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FLUID-SOLID INTERACTION:
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Abstract. The potential method is developed for the three-dimensional
interface problems of the theory of acoustic scattering by an elastic obstacle
which are also known as fluid-solid (fluid-structure) interaction problems.
It is assumed that the obstacle has a Lipschitz boundary. The sought for
field functions belong to spaces having Lo integrable nontangential maximal
functions on the interface and the transmission conditions are understood
in the sense of nontangential convergence almost everywhere. The unique-
ness and existence questions are investigated. The solutions are represented
by potential type integrals. The solvability of the direct problem is shown
for arbitrary wave numbers and for arbitrary incident wave functions. It is
established that the scalar acoustic (pressure) field in the exterior domain
is defined uniquely, while the elastic (displacement) vector field in the in-
terior domain is defined modulo Jones modes, in general. On the basis of
the results obtained it is proved that the inverse fluid-structure interaction
problem admits at most one solution.
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1. INTRODUCTION

Direct and inverse problems related to the interaction between vector
fields of different dimension have received much attention in the mathemat-
ical and engineering scientific literature and have been intensively investi-
gated for the past years. They arise in many physical and mechanical models
describing the interaction of two different media where the whole process is
characterized by a vector-function of dimension & in one medium and by a
vector-function of dimension n in another one (for example, fluid-structure
interaction where a streamlined body is an elastic obstacle, scattering of
acoustic and electromagnetic waves by an elastic obstacle, interaction be-
tween an elastic body and seismic waves, etc.).

Quite many authors have considered and studied in detail the direct
problems of the interaction between an elastic isotropic body which occu-
pies a bounded region QF (where a three-dimensional elastic vector field is
to be defined) and some isotropic medium (fluid say) which occupies the
unbounded exterior region, the complement of QF (where a scalar field is
to be defined). The time-harmonic dependent unknown vector and scalar
fields are coupled by some kinematic and dynamic conditions on the bound-
ary 0QF. Main attention has been given to the problems determining the
manner in which an incoming acoustic wave is scattered by an elastic body
immersed in a compressible inviscid fluid. An exhaustive information in this
direction concerning theoretical and numerical results can be found in [3],
[, (5], (6], [7), [21], [12], [13], [14], [17], [19], [20], [29], [40].

The case of anisotropic obstacle have been treated in [37], [22], [23], [36].
In [36] the corresponding inverse problem is also considered. This kind of
problems arise in detecting and identifying submerged objects.

In all the above papers the boundary of the region occupied by an elastic
obstacle is assumed to be sufficiently smooth and the transmission conditions
are considered either in the classical, or in the usual Sobolev or generalized
functional trace sense (in the case of weak setting).

In the present paper our main goal is to generalize the results of the
above cited works to Lipschitz domains when the transmission conditions
are understood in the sense of nontangential convergence almost everywhere.

Following the approach for the case of smooth interface, we propose as
solution an ansatz of combinations of single and double layer potentials.
By the special representation formulas of the sought for acoustic and elas-
tic fields we reduce equivalently the original transmission problem to the
system of integral equations. In the case of Lipschitz interface, however,
the lack of smoothness introduce essential difficulties in the analysis of the
integral equations obtained. These are overcome through the use of har-
monic analysis technique together with a careful study of the properties of
the boundary integral operators generated by the single and double layer
acoustic and elastic potentials. We essentially employ the results obtained
in papers [43], [11], [41], [31], [38], [32], [33], [1], [2)-
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In particular, by the potential method we have derived the necessary and
sufficient conditions of solvability of the original transmission problem and
shown that the direct scattering problems are solvable for arbitrary values
of the frequency parameter and for arbitrary incident wave functions. It is
established that the scalar radiating acoustic (pressure) field in the exterior
domain is defined uniquely, while the elastic (displacement) vector field in
the interior domain is defined modulo Jones modes, in general.

On the basis of the results obtained and applying the approach developed
in [9], [27], and [36] we have proved the uniqueness of solution to the inverse
fluid-structure interaction (scattering) problem.

2. MATHEMATICAL FORMULATION OF THE INTERFACE PROBLEM.
PROPERTIES OF POTENTIALS

2.1. Elastic field. Let Q* C R? be a bounded domain (diam QF < +00)
with a connected boundary S = 90+t and Q~ = R3\Q+, Q+F =Qt U S.

Throughout the paper we assume that the boundary S is a Lipschitz
surface (if not otherwise stated).

The region QF is supposed to be filled up by a homogeneous isotropic
medium with the elastic coefficients (Lamé constants) A and p, and the
density o1 = const > 0.

The homogeneous system of steady state oscillation equations of the lin-
ear elasticity reads as follows (see, e.g., [28])

A0, w) u(x) :== A0) u(z) + 01 wu(x) =
=puAu+ N+ p) graddivu + 0 w?u(x) =0, (2.1)

where u = (u1,uz2,u3) " is the complex-valued displacement vector (ampli-
tude), w > 0 is the oscillation (frequency) parameter,

A(a,w) = A(@) + 01 w2 137 A(@) = [Akj (8) ]3><3,
Awj(0) = uor; A+ A+ p) 0,05, 0=(01,02,05), 05 =5 —;

J
here and in what follows I3 stands for the unit 3 x 3 matrix, g, is the
Kronecker delta, A = 8% + 02 + 92 is the Laplace operator, the superscript
T denotes transposition.

The stress tensor {ox; } and the strain tensor {ey;} are related by Hook’s
law

Okj = Okj A(e11 + €22 +€33) + 2 ks, ek =21 (Opuy + 05 uy).

