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ON A NEW TWO PARAMETER MODEL
OF RELATIVISTIC POINT INTERACTIONS
IN ONE DIMENSION



Abstract. We introduce and study a new 2-parameter model of rela-
tivistic point interactions in one dimension formally given by

Dyy=D+ad(zx—y);zeR, y>0,

where D is the free Dirac Hamiltonian and a is a 2 x 2 matrix. D, , provides
a generalization of two models of relativistic point interactions discussed in
[Lett. Math. Phys. 13 (1987), 345-358].

We define D, , using the theory of self-adjoint extensions of symmetric
closed operators in Hilbert spaces, derive its resolvent equation, analyze
its spectral properties and discuss scattering theory for the pair (D 4, D).
We also study the nonrelativistic limit of D, , which provides a special
2-parameter model of the one-dimensional generalized point interactions
introduced in [1].
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1. INTRODUCTION

Relativistic point interactions in one dimension have been discussed for
a long time in various areas of physics, in particular in connection with the
Kronig—Penney type models and Saxon—Hutner conjecture (see, e.g., [2-10]
and references therein).

The first rigorous mathematical formulation of these interactions was
given in [10] using the theory of self-adjoint extensions of symmetric closed
operators in Hilbert spaces.

Indeed [10] defines two models D, , and T}, of relativistic point interac-
tions which provide natural generalisation of nonrelativistic one-dimensional
d-interactions of the first and the second type [11].

This paper considers a 2-parameter model D, , of relativistic point in-
teractions in one dimension formally given by

ngy:D+%5(x7y)a ZL’GR, y>07

where D is the free Dirac Hamiltonian and @ is a 2 X 2 matrix of the form

Q:(a 9), o, a €R.
= 0 «

To the best of our knowledge, this model is new. It provides a straight-
forward generalisation of the models D, , and Tg, discussed in [10] which
correspond to the special cases a # 0, @ =0 and o = 0, & = —c28 # 0,
respectively.

The paper is organized as follows. In Section 2, we define the quantum
Hamiltonian D, , following the strategy used in [12, 14] in the case of
relativistic §-sphere interactions. We also derive the resolvent equation of
D, 4, analyse its spectral properties and carry out a systematic study of the
scattering theory for the pair (D, D).

The nonrelativistic limit corresponding to D, defines a 2-parameter
model A, g, of nonrelativistic point interactions in one dimension. It turns
out that this model is a special case of the one dimensional generalized point
interactions introduced in [1].

Section 3 is devoted to the study of A, 5. In a forthcoming paper [15]
we generalize the results of section 2 and 3 to finitely and infinitely many
relativistic point interactions.

2. THE RELATIVISTIC POINT INTERACTION

A. Definition of the Hamiltonian. The quantum Hamiltonian describ-
ing a relativistic point interaction is formally given by

H=D+aé(x—y), zcR, y>0, (1)

where a is a 2 X 2 matrix of the form

a 0 N
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and the one-dimension free Dirac operator in the Hilbert space H =
L?(R) ® C? is defined by [10]

2

d c? 2 716%
D:—IC%®UI+(?)®03: (ici *é >, (3)
D(D) = H*'(R) Q) C*,

where

1 0 0
(ii) cis the velocity of light;
(i) H™™(Q) is the Sobolev space of indices(m,n).

(i) o1 = (0 1) , 03 = <1 _01> are Pauli matrices in C?;

We consider the symmetric closed operator Dy defined by

D, =D,
D(D,) = {g = (i;) € H*'(R) Q) C?|g(y+) = o} :
The adjoint D} of D, reads
D; =D,
D(D;) = {g = (z;) € H*'(R) Q) C?|g € AC;0c(R — {y})} .

AC5c(2) denotes the set of locally absolutely continuous functions on 2.
A straightforward computation shows that the equation

Dig(z) = 29(2), g€ D(D}), z€C— {(oo%} U [%oo)}

has the solutions

W oy e e sy,
g (27‘7") 2 0
¢ | () z <y,
0
@, y_ 1 () x>y, ,
9 (z,x) 50 {(fl)e’k/(y_‘”) v <y Imk" > 0,
where
1 ct
K=>422——=F 4
S =), )
(= —> [+CQ] Imk'(2) >0, z€C (5)
= — m .
ck! (2) Tl =% 2
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Thus Dy has deficiency indices (2,2) and hence it has a four-parameter
family of self-adjoint extensions. Let us now construct the self-adjoint ex-
tension corresponding to the free Dirac operator with the potential

V(z) = ad(z —y), gz(o d), o, @ €R.

