tl qi2 = (Th1 — (1= )Ty .
Besides, for some function £ such that £(¢) € [0,1], ¢ € [a,b], we have the
equality
§=(1-8) (T1a(n) — Ty la(re) + Thly(01) — Tply(6a))+
+ (T 1w () = Ty la(m) + T 1y(02) — Tpp1y(61)) =
= p212(71) + q12(72) + P22y(01) + q22y(02),
where
pa1 = (1— f)Tﬂl —&T511, qa1 = sztl = (1 =871, (6)
P22 = (1= E)Topl — ETppl, g2 = ETH1 — (1= €Ty 1.

There exist functions {(¢) € [0,1] and &(¢) € [0, 1] such that (5) and (6)
hold if and only if the conditions (3) are fulfilled.

So, the problem (4) has a nontrivial solution (z,y) and the conditions
(3) hold. O

The problem (4) is finite-dimensional. Hence it can be solved explicitly.
For the Cauchy problem (¢1(x,y) = z(a), £1(x,y) = y(a)) we obtain the
following necessary and sufficient conditions guaranteeing the solvability.

Theorem 3. The Cauchy problem
T =Tz + Ty + fi,
Y = To1x + Troy + fo, (7)
x(a) = O, y(a) = g,

s uniquely solvable for all operators T;; = TZ}L — T.;, where the operators

ij’

T;;,Ti; € LT, i,7=1,2, satisfy the inequalities
ITHI < AT, TRl < A7, TR <Cr, | Tell<C,
I < DT, [Tyl < D7, [ Thl| < BT, ([Tl < B7,
if and only if
1-—- af ay —cf cy
ay —1 1—af Cy —c5

e I e At - Sl R

dy —dy by —1 1-0bF
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and
1—af a; —cf cr
_lag —1 1—(1;r Coy —c;r
i I S Y S N B
dy —df by 1—bf
for all numbers a;", a; , b;", b;, cj‘, ¢ s d;", d;,i=1,2, such that
af +af < AT, a] +a; <A,
by +b < BT, b +b, <B,
f +c5 <CY, ¢+ <O
dif +dy <D, dy +d, <D,
a;r,a;,b;r,b;,c;r,c;,dj,d; >0, i=1,2.

The proof of Theorem 3 is based on Lemmas 1 and 2.

Remark 4. The problem (7) is uniquely solvable for all T;; = T:]r =T,

where the operators T;Jf, T € LT, 4,5 = 1,2, satisfy the inequalities
ITHI < AT, (1Tl < A7, ITHI<CY, ITRll<C,
ITH < DY, (I Txll <D, Tl < BT, [Tyl <B7,

if and only if the problem (7) is uniquely solvable for all T;; = T:]r =T,
where the operators T;Jf, T € LT, 4,5 = 1,2, satisfy the equalities
[T =AY, (IThll= A7, | TEll=C*, |Tel=C,
I Toill = D%, | Tull=D", [ Thll=B", [Tyl =B".
3. Now we consider a particular case of the problem (7):

= Tux+Ty+ fi,
U= —To1x + Tooy + fo, (8)
r(a) = a1, yla) = ag,
where T;; € LT, 0,5 =1,2.
The conditions guaranteeing the unique solvability of this problem are

obtained in [27]. Here we will improve that result and obtain necessary and

sufficient conditions for the problem (8) to be uniquely solvable.
As it is shown in [27], the problem (8) is uniquely solvable if and only if

the problem
@ =Tnz — Ty + f1,
y = To1x + Tooy + fo, 9)
z(a) = a1, yla)= a9
is uniquely solvable.
The application of Theorem 3 yields necessary and sufficient conditions
of the unique solvability.
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Lemma 5. The Cauchy problems (8) and (9) are uniquely solvable for
all operators T;; € L1, i,j = 1,2, such that

[Tull <A, T <C, |Ta| <D, ||[T2| < B,
if and only if
1— al 0 —C1 0
-1 1-— an 0 C2
= 0 o 1-bt, o |70
do 0 -1 1-be
and
1— a1 0 —C1 0
-1 1-— an O C2
B2=1 g g 1 -1 |0
dg 0 0 1- b2
for all nonnegative numbers a;, b;, c;, d;, i = 1,2, satisfying the inequalities
ai+az <A, bi+b<B, c1+ca<C, dy+da<D.