As usual, the quadratic form corresponding to the density of potential
energy is assumed to be positive definite in the symmetric real variables
€rj = €k (see, e.g., [28], [15])

E(u,u) = okjcr; > 01 €kj€xj, 01 = const >0, (2.2)



Fluid-Solid Interaction 95

implying the inequalities g > 0, 3A 4+ 2u > 0. Clearly, we also have
E(u,0) = 0y Erj > 01 [} €hj + €kj Exj (2.3)

where an over-bar denotes complex conjugation, and where ; = €§W- +iel j
are the entries of the complex strain tensor corresponding to the vector
uw=u'+iu", i =+/—1. Here and in what follows we employ the summation
over repeated indices from 1 to 3, unless otherwise stated.

The inequality (2.2) implies the positive definiteness of the matrix A(&)
for £ e R?\ {0}

A()C- ¢ = AR (&) ¢ ¢ = 82 [€] [CI?, 62 = const > 0,

where ( is an arbitrary three-dimensional complex vector, ¢ € C3. Through-
out the paper a-b =) ;. a; by denotes the scalar product of two vectors
in C™.

Further we introduce the stress operator
T(0,n) = [Tk;(0,n)]3xs, Tk;j(0,n) = Ank 05 + pn; O + p10x; On

where n = (ny,ng, ng) is a unit vector and 9,, denotes the directional deriv-
ative along the vector n.

The k-th component of the stress vector acting on a surface element with
the unit normal vector n is calculated by the formula

[T(0,n)ulk = orjn; = [2u8nu+/\ndivu+p[n x curlu ] . (2.4)

where [+ x -] denotes the cross product of two vectors.

Note that throughout the paper we will employ the notation Lo, Wi (s >
0), and H} (r € R) for the usual Lebesgue, Sobolev-Slobodetski, and Bessel
potential function spaces respectively. Recall that Ly = WY = HY and
W3 = HS for s > 0, and for a Lipschitz surface S the space HZ(S) is
defined correctly only for —1 <r < 1. By ||u||x we denote the norm of the
element u in the space X.

2.2. Scalar field. We assume that the exterior, simply connected
domain 2~ is filled up by a homogeneous anisotropic medium (compressible
viscid fluid say) with the constant density go. Further, let some physical
process (the propagation of acoustic waves say) in Q~ be described by a
complex-valued scalar function (scalar pressure field) w(x) being a solution
of the homogeneous ”wave equation” (generalized Helmholtz equation)

a(0,w)w = a(@)w + gpw?w =0, (2.5)

where a(0) = ag; Ok 0, the real constants ax; = a;i, define a positive definite
matrix @ = [agj J3x3, Le.,

a¢-C=an; ¢ CL > 03|C|% 63 = const >0, (2.6)

for arbitrary ¢ € C3.
Denote by S,, the characteristic surface (ellipsoid) given by the equation

al-E—pw =0, (eR.
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For an arbitrary vector n € R® with || = 1 there exists only one point
&(n) € S, such that the outward unit normal vector n(£(n)) to S, at the
point £(n) has the same direction as 7, i.e., n(£(n)) = n. Note that {(—n) =

—¢(n) € S, and n(=£(n)) = —n.
It can be easily verified that

sy =wyes @ n-m) @y, (2.7)
where a~! is the matrix inverse to a.

Now we are in the position to define the class Som(€2~) of complex-valued
functions satisfying the generalized Sommerfeld type radiation conditions
(see, e.g., [42]).

A function w belongs to Som(27) if w € C*(Q~) and for sufficiently
large |z|

w(z) =0 (|z[7), ww(z) —i&n)w(z) =0 (z|™%), k=1,2,3, (2.8)

where £(n) € S, corresponds to the vector n = x/|z| (i.e., {(n) is given by
(2.7) with n = & := x/|z|).

The conditions (2.8) are equivalent to the classical Sommerfeld radiation
conditions for the Helmholtz equation if the a(9) is the Laplace operator
(see, e.g., [42], [8]). In the sequel, elements of the class Som(27) will also
be referred to as radiating functions.

We have the following analogue of the classical Rellich-Vekua lemma (for
details see [22]).

Lemma 2.1. Let w € Som(27) be a solution of (2.5) in Q™ and let

lim S {/ [A@s () w(z)] [w(x) | dSp} =0,

R—+o00
YR

where X is the sphere centered at the origin and radius R, and A(D,n)
denotes the co-normal differentiation

A0z, n(z)) := ag; ni(x) 0.
Then w =20 in Q.

Note that, if w is a solution of the homogeneous equation (2.5), then w
is an analytic function of the real variable x in the domain 2~. Moreover,
if, in addition, w € C*(Q~) N Som(Q~) and the boundary surface S =
00% is sufficiently smooth (C® smooth say), then the following integral

representation formula holds (cf. [42], [23])

/’V(SE*yM)[A(&n)w(y)]*dsy*/[/\(aym(y))V(y*x,w)} [w(y)]~dSy =
S S

{ w(x) for x €N, (2.9)

0 for x € NF,
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where

B 7exp{iw\/g_2(5_1:£ -x)Y/2)

V(xaw) - 4,”_ |af|1/2 (’Gv,ill’ . 1,)1/2

. [a] =deta,  (2.10)

is a radiating fundamental solution to the equation (2.5) (see, e.g., Lemma
1.1 in [23]), the symbols [-]* denote limits on S from QF.

Here and throughout the paper n(y) stands for the outward unit normal
vector to S at the point y € S.

