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MALKHAZ ASHORDIA

ON A PRIORI ESTIMATES OF BOUNDED SOLUTIONS OF
SYSTEMS OF LINEAR GENERALIZED ORDINARY
DIFFERENTIAL INEQUALITIES

(Reported on March 12, 2006)

Let 0, € {-1;1} (i = 1,...,n) and let ay, f; : R — R (i # I; 4,] =
1,...,n)and a;; : R =R (i =1,...,n) be, respectively, nondecreasing and
nonincreasing functions.

In this paper we consider the question on a priori estimates of nonnegative
solutions (u;)!; of the system of linear generalized ordinary differential
inequalities

oidui(t) <Y wi(t)daq(t) + dfs(t) for teR (i=1,...,n) (1)
=1

satisfying the condition

limsupu;(o;t) <oo (1=1,...,n). (2)

t—o0

A particular case of the condition (2) is the periodic problem
ui(t+w) =u(t) for teR (i=1,...,n).

We will use these results for the proof of theorems concerning the exis-
tence of bounded (on infinite intervals of the real axis) solutions for systems
of generalized ordinary differential equations.

To a considerable extent, the interest to the theory of generalized ordi-
nary differential equations has also been stimulated by the fact that this
theory enables one to investigate ordinary differential, impulsive and differ-
ence equations from a unified point of view (see, e.g., [1]-[7] and references
therein).

These results for systems of linear ordinary differential inequalities belong
to I. Kiguradze ([8], [9]).

2000 Mathematics Subject Classification. 34B40.
Key words and phrases. Systems of linear generalized ordinary differential equations,
the Lebesgue—Stiltjes integral, bounded solutions, a priori estimates.



152

Throughout the paper, the use will be made of the following notation
and definitions.

R =] — 00,+00[, Ry = [0, +00[; [a,b] and ]a, ] are, respectively, closed
and open intervals.

R"™ ™ is the set of all real matrices X = (2;); /2.

7(X) is the spectral radius of the quadratic n x n-matrix X = (z;)7;_;.
A matrix-function X = (z;;); 72, — R™™ is said to be nonnegative,
continuous, nondecreasing, etc., if each of its components z;; (i =1,...,n;
j=1,...,m) is such.

b

V() is the total variation on [a, b] of the function z : [a,b] — R.

BV([a,b],R) is the set of all functions z : [a,b] — R with bounded total
variation. ,

BVioc(R,R) is the set of all functions = : R — R, such that \/(z) < oo
for a < b (a, b € R); z(t—) and x(t+) are, respectively, the left and right
limits of the function z : R — R at the point ¢t € R; dyz(t) = z(t) — z(t—),
doz(t) = z(t+) — z(t).

v(z) : R — R is the function defined by v(z)(0) = 0, v(z)(t) =

o<~

(z) for

t>0and v(z)(t) = \a/(ac) for t < 0.

so(x) : R — R is the continuous part of the function x € BV ,.(R,R),

ie.,

so(x)(0)
so(x)(t)

07
x(t) — z(0) — Z dyx(1) — Z dax(r) for t >0

0<T<t 0<r<t

and

so(z)(t) = z(t) —2(0) = Y dix(r) = Y dox(r) for t <0.

t<r<0 t<r<0
A BV (R, R) X BV (R, R) — BV,.(R,R) is the operator defined by
A(z,y)(0) =0,
Al,y)®) =y(0) + Y dia(r) - (1= dra(r)) " diy(r)-

0<r<t
_ Z dox(7) - (1 —i—dgx(T))_ldgy(T) for ¢ >0,
o<r<t
A, y) ) =yt) = Y dia(r) - (1 - dia(r))  diy(r)+
t<7<0

+ Z dox(7) - (14 dgx(T))_ldgy(T) for t <0
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for every x € BV ,.(R,R) such that
1+ (=1)7d;z(t) #0 for t e R (j =1,2).
If g : R — R is a nondecreasing function, z : R — R and s < ¢, then
t
[amdgn = [smas@m+ X wdgn)+ Y atndaglo)
s<t<t s<T<t

s Js:t[

where [ x(7)dso(g)(7) is the Lebesgue-Stieltjes integral over the open
st

interval ]s,t[ with respect to the measure u(sg(g)) corresponding to the
function so(g).

If s = t, then we assume

¢
/33(7') dy(r) = 0.
If g(t) = g1(t) — g2(¢), where g1 and g2 are nondecreasing functions, then
¢ ¢ ¢
/I(T) dg(r) = /33(7') dgr (1) — /33(7') dgs (1) for s <t.