Theorem 6. The Cauchy problems (8),(9) are uniquely solvable for all
positive operators Ti;, 1,7 = 1,2, such that

[Tl <A, [Tl <C |Ta| <D,
if and only if
A<1, B<l, CD<((¥V1-A+V1-B)"
Proof. Using Lemma 5, we get
Ay=(1—a1)(1—az)(1—b1)(1—bs)+di (ca(l—az)+c1(1—bs)) —cicadida.

If A> 1, then Ay <0 for ag = A, ay = by = by = d; = 0. Therefore,
the inequality A < 1 (and, similarly, B < 1) is necessary for the inequality
min Ay > 0. Further, the coefficients in /Ay at bs, as, and dy are nonpositive.
Hence A takes its minimum value for maximum possible values of aso, bs,
anddg: a2=A—a1, ngB—bl, dQZD—dl.

Now, the coefficients at a? and b? in the expression

N = (1 — al)(l — A+ al)(l — bl)(l — B+ bl)"r
+ d; (62(1 — A+ al) + 61(1 — B+ bl)) — Clczdl(D — dl)

are negative. So, the function /\; takes its minimum value for a1, b at the
ends of the intervals [0, A], [0, B] correspondently. Choosing the minimum
of these four values, we get

Al = (1 - A)(l - B) + dl (62(1 — A) + Cl(l — B)) — 6102d1(D — dl)

| To2|| < B,

Since Aj is a linear function of ¢o, then the minimum value can be taken
either for ¢o = 0 (then A; > 0) or for co = C —¢;. Let C > 0 and
¢a = C — ¢;. Obviously, Ay > 0 for d; =0 or for d; = D. Let dy € (0, D).
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Minimizing A; over ¢1, we get that Ay > 0 for (D —d;)C < |B — A|, and
for (D —dy)C > |B — A| the expression A; takes its minimum value at
1 A-B
—~(c- ).
a=3(C-5= d

Then

B 2-A-B (A-DB)?
R R e e

1/, (A=B)?
Z(C_(D_dl)‘z

We need conditions under which min A; > 0. It is more convenient to
find conditions under which min(A;(D —dy)) > 0. We have

2D — dy) Ay = 2(1 — A)(1 — B)(D — di)+

)dl(D—dl).

+dy (C(2—A—B)(D—d1)—(A—B)2)—% (C*(D—dy)*>—(A-B)?).

Finding the zeros of the derivative of (D — dy1)A; by the variable dy, we
obtain that the minimum is taken at

1 _2—A—B)'

d1:§(D C

It is clear that dy € (0,D) if and only if CD > 2 — A — B. In this case
the condition (D — dy)C > |B — A| is fulfilled. If dy < 0 (that is, if CD <
2 — A — B), then the minimum value of (D — dy)/\; is positive.

So, let CD > 2 — A — B and d; be defined by (10). Then after some
transformations we obtain

1
1=m((

The real root of the cubic equation

(10)

(D —dy)\ CD - (2—A-B))>-27CD(1 - A)(1 - B)).
(CD—(2-A-B))’=21CD(1 - A)(1-B)=0

with respect to the product C'D can be found explicitly. It is easy to prove
that the unique positive root of this equation is

CD=M% (T-—4+J1-B)".

Therefore, min Ay > 0 if and only if CD < M. In a similar way we obtain
that min Ag > 0 if and only if CD < M, A <1, B < 1. This completes the
proof. ([l

Remark 7. The exact value of the upper bound for the product C'D in
the solvability conditions of the problems (8), (9) confirms the good quality
of the approximate value

CD <4/ (1-A)(1-B)+ (Vi—A+Vi-B),
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which is found in [27]. Indeed, the difference between the exact value and
the approximate one does not exceed 0.18 for all A, B € [0,1). Also, as it
is shown in [27], this estimate is exact for A = B.

4. In the last part of the article we include some results on solvability of
various boundary value problems for various functional differential equations
(without proofs). All proofs are based on some analogues of Lemma 2 and
will be presented in forthcoming articles.

The following theorems 8-15 are dealing with particular cases of the
boundary value problem for the second order functional differential equation

{WWQ—@ﬁMU—UWMWHQWXW%QWWwaieMﬂy (11)

lbix=qay, i=1,...,n,

wheren=2o0rn=3,TT, T, QT, Q- € LT {; € LW", R),i=1,...,n.