For sufficiently large |x| we have the following asymptotic representation

expl{i& - (z —y)}
||
3 |ag]
47w (go)al)t/2”

+0 (|27,

V(= y,w) = c(§)
(2.11)

() =

where y varies in a bounded subset of R? and & = £(n) € S, corresponds to
the direction n = x/|x|; the asymptotic formula (2.11) can be differentiated
any times with respect to x and y (see [23]).

From (2.9) with the help of (2.11) we get the asymptotic representation
(for sufficiently large |z|) of a radiating solution to the equation (2.5)

exp{i§ - z}

m + 0O (|z|7?), (2.12)

w(r) = woo (§)
where

wo(§) = ¢(€) [ e ¢V ([A0,n) w(y)]” +1i (@€ n(y)) [w(y))”) ds,

i

with € and ¢(€) as in (2.11); we(§) is the so-called far-field pattern of the
radiating solution w (cf. [9]).

2.3. Formulation of direct and inverse interaction problems. We
recall that any Lipschitz surface S satisfies the uniform cone condition and
vice versa [18], i.e., each point z € S is the vertex of two truncated cones
7(#)(z) with common axis that are congruent to a fixed cone

{a::(xl,:ng,mg)GR3 i 0<w3<h, \Ja? +23<c"(h—x3)}, ¢ >0, h >0,

and such that all points of these cones except z lie in the respective do-
mains v (z) € QF. Usually, these cones y*)(z) are called nontangential
approach regions and are subjected to some regularity conditions described,
e.g., in [43]. Note that the exterior normal vector n(z) exists almost every-
where on S and belongs to the space Loo(S).

In what follows the boundary values [-]* on the surface S are taken in
the sense of point-wise nontangential convergence at almost every point with
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respect to the surface measure (if not otherwise stated). In particular,

bt =, o)
@ = m ()
T n(@)u@)] = | lim  T(@n()u(y),
M@ @)@ = | lm A, @) w).

v (z)2y—z€ES
for almost all z € S.
Further, we denote by M*(v) the nontangential mazimal functions on S
corresponding to a function v
ME@)(x) = sup |v(y)| for almost all z € S
yey @) (x)
(for details see [43], [11]).

Remark 2.2. Denote by H, ,,(Q%) the subspace of C?(Q%) consisting of
functions w that satisfy the homogeneous equation (2.5) in Q% and such
that the nontangential boundary values [w]* and [A(9,n) w]* exist almost
everywhere on S, and the maximal nontangential functions M*(w) and
M*(9;w) (j = 1,2,3) are in Ly(S). Then automatically, [w]* € H1(S),
[A(D,n) w]* € Ly(S), and w € HQ%(QJF) and w € HEZOC(Q’).

Analogously, let H4, ,,(QF) be the subspace of [C?(Q%)]® consisting of
vectors u that satisfy the homogeneous equation (2) in Q% and such that
the nontangential boundary values [u]* and [T'(d,n)u]* exist almost ev-
erywhere on S, and the maximal nontangential functions M¥*(u;) and
M*(9; ug) (k,j=1,2,3) arein Lo(S). Then automatically, [u]* € [Ha(S)]?,
[T(0,n)u]T =! € [Ly(9)]?, and u € [HQ% (QH))3 and u € [HQ% 1o (1)

Note that for solutions w and u of the homogeneous equations (2.5) and
(2), respectively, the following equivalences hold

w) € Ly(S) & weH%(QJF),
M~ (w) € Ly(S) & weH2 1oe(27),
w) € [Lo(S)P & we [Hy (@),
) € [L2(S)) & we [Hy (7)),

T(0;w) € La(S) & weHg(QJf),
)

+

< X

AN

M
(
(
“(u
(
—(0 S) & wGHQE,lOC(Q’),
M*(@yu) € [La(S) & w e [Hf (@),

M (95u) € [Lo(S)* & w e [Hf (@),

(
j w) € La(
(
( 2
where j = 1,2, 3 (for details see [11], [32], [33], [1], [2]).
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Note that for functions of the class H,, ., (2F) (respect. Ha ., (%)) there
hold standard Green’s formulas where the boundary limiting values on the
boundary S are understood in the above described point-wise nontangential
convergence sense.

First we set the direct fluid-structure interaction problem.

Let a total wave field in 2~ is represented as a sum of incident and
scattered fields

U}tOt(:C) _ wznc(x) 4 wsc(l‘),

where the incident field w™¢ is taken in the form of a plane wave

w™(z) = w"(z;d) = exp{ix - d}, z€R? deS,, (2.13)

while the scattered field (scattered acoustic pressure) w®¢(z) = w*¢(z;d)
is a radiating solution of equation (2.5); here d = (di,d2,d3) denotes the
direction of propagation of the plane wave.

Problem P(4"), Find a vector u = (u1,uz,u3)’ € Hy ,(QF) and a
radiating function w*® € H, ,(27) N Som(27), satisfying the following
(kinematic and dynamic) coupling conditions in the sense of point-wise non-
tangential convergence at almost every point on .S:

[u(z) - n(@)]" = bi[A0, n)w' ()] " =by [A0, n)w*(z)]” + fo(x), (2.14)

[T(8,n) u(@)]" = bz [w'(2)]” n(x) = b [w*(z)]” n(z) + f(z), (2.15)

where T'(0,n)u is the stress vector given by formula (2.4), A(O,n)w =
apq Mp Oqw is the co-normal derivative, n(x) denotes the unit outward normal
vector to S at the point = € S,

2]71

b1 = [ng 5 b2 =—1. (216)

Remark that all the arguments below are valid if b; and by are given complex
constants satisfying the conditions by by # 0 and  [by by] = 0.