By a solution of the system (1) we understand a vector function (u;)? ;,
u; € BVie(R,R) (i =1,...,n) such that

oi(ui(t) —u(s)) < Z/U[(T) day (T)+ fi(t)— fi(s) for t<s (i=1,...,n).
=17

If s € R, and 8 € BV,.(R,R) is such that
L+ (=1)7d;B(t) #0 for teR (j =1,2),
then by v3(-, s) we denote the unique solution of the Cauchy problem
dy(t) = ~(t)dB(t), ~(s) =1.

By a solution of this problem we understand a function v € BV,.(R, R),

such that
t

v(#t) =1+ /7(7) dg(r) for t € R.

It is known (see [6],[7]) that
Y5(tys) = exp (§(t) — €(s)) T senm (1 - di(7)) x

s<t<t
X H sgn (14 d2f3(7)) for t>s,
s<T<t

~va(t,s) = vgl(s,t) for t < s,
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where
£a(t) = s0(B)(t) — 50(6)(0)—
- Z In|1—diB(7)| + Z In |1+ d23()| for t >0,

o<r<t o<r<t

§a(t) = s0(B)(t) — 50(8)(0)+
+ Z In|1—di3(r)| - Z sgn |1+ doB(7)| for ¢ <0.

t<7<0 t<T<0
Remark 1. Let 3 € BV([a,b],R) be such that
1+ (=1)7d;8(t) > 0 for t € [a,b] (j=1,2).

Let, moreover, one of the functions 3, {5 and A(8, 3) be nondecreasing (non-
increasing). The other two functions will be nondecreasing (nonincreasing),
as well.

Let 6 > 0. We introduce the operators

vis(€)(t) =sup {7 > t: £(r) < £(t+) +9}
and
voas(m)(t) =inf {r <t n(r) < nit-) + 0},

respectively, on the set of all nondecreasing functions £ : R — R and on the
set of all nonincreasing functions 7 : R — R.

Ifo = (0;)4, where o; € {—1;1} (i = 1,...,n), then by Ny (o) (N_(0))
we denote the set of all 4 € {1,...,n} such that 0; =1 (0; = —1).

Lemma 1. Let ¢ : R - R (i #k; 1,k =1,...,n) and¢;; : R - R
(i =1,...,n) be, respectively, nondecreasing and nonincreasing functions,
and o; € {—1;1} (i =1,...,n) be such that

1+ (—I)JUZdJC“(t) >0 for te [a,b] (] = 1,2)
and
r(S) <1, (3)
where S = (sq)} =1,

S$11 =+ =8pn =0,

si1 = sup {} j Yoren (t,8) AV (A(oicis, ca)) ()

:te[a,b]}
(i#£1; i,l=1,...,n),

ti:a Zf 0'1'21 and ti:b Zf O'i:—l (i:17...,n).

Let, moreover, the numbers 6; >0 (i =1,...,n) be such that

o; (&”c” (a) — ggic“, (b)) > 0; (Z =1,..., n)
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Then there exists a positive number p > 0 such that for every nondecreas-
ing functions q; : [a,b] = R (i = 1,...,n) an arbitrary nonnegative solution
u= (u;)"_, of the system of linear generalized differential inequalities

oidu;(t) < iul(t)dcil (t) +dg;(t) for t€la,b] (i=1,...,n)
=1

admits the estimate

iul(t) < p(po + ipl) for t € [a,b],

i=1
where

po= > uia)+ Y wlb),

€N (o) 1EN_ (o)

Vi(t)
Pi :sup{‘ \/ A(oicii, fi)| + t € la,b] (i = 1,...7n)},
t

Vi(t) = Vgiéi(_ggicii)(t) (Z =1,... 7”)'
Theorem 1. Let 0; € {—1;1} (i=1,...,n) be such that
1+ (=1)oidjaiu(t) >0 for teR (j=1,2; i=1,...,n)

and the condition (3) hold, where S = (Sil)?,l:p S11=+++=8pn =0 and

t
Syt = sup{’ /ngaii(t,s) dV (A(osai;, ai))(s)] : t € R} < o0
ti
(t#£1 i,l=1,...,n),
ti=a if o;=1 and t;,=b if o, =—-1 (i=1,...,n).
Let, moreover,

o litrninf ((oraii(t) = Eoran(—1)) >6>0 (i=1,...,n)

for some 6 > 0. Then there exists a positive number p > 0 such that for
any nondecreasing functions f; : R — R (i =1,...,n) such that

Vi(t)
pi—sup{‘ (A(aza“,fl))‘ tER}<OO (i:l,...,n),
t

where vi(t) = Ve,5(—&p,c,;) () (i =1,...,n), an arbitrary nonnegative solu-
tion of the problem (1), (2) admits the estimate

Zuz(t) < PZ(H‘ +pi) for t €R,
i=1 i=1
where

r; = limsupu,;(o;t) (i=1,...,n).

t—o0
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Remark 2. If n = 2, then the condition (3) in Theorem 2 has the following
form:
|s12821| < 1,
where s15 and so1 are defined as in the theorem.
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