Assume that g satisfies the equation

[D + ad(x —y)lg = 29,

£ _jed 6
D:< q> 2=(59). aaer  ©
—jed < &

and the limits g(y+) exist. Integrating the equation (6) over (y — €,y + €)
and taking the limit as € — 0, we get the following boundary conditions

{gg<y+> —92(y=) = ~ Bl (+) + 91 (y-)) -

(50 — 91 (5-) =~ (a5 +) + galy)]

As indicated in [12], the boundary conditions in (7) defines a self-adjoint
extension of Dy, iff o = a™.
Consider in L?(R) @ C? the operator Dq,y defined by

D(Day)= {9 GD(DZ)

According to [12], the operator D, , provides the mathematical definition
of the formal expression (1).

The case a = 0 (i.e., @ = & = 0) in the equation (8) yields the free Dirac
Hamﬂtonian_DO,y =D.

The case o # 0, & = 0 in the equation (8) yields the Hamiltonian D, ,
which describes the relativistic J-point interaction of the first type centered
at y € R defined by [10]:

D,y =D,
D(Day) = {9 € H*' (R = {y}) Q) C’|g2 € AC1uc(R),

91 € ACie(R—{y}); g2(y+) — g2(y—) = —(ia/c)g1(y) },
—o00 < a < oo.

The case a = 0, & = —c?3 # 0 in the equation (8) yields the Hamiltonian
T3, which describes the relativistic J-point interaction of the second type
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centered at y € R defined by [10]:
Tsy =D,
D(Ts,) = {9 € H*' (R — {y}) Q) C°lg2 € ACuec(R ~ {3}),
91 € ACioc(R); g1(y+) — g1(y—) = iBega(y) }
—o00 < 3 < o0.

Following [12], we note that all the results corresponding to Dg,y could
be generalized to the model Dy, formally given by

H=D+daé(x—vy), z€R, y>0,

where & is a non-diagonal 2 x 2 matrix with & = &*.

B. The resolvent equation. From the Krein resolvent formula [16], after
a straightforward computation (see, e.g., [11]) we obtain

(Dg,y —2) ' =(D-2)""=
1

47(2c—%iaCX2c-+i@g—1){‘Wf%4-‘*y)w)fw(.gfy)+

et =) o —9) +i5e (), M — 9+

+ Z%(M? )gk’( - y)}a z € p(Dg,y), Im &’ > 0, (9)

where Ry, = (D —2)"%, 2¢€C— {(—oo7 -SIUIS oo)} is the free Dirac

resolvent with integral kernel [10]

Ry(z—2') = i (sgn( ¢ Sgn(g_; l’/)) otk lo—a’|

2¢ r—x')

and
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{(C)eik’(x—y), z >y,
(

—_

(1’ X — = 11
gle=y) L) <y,

zGC{(oo,g] U {%,oo)}, Imk" > 0.

Remark 1. From the equation (9), a straightforward computation shows
(i) As & — 0, the Hamiltonian D, , converges in the norm resolvent
sense to D -
n - lim (Dq,y — 2) ' =(Doy—2)"" z€ P(Da,y) N p(Day),

o—

where [10]

~ 2¢(2¢ 1 iad) (i (=) )i (=),

2 € p(Day), Imk' > 0.

(Day —2) " =(D—2)""

(ii) Let & = —fBc*, B € R. Then as o — 0, the Hamiltonian D, ,
converges in the norm resolvent sense to T :

n. iigb(Dg,y —2)7t = (Ta,y — 7Y ze P(Dg,y) Np(Ts,y),

where [10]

(Tpy—2)"'=(D-2)""+ W@k'(- —)s gk (- — y),

z€p(Tpy), Imk'>0.

The following theorem gives the additional information on the domain of
Dg y.