Here the boundary scalar function fy and the vector-valued function f
are defined as follows:

fo(x)= fo(x;d)=b1 A(D, n) wmc(x;d), (2.17)
f@)=(f1(x), fo(x), f3(x)) "= f(z;d) =by w"* (z;d) n(x). (2.18)

As it follows from the above statement, in the direct problem the domains
Q1 and Q~ are fixed and we look for the displacement vector u and the ra-
diating scalar function w®® (scattered field). The inverse fluid-structure
acoustic interaction problem consists in finding the surface S (i.e., the scat-
terer Q1) if the corresponding far-field pattern w3 (+; d) is known for several
or all direction vectors d € S,,. More rigorous mathematical formulation of
the inverse problem considered in this paper reads as follows.

Problem P(™) . Find an elastic scatterer Q1 with a compact, con-
nected, Lipschitz boundary surface S provided that the conditions of Prob-
lem P(4") are satisfied on S and the far-field pattern w3 (€ d) is a known
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function of £ on S,
w3 (§5d) = G(&: d)

for several (or all) direction vectors d € S,,; here G(-; d) is a given function
of £ on S, and & corresponds to the vector n = z/|x| (see (2.7)).

In the both problems the oscillation parameter w is an arbitrarily fixed
positive number. The investigation of the inverse problem becomes compli-
cated due to the fact that, in general, the direct interaction problem for
arbitrary scatterer Q7 is not unconditionally solvable for all w. For excep-
tional values of the parameter w, i.e., for those values of w for which the
corresponding homogeneous direct problem possesses nontrivial solutions,
the boundary data fo and f, involved in the equations (2.14) and (2.15),
have to satisfy special compatibility (necessary) conditions. However, as we
shall show below for functions given by (2.17) and (2.18) these necessary
conditions are fulfilled automatically and Problem P(¥") is always solvable.
Moreover, the scalar field w®¢ is defined uniquely in Q= for all w, while
the elastic field u is defined modulo Jones modes, in general (see Section
3). This makes meaningful and justifies the above setting of the inverse
problem with arbitrary w.

We shall study the above problems by the layer potentials (boundary
integral equations) method. The properties of the corresponding potential
type operators partly can be found in [43], [10], [11], [41], [31], [32], [33],
but for the readers convenient we bring together needed material in the
forthcoming subsection.

2.4. Scalar potentials. Steklov-Poincaré type relations. Let
us introduce the single and double layer scalar potentials related to the
operator a(9,w):

Vo w(9)(x) = / Yz —1,w) g(y) dS,, TR\ S,
S

Waw(9)(z) = / M@y n(y)) ¥y — 2.0)] g(y) dS,, =€ RO\ S,
S

where g is a scalar density function.
For a solution w € H, ,(21) of equation (2.5) in QO we have the follow-
ing integral representation

Wa,w ([w]Jr) () = Va,w ([Aw]Jr) (z) =

{ w(z) for zeQt (2.19)

0 for ze€Q.

The similar representation holds also for a radiating solution w €
H,, ., (27) N SK(Q7) to the equation (2.5) in O,

w(z) for xeN,

Va.w ([Aw]7) (@) = Wa,u ([w]7) (2) = { (2.20)

0 for xe€Qt.
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These representations can be derived by standard arguments from the corre-
sponding Green’s formulas which hold for functions of the classes H,, ., (27)
and Hg, ,,(27) N Som(27) (cf. Lemma 5.1 in [41], Proposition 6.6 in [1],
and Proposition 5.5 in [2]).

In what follows we will essentially use the following properties of the layer
potentials.

Lemma 2.3. Let g € Ly(S), h € H}(S), and —5 <r < . Then
(i) the potentials Vo, w(9), Wa,w(g), and W, o (h) are radiating solutions
of equation (2.5) in R3\ S and

M*=(Wau(g)) € La(S), M*(0;Wau(h)) € La(S), j=1,2,3,
Mi(Va,w(g)) € LQ(S)a Mi(ajva,w(g)) S LQ(S); j:172737
Wawlg) € HZ(QF), Waw(g) € HE 0o (Q7) N Som(Q),

Waw(h) € Hy o (QF) NSom(27), Vaw(g) € Haw(QF) N Som(Q7);
(ii) the following jump relations hold on S for almost all z € S

Ve o(@)(2)]* = / Yz = 4,0) g(1) dSy = Ha,o 9(2),
S

M@, 7) Va, (@) ()] = 72 9(2) + / (A2 () (= — 9.0)] g(y) dS, =
S

= [12—1I+ /cgﬂ 9(2), (2.21)

(Wa,w(9)(2)]* = £271g(2) + /[A(ay,n(y))v(y —z,w)]g(y) dSy =:

S
= [ﬂ*lz+ /cffzj} 9(2), (2.22)
[A(0,1) Wa,w(h)(2)]T = [A8,n) Wa,u(h)(2)]” = La, o h(2), (2.23)

where T stands for the identical operator;
(ili) the operators

Haw © Hy27(S) = HEFT'(S),

K@, HET(S) - HET(S),

—3+r $+r
a,w : H2 (S) - 2 (S)v

Low : HET(S)— Hy 27(S),

are continuous;
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(iv) the operators
14, 1,
Haw = Hy?7'(8) = Hy ' (S),

+2- 17 4+ Kk

S, 22T KR, ¢ La(S) — La(S),
Lajw H21(S) — La(9),

are bounded Fredholm operators with zero index;
(v) the following operator equations

Ha,wICgl,zJ = ((12,21.2 Ha,w; Ea,wHa,w = *4_114’ [ ((11,)0.)]2a
Ea,w IC((12,1) = 1(11,11 Ea,w; Ha,wﬁa,w = *47114’ [ICSLQ,L]Qa

hold in appropriate function spaces.