Such problems are considered in [17]-[26].

The problem (11) is called uniquely solvable if for every f € L and
a; € R, i = 1,2, there exists a unique function x € W™ such that the
functional differential equation in (11) is fulfilled almost everywhere and
the boundary conditions ¢;z = «;, ¢ = 1, 2, hold.

Theorem 8. The periodic boundary value problem
B(t) = (T7x)(t) — (T72)(t) + f(t), t€a,b],
z(b) —z(a) = a1, @(a) — (b)) = g,
is uniquely solvable for all operators T, T~ € L1(C,L) such that || T| =
TH, | T~ || =T if and only if either
T-<Th, 0<7T <

Za
T <1< l(8+4¢4—L¢)

I
or
TH<T™, 0<T+<%,
" <L VIZLTT
ﬁ\ \E(8+4 4—L ),

where L = b — a.

Theorem 9. The periodic boundary value problem

{'s‘c’(t) = (T*a)(t) — (T=2)(t) + f(1), t€ [a,b],
z(b) —z(a) = a1, @(a) —z(b) = as, (a)—Z(b) = as,
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is uniquely solvable for all operators T, T~ € LT such that | TT| =TT,

|T—|| =7 if and only if either

T~ <TT, o<7*\i—i,
1 —TLZ? ST < % (1 - Lgi)
or
TH<T-, 0<7+<ié,
1TLJ‘;T*\T\%(1+ _L23§+)’

where L = b — a.

Theorem 10. The antiperiodic boundary value problem

{fc‘(t) = (TFa)(t) — (T~2)(t) + f(t), t€ [ab],
z(b) + z(a) = a1, @(a)+ z(b) = ag,

is uniquely solvable for all operators TT, T~ € LT such that | TT|| < T,

| T~|| < T~ if and only if

4

T +77<
b—a

Theorem 11. The boundary value problem

{o'é(t) = (T+a)(t) — (Q~&)(t) + f(t), te[0,1],
1

2(0) = a1, z(1) = as,
is uniquely solvable for all operators TT,Q~ € Lt such that
T <7, Q7 I<Q

if and only if

Q <1, TH<8(1+V1-Q).

Theorem 12. The boundary value problem
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is uniquely solvable for all operators TT, Q% € LT such that | T|| < T,
| QF| < QT if and only if
ot <1,

7+ <14 20EVIFOT) ”Qljgﬂ for Q% > O,
T+« (B+(B+2")V1-207)(4+Q")?
T 12480+ 4130+ +80+° (124 80+ — O+?)(1+Q+)V1—20F

for 9t < Qf,
where QE}' ~ 0.3157 is the unique solution of the equation

1+ 2(1% V1+q) = TO(Q)

on the interval g € (0,1/2].

Corollary 13. The problem (12) is uniquely solvable for all operators
T, Q" € LT such that |TH| <TT, [|QT|| <O if

TH<1244/1-20% for QY < Qf,
where Qar ~ 0.3157 s the unique solution of the equation

20+vT+g)
q

1+ =To(q)

on the interval q € (0,1/2].
Theorem 14. The boundary value problem
i(t) = (T*a)(t) - (T~2)(t) + f(8), t€[a,]
z(a) = a1, z(b) = ag,

is uniquely solvable for all operators T, T~ € LT such that | TT|| < TT,
| T-|| < T~ if and only if
4 LT~ )

8
T <, TH<=(1+\1- =~
L A 1

where L =b — a.
Theorem 15. The boundary value problem
B(t) = (TTx)(t) = (T~2)(t) + f(t), tE€la,b],
z(a) = a1, @(b) = ag,
is uniquely solvable for all operators T+, T~ € LT such that | TT|| < TT,
| T-|| < T~ if and only if

_ 1 4
T <7, T*gz(1+\/1—LT*),

where L =b — a.
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In Theorem 16 a boundary value problem for a singular functional differ-
ential equation is considered in a special Banach space defined, for example,
n [2], [16]. Such problems are investigated in [3], [4].

Theorem 16. The singular boundary value problem
(t—a)@(t) = (TT2)(t) — (T~2)(t) + f(t), t€[ab],
z(a) = a1, #(b) = ag,

is uniquely solvable for all operators T, T~ € LT such that | TT|| < TT,
| T=|| < T~ if and only if

7T~ <1, TH<1+42V1-7T-.