Theorem 2.1. The domain D(Dy, ), —o00 < o, & < 00, y € R, consists
of all elements 1, of the type

2ic
(2c+ial) (2c+ia¢!
< {adw 1) fi (@ —y) + dou 2 (ge (@ — y)+

wg(x) = o (z) —

)X

Fi0% gD firx — )+ i 2w~ ) b, @ # (10

where ¢rr = (i::;) € D(D) = H*'(R) ® C? and Imk’ > 0. The decompo-

sition (10) is unique and with Yo of this form we obtain
(Da,y — 2)a = (D — 2)p. (11)

Let 9o € D(Day,y) and assume that 1o = 0 in an open set ¥ € R. Then
Dy yba =0 in ¥, ie., Dy, describes a local interaction.
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Proof. The following relation
D(Dgyy) = (Dg,y - 2)71(D —2)D(D) =
1

={Rv - Gerame e e~ el -+

(-~ ) o~ ) +i5e e =), M~ 0+

i G (- = y), g (= )]} (D = 2)D(D),

2 € p(Dyy), Imk' >0,

proves (10).
Next let T,ZJ% = 0. Then

2ic
(2¢ +ia)(2¢ +ia¢1)

+ 8w 2w (& — ) + 15 w01 ) o (0 — )+

OE {adu 1) fi (@ = y)+

+ i o (Wi (= — )}
and ¢y, € C°(R), implies ¢ = 0 which proves the uniqueness of (10). The
relation (11) follows from
1
T et ial) 2t iac-1)
% {alfi(-=y). (D= 2)ow)fu (- — )+
+a(gw (- —y), (D = 2)ow g (- — y)+
i (il =), (D = 2)ow) fir (= y)+
S G (=), (D = 2)ow)gw (. —y) | =
=Yq,2 € p(Da,y), Im k' > 0.

(Day —2) (D = 2)wr = dw

+1

Let us now prove locality. We assume first y € 9. Then
(D = 2)(adw a1 () fiw (- — y) + adw 2(y)gw (- — y)+
ad - jota’ .
g bk 1Y) (= y) +ig G (y)gw (- —y))(@) =0

implies that
(Dg,ng)(f) = ng(x) + (D = 2)¢p ) (x) =

2ic
= (2c+ial)(2¢ +iaC L) (D = 2)(adr 1 (y) fur (- — y)+

+ adr 2(Y)gr (- —y) + iz—f%',l(y)fk/(- —y)+
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FiST o i~ y)@) =0, e,

Second, if y € ¥, then ¥,(y) = 0 and ¢ € C°(R) implies ¢y = 0, and
hence B

(Dgyng)(z) =2a(z) =0, xe€d. O

C. Spectral properties. The spectral properties of D, , follow from (9).

For a, @ € R the essential spectrum is purely absolutely continuous and co-

incides with (—oo, —%] U[%, 00). The point spectrum of Dy, in [—%, %]

contains the poles of the resolvent equation (9). Then D, , has two eigen-

. 2 2 . ~
values in [-5, S iff o, & < 0:

2(4c?—a?) 2(a’—4c?)
2(4c21a?) ) 2(4c2ta?) [ D
%] (6]

O O
(AVARVAN

5 5 , =0 =00,

Up(Dg,y) = {

and two resonances iff o, & > 0.
2

Following the strategy of [10], one proves that the operator (Da,y — )

converges in the norm resolvent sense to the Schrodinger operator A, g,y

) c? _ _ 10
nicll{lolo(DgyyiE*Z) ! :(Aaﬁ,yi’z) 1® |: 0 0 :| ) Oé,ﬂGR,
where
d2
Agpy = o
D(Aaﬁ,y) =

(12)
_ 22/ 9'(y+) —g'(y—) = 5lg(y+) + 9(y—)]
_{g CHTR=AD| gy - gyo) = 519’ (y+) + g/ ()] }

—oo<a,f< o0
The Hamiltonian A, g, defines a special exactly solvable model of nonrel-
ativistic point interaction. In section 2.A we will discuss the properties of

the above Hamiltonian.
In particular, as ¢ — oo, the two eigenvalues of D, , (rest energy sub-

tracted) (Eq — %), (B — %) give their respective nonrelativistic limits

2 2042 2 2
fim (B, ~ C) = i (CHC—0) &
c—00 2 c—oo \ 2(4c? + a2) 2

a? o217t
=—Z£$P+@4

E»—‘
gE
7~ N
5
|
o S}
N———
I
[RJ—
e
3
7 N
ol ©
=
Q Q
| o
41|
R Q
\_/\_/
|
| S
N———
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4 4 171 &
:_520%[14'6262} ’ﬁ__cz
4
:—E

In Section 2.C we will show that 7%2 and f% are the two eigenvalues of

Ay 8,y [see the equation (27)].