(2.24)

Proof. The proof of items (i)-(iv) (except the relations involving the
operator L, ) based on the harmonic analysis technique can be found in
the reference [43] for w = 0 (see also [10] where a variational approach is
used and the analogous results are obtained for f% <r < % with the help of
duality and interpolation arguments based on the Sobolev trace theorem).
The estimates

|7(x7w) - 7(‘%30) | < WCO(Aau)a
|01 [v(2,w) = (2,0)]| <w? C1(A, ), (2.25)
01 Om, [V(wi) - 7(‘%30)] = O(|ZL’|71),

show that the potential and boundary operators corresponding to w # 0
and w = 0 differ by smoothing (compact) operators. Therefore, the results
obtained in [43] can be extended to the operators corresponding to arbitrary
w (for details see, e.g., [41]).

The properties of the normal derivative of the double layer potential
W, . and the operator £, ., are studied in detail in [41]. However, we give
here a simpler proof of (2.23) which does not require invertibility of any
boundary operator and can be extended to more general cases (e.g., to the
case of elastic double layer vector potential). Since the double layer potential
Wa.w(h) with h € H3(S) belongs to the class H,_ ., (2%)NSom(27), we can
write the integral representation formulas (2.19) and (2.20) with W, (k)
for w. Add termwise these formulas and apply the jump relations (2.22) to
obtain

Va,w ([AWa,w(R)]T = [AWa,w(R)]”) =0 in R*\S.

Whence we arrive at (2.23) by jump relations (2.21).
To prove the item (v) let us remark that the representation formula (2.19)

implies
[ —-27'T + IC((12,)w] [w] " =Ha,w[Aw]",

La,wlw]t =277 + K] [Aw]*. (2.26)
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The operator equalities (2.24) can be then obtained by substitution into
(2.26) single and double layer potentials with densities from the spaces
Ly(S) and H3(S), respectively. It is evident that the first and second equa-
tions in (2.24) originally hold in Ly(S) but they can be continuously ex-
tended to the space H; 1(5 ) due to the mapping properties of the operators
involved; analogously, the third and fourth equations which originally hold
in H1(S), can be continuously extended to the space Lz (). O

To obtain a boundary integral formulation equivalent to the basic oscil-
lation problems in exterior domains we need the following

Lemma 2.4. Let g € H3(S) and
’LU(JJ) = Wa,w(g)(x) _iVa,w(g)(x)7 re. (2'27)
If w vanishes in 2=, then g =10 on S.

Proof. If the function (2.27) vanishes in Q7 due to the jump properties
of the layer potentials we conclude
[Aw]T —i[w]" =0 on S. (2.28)

Since g € H3(S) we have w € H,, ,(2") and there holds Green’s formula
(cf. [41])

/ [a; Ow Opw — g w? |w|? ] dx = / [Aw]T [w]TdS. (2.29)
o+ 5
With the help of (2.6) and (2.28) we conclude from (2.29) that [w]™ = 0
which yields [w]t — [w]” =g =0on S. O
Further, let us introduce the boundary operators

Dowg = [-2'T+KZ,] —iHaw, (2.30)
Najwg = Law —i[277T+KM, ] (2.31)

These operators are generated by the limiting values on S (from Q) of the
superposition of potentials (2.27) and its co-normal derivative.

Lemma 2.5. (i) The operators

Daw : La(S) — La(S), (2.32)
H,(S) — Hy (), (2.33)
Naw  H3(S)— Ly(S) (2.34)

are isomorphisms.
(ii) The exterior Dirichlet BVP

a(Q,w)w(z) =0 in Q°, wée€ Som(N7),
[w(z)]” =¢(z) on S, ¢e LyS),
M~ (w) € Ly(S),
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is uniquely solvable and the solution is representable in the form

w(x) = (Wa,w - iVa,w) (,Da_,(l,_, 90)(3?), z e .

1
Moreover, w € Hy ,,.(Q7) and for arbitrary R there is a positive constant
Co(R) independent of w and ¢ such that

fwll 3 < Co(R) [ ¢llLas)

Hy (QR)

with Q0 := Q™ N Br, where Bg is the ball centered at the origin and radius
R.
If p € H3(S) then M~ (9 w) € L2(S) (j=1,2,3), w € HQ%IOC(Q_), and

| w ”Hzg(%) <Ci(R) [ ¢ lmycs)-

(iii) The exterior Neumann BVP
a(Q,w)w(z)=0 in Q7, wée€Som(N7),
[A@,n)w(z)]” =1(z) on S, @€ Ly(9),
M~ (Vw) € Ly(S),
is uniquely solvable and the solution is representable in the form

’LU(JJ) = (Wa,w - iVa,w) (Na’_(}, ’lﬂ)(ﬂ?), zeN.

3
Moreover, w € Hy ,,.(Q27) and for arbitrary R there is a positive constant
C3(R) independent of w and v such that

[[wl < Co(R) 19 [ Lacs)-

i @) =
(iv) If two functions g € H3(S) and h € La(S) are related by the equation
./\/'a_i) h= D;{U g on S, then g and h are Cauchy data on S of some radiating
solution w of the homogeneous equation (2.5) in Q~, namely, g = [w]~ and
h=[A@,n)w]” on S. Consequently, the Dirichlet and Neumann data for
an arbitrary radiating solution w of the equation (2.5) are related on S by

the following generalized Steklov-Poincaré type relation
No s [A@,n)w]™ =D, [w] ™

Proof. First we show the invertibility of the operator (2.32). Due to
the results in [43] the operator DY = 21T 4+ IC((j)O 0 Lo(S) — La(9) is
Fredholm with index zero. In accordance with (2.10) and (2.25) the operator
Da,w — DY Ly(S) — L2(S) is compact. Therefore it remains only to
prove the injectivity of (2.32). To this end we show that the null space of
the corresponding adjoint operator (without complex conjugation) is trivial.