In Theorem 17 we obtain a result on solvability of the generalized Cauchy
problem for scalar functional differential equations. The Cauchy problem
and similar problems for scalar functional differential equations are consid-
ered in [6]-[13], [30].

Theorem 17. The generalized Cauchy problem

#t) = (T*2)(1) — (T=2)(#) + f(1), 1€ [a, 8], .
z(c) = a,
where ¢ € [a, b], is uniquely solvable for all operators T, T~ € LT such that
c b
Jameas<T [@remis<,
c b
Janeas<, [@eds<T;

if and only if
V) <1-TF W) <1-77, LT, <(1-7")(1-1),

where

0 if 2 <1,
Uz) =XK1
(=) Z@—lf if 2> 1.

In the last four theorems we present results on the solvability of bound-
ary value problems for systems of functional differential equations. Such
problems are considered in [5], [14], [15], [27]-[29].

Theorem 18. The antiperiodic boundary value problem

= oIy + f1,
Yy = ooz + fo,
z(a) + z(b) = a1, y(a)+y(b) = as,
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where a1, 0o € {—1,1}, is uniquely solvable for all operators Ty, Toy € LT
such that | Thzl| < C, || T21|| < D if and only if

CD <4
Theorem 19. The Cauchy problems

T = -Tnz+ Ty + fi,

y= Torx —Toy+ fo,

z(a) =oa, yla)=az,
and

@ =Tz — Ty + fi,

y = —To1x — Taoy + fo,

r(a) = a1, yla) = ag,
are uniquely solvable for all operators T;; € LT, 4,5 = 1,2, such that

[Tull <A, [Twel<C, [Tal<D, |T2l|<B
if and only if
A<3, B<3, CD<yp(A)p(B),

where
1 if t€]0,1],
= _1)2
elt) (t-1) if te(1,3].

4
Theorem 20. Let max(A, B) > +. The Cauchy problems
&= —Tnz— T2y + f1,
y= Tox—Thy+ fa (14)
z(a) = a1, yla) = o

and
T =-Thx+Ty+ fi,

y=—Toz —Thoy + fo, (15)
z(a) = a1, yla) = a2
are uniquely solvable for all operators T;j € L1, 4,5 = 1,2, such that
[Tull <A, [Tl <C, [[Tal <D, |[Te| < B,
if and only if
A<3, B<3, CD < ¢(min(A,B))y(max(4,B)),
where
1 if telo,1], 1+1/t 4f te(0,1],
e(t) = 1 @=»* Y(t) = .
- ifte(1,3], 3—t if tell,3].
If 0 < max(A, B) < %, then the inequality
CD < 8 — 16 max(A4, B)
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is sufficient for the unique solvability of the problems (14), (15).

Theorem 21. The Cauchy problem

& =Tz + Ty + f1,
y = Torx + Tay + fo,
x(a) = a1, y(a) = O3,
is uniquely solvable for all operators T;; = T;r T, T:JF,TU eLt, i,j=
1,2, such that
I T}
I T4
if and only if
AT <1, A~ <14+2V1-Af, BT <1, B <1+2V1- B+,
CTDY < My(AT,A~,BY,B™), C D~ <M (A", A=, BT, B"),
C™ DY < My(AT, A= BT, B™), C"D™ < My(A", A=, BT B"),

)

‘, TRl <CF,) (1Tl

<AT, | Tyl <
<D T IR < BY, 1Tyl

|
| Tl

<C
< B

//\ //\

) )

where the functions My, Ma are defined by the equalities
Ml(AJraA_vBJ’_aB_) = (()O(A_) - A+)( ( _) - B+)

My(At, A=, B, B™) = f(k+]1€+m+ )(R+\/R2+4) (16)

where

1,

1 if te
go(t) = { (t—1)2
1 - 1

[0
if te(1,3],
R=((1-af)(1-af)—ay(a; —1))((1=0)(1 = bf) —by (b — 1)),
S = (1_0’1)( b2)_kbl—(l_al)+(1_a2)(1_b+)_mal(l_bz)

k

the lower bound in (16) is taken over all k,m > 0 and over all nonnegative
ai,a;, b, by z—l 2, such that af +a3 < A*, ay +a; < A7, b +b5 <

v Ty T ) Z7

Bt by +by

Remark 22. The function M> defined in (16) is computed in Theorems 3,
20 and in [14], [27-29] for some particular cases.
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