D. Scattering theory of the pair (D,,,, D). From Theorem 2.1, the
scattering wave functions of D, , are defined by

eik/oa;
w%y(kaaa z) = (Ucleik’az)_
B 2icetk oy N (g)eik/(x_y), >y
c+ i c+i1al~ > e'l_‘, T <y
(2¢ +iaQ)(2c + ia¢ 1) (£p)e® =)

o L)etr @=v) gz >y

y T <Y

5 L\ ik’ (z—y)
ada Zi)e , T >
+i5o (C 11) ik’ (y—x) / +
c (_C,l)e , T<Yy
N Z,a(:’lao? (g)e““/(z’y), >y
T3 ()R, aey ff
z,yeR, K >0, c==%1,—-c0 < a,a < oco.

A straightforward computation shows that 4 4 (k, o) are eigenfunctions as-
sociated with D, , corresponding to left (¢ = +1) and right (¢ = —1)
incidence [11].

The asymptotic forms of ¢, are defined by [11, 17]

,Tgl,y(z)w(zv +17$) as T — o0,

l/fa,y(z,Jrl,x){ wzz, —‘1-1,3'}) + ng,y(z)w(zv _173';) as x — —o00,
- 13
Yo 10+ Ry (e +1) as @ oo, )

Yay(2, l,x){ ’]gy(z)w(z, -1,x) as ¥ — —0o,

where 1(z, 0, x) is the solution of Dy = z1) given by
iok’x

e
w(Z,Ua JJ) = ( o_é.fleigk’z ) , o==I,

with &’ and ¢ defined by (4) and (5), respectively. Then the reflection and
transmission coefficients from the left (o = +1) and the right (o0 = —1) are
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defined by

>0, —oco<a,a<oo, y€cR.
After a straightforward computation, one obtains

Theorem 2.2. Let a,& € R — {0}, y € R. Then the unitary on-shell
scattering matriz Sq 4(2) in C? associated with the pair (D, y, D) reads

Say(2) = [ %;y;é)) Z}yyij) 1 , K'>0, —co < a,a<oo, yER,
ith
) T (=1~ 2ic v
=Y (20 n ia() (2c+ z'd(—l)
x (a< rac 4 z%) =T7,(2).
2ic o ik

Raald) == (2(; + z‘ac) (20 + io?(—l) (O‘C - o 1) e,

r _ 2ic 1) o
R%y(Z) ) (20 + iaC) (20 + i@(—l) (a( ag 1) e .

In particular, as ¢ — oo, the unitary on-shell scattering matrix ‘S'gy(l<:2 +

%) gives its nonrelativistic limit S, g, (k) [see the equation (28)]. Indeed,
clLHOIO T%’y(z) o
2ic

o . ad
ﬂ&{l (2 + iaC) (2¢ + iaC 1) (a¢+ac+i )} (14)

Let z = k% + %, k> 0and & = —3c%, 3 € R, then after a straightforward
computation (2) reads

2 aB _ 1)
lim 7} k2+c—)' (5 -
oo 8 ( 2) " (g - D) (G k)
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2

: T 2

= lim 77, (7 + 5), (15)

62
Jim Ry, (K +5) =
2ic .y
= | _ o~ =1 2ik"y _
CEEO{ (2¢ + ial)(2c + iaC 1) (al—ac™)e }

(k + ﬁ ) eszy (16)

8 8) (g i)

and

lim R” (k2 + f) =
@y 2

c—00

— 1 2ic =1y —2ik'y | _
clggo{(Qc—l-iaC)(?c—l—i&C_l) (OCCiaC )e y}

I (T R
D | Y

(17)

We note that in the low-energy limit £k — 0 (k' — 0 and z = %)

? 0 -1
ngy <k2 + 5) k—0 <_1 0 > ’

In the high energy we obtain

afl .
1 4c (1 — T) —2i(a + fc?)
k—oo . . 3 -
(2c +ia)(2 —ifc) \ —2i(a+ Bc?)  4c (1 - Tﬁ)
—OO<CY,6SOO7 ZUER7

Say

?

and

S C— 00 0 ].
av koo \10)

Remark 2. Tt turns out that the equation (19) can be obtained as a special
case of the one-dimensional generalized point interactions introduced in [1].