Let ¢ € L2(S) be a solution to the homogeneous adjoint equation

[—2' T+ KM, ] —iHawib =0 on S.
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It then follows that the single layer potential V, ., () € H, ., (Q27) solves the
homogeneous Robin type problem with boundary condition (2.28). There-
fore, V, »(¥) = 0 in QF. This implies [V, »(¥)]” = 0 on S. Thus
Va,w(%)) solves the homogeneous exterior Dirichlet BVP. Write Green’s for-
mula (2.29) for the function w =V, ,(¢) and for the region Q1 = Q™ NBgr
where Bp is the ball centered at the origin and radius R, and 0Br = Xy,

/ ks 0V (1) BV o (0) — 0207 | Vi, () |2 ] dix =

Qp

= [ (AVeral) Va0 .
YR
Evidently

3 { [ 1400 Vet )] (VeralO) 2} =0,
3R
and in accordance with Lemma 2.1 we get V,, ,(¢) = 0 in Q~. Therefore
[A(D,n) Vo, ()] —[A(0,n) Va,w(¥) |7 = 1 = 0 from which the injectivity
and, consequently, the invertibility of the operator (2.32) follows.

As it is shown in the references [43] and [41] the operator D =:
H1(S) — H3(S) is Fredholm with index zero as well. Therefore the in-
vertibility of the operator (2.33) follows from its injectivity.

Analogously it can be shown that the operator (2.34), as a compact
perturbation of an invertible operator, is Fredholm with zero index (cf.
[41]). On the other hand with the help of the same arguments as above we
easily derive that the null space of the operator N, ,, is trivial. Therefore
(2.34) is an isomorphism.

Proof of the items (ii) and (iii) are quite similar to the proofs of Theorem
6.2 and Proposition 6.8 in [1] (see also the proof of Lemma 4.1 in [16] and
Theorem 5.6 in [41]).

The item (iv) immediately follows from the item (i) and the uniqueness
theorems for the exterior Dirichlet and Neumann boundary value problems.

O

2.5. Special Robin type problem. Properties of plane waves.

Let us consider the interior Robin type BVP

a(@,w)w(x) =0 in QF, weH,,Q"), (2.35)
[A(D,n)w(z) —iw(z)]” =4 on S, e La(S). (2.36)

If we look for a solution in the form of a single layer potential w(z) =
Va,w(g)(x), we arrive at the integral equation on S

Pa,wg = _2_1I+IC1(1%)0J _iHa,w:| g=1,

where Py o, 1 La(S) — L2(S) is a Fredholm operator with zero index due
to Lemma 2.2.(iv).
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Lemma 2.6. (i) The BVP (2.35)-(2.36) is uniquely solvable.

(ii) The operator Py, . : La(S) — La(S) is invertible.

(iii) An arbitrary solution w € H,, () of the equation (2.35) is uniquely
representable in the form

w(x) = Voo (Pt MO n)w—iw]T) (z), =€ Q+.
Moreover, for ﬁ € Q7F there holds the uniform estimate
lw(z)] < C6~Y || [A@,n)w — iw] ||y for all @€ QF,

where C' is a positive constant independent of w and §. Here 0 is the distance
between Qf and S.

Proof. The items (i) and (ii) have been shown as intermediate steps in
the proof of Lemma 2.5. The item (iii) is then a direct consequence of the
invertibility of the operator Py, . O

From Lemma 2.6 it follows that the plane wave exp{id-z}, where d € S,,,
can be uniquely represented in the form

eid~w:va7w(7> [(A(@,n) —i)ei® <]} )(x), z et

Note, that exp{id -z} with d € S,, is a non-radiating solution to the homo-
geneous equation (2.5) in R?. Let

P(S) = {p(z;d) = (A(8p,n(z)) — i) e refs i de Su} s
)= { S euplmid®). w €5 : plad®) € P(S).
g €C, d9 eS8, meN},
Py (R?) - {Zcq Ve €R3:cq€(C,d(‘I)€Sw,meN};

here N and C are the sets of all natural and complex numbers, respectively.
Lemma 2.7. The set P(S) is complete in L2(S).
Proof. Let f € La(S) and
[ 8@yt~ '] 1) ds, =0 (2.7

S

forall d € S,,.
Let us consider the function

U}(I) = (Wa w _iVa w)(f)(x), T € R3\S

Clearly, in view of (2.11) we have

w(:c): ( exp{lf :U}/ ayan 72) —ig- y] f(y) dSy+O(|$|72)

]
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as |x| — + oo, where £ € S,, corresponds to & and ¢(§) is defined by (2.11).

By (2.37) we conclude w(z) = O (|z|~2), which implies w(z) = 0 in Q~
due to Lemma 2.1. Therefore, we obtain [w(z)]” = D4, f =0 on S. By
Lemma 2.5.(i) then we have f =0 on S. This completes the proof. O

Lemma 2.8. Let QT be a bounded Lipschitz domain such that Q= =
R3\QF be connected and let w € H,, ,(Q7F) be a solution to the homogeneous
equation (2.35) in Q.