We note that the pole of S, 4 (2) coincides with the bound state (o, & < 0)
or resonance (a, & > 0) of Dy .
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3. THE NONRELATIVISTIC POINT INTERACTION

A. Basic properties.~ Consider in the Hilbert space L?(R) the closed and
nonnegative operator H, defined by

2
D(H,) ={g € H**(R)|g(y) = ¢'(y)
The adjoint I:I; of I:Iy is defined by
- d?
Y dz2’
D(H;) = H**(R—{y}), y€eR,

0}.

Hence the equation
7% 2 r7 % 2
H,f(k) =k*f(k), f(k)eD(Hy), k*€C-R, Imk>0,

has two linearly independent solutions

ik(z—y) >
fl(k;,a;):{g , x>,

0 T >y,

(18)
fQ(ka:C) = { e;k(y—ac)7 z <y,

Imk > 0.

Therefore I~{y has deficiency indices (2,2) and hence it has a four-parameter
family of self-adjoint extensions. We consider in L?(R) the operator A, 5.,
defined by the equation (12)

d2
da?’
D(Aaﬁ,y) =

Aa,ﬁ,y =

(19)
_ 2 g'(y+)—9'(y—)=5lg(y+)+9(y—)]
{gGHQQ(R {v}) 9(y+)—g(y—) y+)+9'(y—)] }

I
[N]1ey
Y
—~

—oo < a, 3 < oo.

Let af—4 =0, a, 8 € R. Then the integration by parts shows that A, g,
is symmetric and since Hy has deficiency indices (2,2) and the 2-boundary
conditions in (19) are symmetric and linearly independent, it follows that
Ay g,y is self-adjoint ([18], Theorem XII.4.30). We will accept those «,
which satisfy the condition a8 —4 =0, «, 8 € R.

The case « = 0, § = 0 in the equation (19) yields the kinetic energy
Hamiltonian Ag in L?(R)

d2

dz?’
The case « # 0, 5 =0 in the equation (19) gives the §-point interaction

of the first type, whereas a = 0, 3 # 0 leads to a §-point interaction of the
second type [11].

Ag = D(Ag) = H*2(R).
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B. Resolvent equation. The resolvent of A, g, is given by the following
theorem.

Theorem 3.1. The resolvent of Ay gy is given by

(Aaﬁ,y - k2)71 =
=G 1 G G
=G+~ {igE GG — )
(4 —i3) (22 —ixg
B = E 5
+i5(Gr(- =), )GR( —y) + (Gk( ), )Gr(. —y)—
af =, .
- LGl 0G0 (20)
k’QEp(Aa,g), Imk >0, —co<a,f<o0, yeR,
where
i ekE=y) x>y,
Gk(m_y): %{ 6ik(y7:c)’ z <v, Imk>0, (21)
= _ 1 eik(;c—y)7 T >y,
Gk(xy)%{ —eik(y—x), r <y, Imk>D0. (22)

Proof. We use the resolvent formula

(B — K7 = Gi— 4k22 SRR, (23)

3,j=1

where f;, j = 1,2, are defined by (18).
Next consider h € L?(R) and define the function g € D(A,.g,,) by

gk, 2) = ((Dapy — k*)7'h)(2).
After imposing the boundary conditions in (19), one obtains
ANk) = cro— 17 7a 1 (ZWHQ% 8 1.2112525 ‘2 > (24)
2[@*25] [E*Z§:| 'Lka + ZE ZW"'ZE

Inserting (24) in (23), one obtains (20).

Remark 3. From (20) one obtains the following results.
(i) As 8 — 0, the Hamiltonian A, g, converges in the norm resolvent
sense to —Aq y:

n- gigb(Aaﬁ,y —2) h=(=Any —2) 2€p(Anpy) Np(—Any),

where [11]

2 (@l ), )G ).

k> € p(=Aay), Imk>0, —-co<a<oo, yeR,
with G defined by (21).

(—Aay — k)7 =Gi —
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(i) As a — 0, the Hamiltonian A, g, converges in the norm resolvent
sense to —Ag y:
e lim(Aa gy —2)7" = (-Agy —2) 2 €p(Aapy) NA(=Dgy),
where [11]

S Gl =), 06l ),

k€ p(—Aay), Imk >0, —oco<pB<oo, ycER,

(—Apy) — k) =Gr —

with C:T‘k defined by (22). The additional information on the domain of
Aa, 3,y is given by the following theorem.

Theorem 3.2. The domain D(A, ,), —00 < o, < oo, y € R3,
consists of all elements 1.3 of the type

Ya,p(x) = pr(2)+

]- e ﬂ , =~ -
+2(ﬁ —il) (5 —i4) {Z@%(y)Gk(w —Y) = 5P W)Gr(z —y)+
+%‘Pk(y)gk($ —-y) — z%@%(y)ék(x - y)} , T Ey, (25)

where o € D(Ag) = H?2(R) and Im k > 0. The decomposition (3.2) is
unique and with 1Y, g of this form we obtain

(Aapy = 2)%a,s = (Ao = 2)@k (26)

Let a5 € D(Aapy) and assume that a5 = 0 in an open set 9 € R3.
Then Aq gyta,p =0 in 1, ie, Ay g,y describes a local interaction.

Proof. Similar to the proof of Theorem 2.1.

C. Spectral properties. For «, 5 € R, the essential spectrum of A, g, is
purely absolutely continuous and coincides with [0, 00), while the singular
spectrum is empty. The point spectrum of A, g, is given as the poles of
the resolvent equation (20). One obtains

2 4

[ (g an -
0, o, 3 =0.

For o, 8 > 0, A, g,y has two resonances at k; = 726" and ky = —% with

resonance functions respectively given by

S (z—y)
B ez2 , T>VY,
wkl (ZC) - { e%(yfx)’ €T < y’ « > O’

2(z—y)
es R x>y,
Y, (z) = { Y p>o.

2 (y—
—er T g <y,
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D. Scattering theory of the pair (A, 3,,¢). From (3.2) one can define
the generalized function associated with A, ., by

Vapy =
— eiko’x 4 1 { o eikay{ eizx_y§7 T>y }+
2 1k(y—x
(g —i) (= —if) L 2% TV, <y

+ ﬂeikay{ e, x>y }ﬂ‘a_ﬂeikoy{ e >y }+

2 —ethly=2) <y 4k k=) x <y
-O—Oéﬂ iko eik(xfy)’ >y
+ Z—4k e’ oY { _eik(y—x), <y )
z,yeR, k>0,0==x1,—c0o<a,F < o0.

The corresponding reflection and transmission coefficients from the left (o =
+1) and the right (¢ = —1) are defined by [11]

Rg,ﬁ,y(k) = IEIEOO etk [d’aﬁ,y(z’ +1,2) — eikx} 7
a8,y (k) = lll’Too e [ gy (ky —1, 1) — e K] |
Tapy (k) = mgrfoo e "y gy (k,+1, 1),
apy(k) = i e 5 (k, —1, ),

k>0, —o<a,f< o0, yeR.
After a straightforward computation, one obtains

Theorem 3.3. Let a, 3 € R — {0}, y € R. Then the unitary on-shell
scattering matriz Sa. 5.4 (k) in C? associated with the pair (A, gy, Ao) reads

T, (k) R (k)}
S, k) = B,y gﬂ,y ,
(k) [Rg,ﬁ,yaw 70 k)

kZOa —OO<Oé7ﬁ§OO, ZJER,

(28)

with
(21
,Tofﬁ,y(k) - Z4k2 (ﬁ B %) (ﬁ B z%) or,ﬁ,y(k')v
I (50 B
Rgﬁ,y(k) = SkQ(ﬁ By # - @%) ey
() = B8)
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We note that the limit § — 0 (respectively @ — 0 ) in the equation (28)
gives the unitary on-shell scattering matrix S, 4 (k) (Sg,y(k)) associated with
the pair (—Aq,y, —A) and (—Ag,,, —A), respectively [11]. One obtains

N 1| 2k —ioe™ 2Ry
Saﬁ,y(k) B—0 (2k + Za) |: 7ia62iky 2%

=8Saylk), k>0, —c0o<a<oo, yeR,

a1 | 2 —iBke™2tky
'Sa,ﬁ’y(k) a—0 (271/6k) ! |: —iﬁk’eQiky 2 6 :| =

=854(k), >0, —co<f<o0, yeR.

In the low-energy limit £ — 0 we get
; 0o -1
Saﬂ,y(k’) k—0 (1 0 )
and in the high energy limit we obtain

0 1
Saﬁ,y(k) k—o0 <1 0> :

We note that the pole of Sq g, (k) coincides with the bound state (o, 5 < 0)
or resonance (o, 8 > 0) of Ay gy
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