Then there exists a sequence v,, € PSP(R3) such that v, — w and
OPvy, — 0Pw as m — oo uniformly on compact subsets of Qt (B =
(B1, Ba, B3) is an arbitrary multi-index and 0° = 8?1 852 05°).

Proof. From Lemma 2.7 it follows that there exists in P,,(S) a sequence
of type

Zcq (Oz,n(x )—i)eid(Q)'ﬁ”, x €S,

which converges (1n the La-sense) to the function [ (A(8,n)—i)w]* € La(S).

We set
a (@
@) _
x):g cg€ T e Qf.
q=1

Hence, (A(0,n) = i)um(z) — [(A(0;n) — d)w(z)]* in Ly(S). By Lemma
2.6 the functions v, and w can be represented in the form

Om (%) = Va0 (Pr L[ (A0, n) — i) vm |T) (x), x€Q,

w(z) = Va,w (P, LIAG, ) — i) w]T) (z), ze€Qt.

a,w

Now, let ﬁ cQtandzc @. Denote by ¢ the distance between @ and
S = 90", The above representations of v, and w together with Lemma
2.6 then imply
0% w(x) — (9va($)|
< OO Po L l(A0,n) — @) v ] T =Pg L [(AD ) — i) w]™ [|Ly(s) <

)

<Ci1o7 ] [( (0,m) = i) vm " = [(A@,n) — i) w] " |[1y(s) — O
as m — +oo (uniformly in Q+) for arbitrary multi-index (. ]

Corollary 2.9. Let xg & QF. Then there exists a SeqUENce Vo, € PSP(R3)
such that (for arbitrary multi-index [3)

0%vm(2) — 0%y(x — wo,w)
uniformly in QF, i.e.,
|| vm (z) = y(2 — 20,w) ||Ck(gT+) —0 as m — ©

for arbitrary integer k > 0.
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2.6. Vector-valued potential operators of the theory of steady
state elastic oscillations. Denote by I'(z,w) the fundamental matrix
(Kupradze matrix) of the steady state elastic oscillation operator A(9,w),
ie., A(Q,w)T'(z,w) = I3 6(z) (for details see [28], Ch. II),

D(z,w) = [Trj(z,w) ]33
2 exp{i ki ||}
e~ S SR

= 1

(2.38)

where
B=aw (A +20)7 k=awp
=0y (@dmp)~t,  G=CEDH Erow?) T
Note that the principal singular part of I'(x,w) in a vicinity of the origin

is the fundamental matrix I'(z) (Kelvin’s matrix) of the operator A(9) of
elastostatics,

P(@) = [Ta (@) Jggs Ths(a) = X b fol ™+ aay fol %, (2.39)
where
N=-A+3p)BruA+2w)]7Y, p'=-A+p)Brpi+2p)] "
It is easy to show that in a vicinity of the origin (x| < 1 say)
T () — oy (@) | < w ColA, ),
|00 [T (,w) = Trj(2) ]| < w? Ca(A, o), (2.40)

O Om [Tij(w,w) — Tij(z)] = O (J271),
where k, j,I,m = 1,2,3, and Co(\, p) and C1(A, ) are positive constants
depending only on the Lamé parameters.
A vector u belongs to the class SK(Q7) if u € [C1(27)]® and for suffi-
ciently large |z| the following relations hold:

u(z) = u®(z) +ul(z),
AulP)(x) + k? u(p)( )=0, 0, uP)(z) — i &5 k1 uP(z) = O (|z|72),
Aul () + k3w (x) =0, 05ul(z) —id;kyu(z) = O (|x|72),

where & = m/\m\ and j = 1,2,3. These conditions are the Sommerfeld-
Kupradze type radiation conditions in the elasticity theory (for details see
28)).

From (2.38) it follows that each column of the matrix I'(-, w) belongs to
SK(R?\ {0}).

The analogue of Rellich’s lemma in the elasticity theory reads as follows
(for details see [28], [34]).

Lemma 2.10. Let u € SK(Q7) be a solution of (2) in Q= and let

lim S{/T(a,n)UoudER}:O,

R—+00
YR
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where X is the same as in Lemma 2.1. Then u =0 in Q.

This lemma implies that the basic exterior homogeneous BVPs of steady
state elastic oscillations (with given zero displacements or stresses on the
boundary) have only the trivial solution (see [28]).

Further, we construct the single and double layer vector potentials,

Vi o(o)(@) = / I(z — y,w) g(y) dS,.
S

Wawlo)e) = [ (20 n) Dy~ 2.0)]7 9(0) dS,.
S

For a solution u € Hy ,(Q7) of equation (2) in Q1 we have the following
integral representation

Wa,w ([u]+) () = Va,w ([Tu]+) (x) = (2.41)

u(z) for xeQF,
0 for ze€Q.

The similar representation holds also for a radiating solution u €
Hy,,(27)NSK(Q27) to the equation (2) in Q7

u(z) for xzeQ,
Va,w ([Tu]7) () = Wa,w ([u]7) (2) = { 0 for 2 e€Qt

These representations follow from the corresponding Green’s formulas which
hold for functions of the classes Ha, ,,(Q2") and Hy (27 )NSK(Q7) (cf. Ch.
VII in [28], Proposition 6.6 in [1], and Proposition 5.5 in [2]).

Further, we introduce the boundary operators on S generated by the
above vector potentials

Ha,wg(z) = /F(z —y,w) g(y) dSy, (2.42)
s
’qul,)w g(z) ==

/ (T(0en(2)T(z — ) | g(y) dS,y,  (243)
S

KD, g(2) = / (T(3y,n() Ty — 2.) T g(y) dS,
S

La,09(2) = [T(0:,n(2)) Wa,w(9)(2) =

Note that the potential and boundary operators V4, o, Wi, w, Ha, w, ICS)W,

Kf)w, and L4 . have quite the same jump and mapping properties as the

corresponding scalar operators considered in Subsection 2.4 (see Lemma
2.3).
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Lemma 2.11. Let g € [Ly(S)]3, h € [H}(S)]%, and —% <r < %. Then
(i) the potentials Va,w(9), Wa,w(g), and Wa, ,(h) are radiating solutions
of equation (2) in R*\ S and

ME(Wau(9)) € [La(S)]?, ME(9; W, o(h) € [La(S)]
M*(Va,u(9)) € [La(S)P, M=(9;Va,o(9)) € [La(S)P
Wa,(g) € [HE (M), Wa,wlg) € [HZ () NSK(Q7),

WA,w(h) € HA,w(Qi) N SK(Q_) ) VA,w(g) € HA,W(Qi) n SK(Q_) ;
(ii) the following jump relations hold on S for almost all z € S
[Va, o (9) ()] = Ha,w9(2),

T(0,7) Va,u(9)(@F = [F27 I+ K, ] 9(2),
Wa,ulg) () = [£27 1 1+ KD, | 9(2),

[T(0,n) Wa,w(h)(2)]" = [T(0,n) Wa,o(h)(2)]” =t La,uh(2);  (2.44)

(iii) the operators

)

Haw : [Hy 2T ()P — [HE ()P,

KD, [HET(S)P - [HET(S)P,

)

1 1
ICS4 )w : [HQ

)

Law : [HET(S) = [Hy 2T (S)P,

are continuous;
(iv) the operators

—i4r $+r
Haw = [Hy 2 (S — [HZ ' (9)F,
2 L+ K 227 s+ KR, [La(S)]P — [La(S))P,

Law @ [Hy(S)P —[La(S)F,

are bounded Fredholm operators with zero index;
(v) the following operator equations

HA7°J ICS,)W = IC(A2,)(.U HA7°J ? £A7“J HA7°’J = _4_1 I3 + [KS,)W]2, (2 45)

LawkKP, =KV, Law, Hawlaw=-4"L+ 7,15

hold in appropriate function spaces.
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Proof. The proof of the item (i) can be found in [2], Subsection 5.2 (see
also [26]). The relations (2.40) show that the corresponding potential and
boundary operators with subscripts w # 0 and w = 0 differ by smoothing
(compact) operators. Therefore, the items (i)-(iv) immediately follow from
the results obtained in [11] and [16] for the operators with w = 0 (see also
[32]). Note that the relation (2.44) can be shown by the same arguments as
(2.23) in the proof of Lemma 2.3.

The item (v) follows from the representation formula (2.41) which implies

[ 2 '+ G ) [t =Haw [Tu]*,

. (2.46)
Lawl] =271+ K, ] [Tu]*.

The operator equalities (2.45) can be then obtained by substitution into
(2.46) single and double layer potentials with densities from the spaces
[L2(S)]? and [H3(9)]3, respectively. It is evident that the first and second
equations in (2.45) originally hold in [L2(S)]® but they can be continuously
extended to the space [H, *(S)]? due to the mapping properties of the oper-
ators involved; analogously, the third and fourth equations which originally
hold in [H3(S)]3, can be continuously extended to the space [L2(S)]3. O
As in the scalar case we have the following

Lemma 2.12. Let g € [H3(S)]? and
w(x) =Wa,u(g)(z) —iVa, w(g)(x), €. (2.47)
If u vanishes in Q~, then g=0 on S.

Proof. If the function (2.47) vanishes in 2~ due to the jump properties
of the elastic layer potentials we conclude

[Tu]t —i[u]" =0 on S. (2.48)

Since g € [H2(9)]® we have u € Ha,,,(QF) and there holds Green’s formula
(cf. [28], [1])

/[E(u,ﬂ)—91w2|u|2]dx:/[Tu]+ < ultds. (2.49)
Qt S
With the help of (2.3) and (2.48) we conclude from (2.49) that [u]t = 0
which yields [u]"™ — [u]" =g=0o0n S. O

Further, let
Dawg = [-2 ' L+KG)] —iHaw, (2.50)
Nawg = La o —i [2_113 +ICE417)W} .

These operators are generated by the limiting values on S (from Q7) of
the displacement vector (2.47) and the corresponding stress vector, i.e.,
[u]" =Da,wgand [Tu]” =Na g
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Lemma 2.13. (i) The operators

Daw & [L29)] — [L2(S)], (2.51)
[H3(S) — [H3 ()], (2.52)
Naw = [Hy(S)P — [L2(9) (2.53)

are isomorphisms.
(ii) The exterior Dirichlet BVP (with prescribed displacement vector)

A(Q,w)u(z) =0 in Q7, wueSK(Q),

[u(z)]” =p(z) on S, ¢e€[LA(S)P,

M~ (u) € La(S),
is uniquely solvable and the solution is representable in the form

u(x) = Wa,w—1Va,w) (D;lw o)(x), Te€N.
Moreover, u € [HQ% 10 (7)) and for arbitrary R there is a positive constant
Co(R) independent of u and ¢ such that
[[wll < Co(R) [l lizacsye
with Q := Q= N Br, where Br is the ball centered at the origin and ra-
dius R. .
If o € [H3(S) ] then M~ (0;u) € [L2(S)P® (1=1,2,3), u€[Hy 1,.(27)]°,

ie., u € Ha () and

[l

(iii) The exterior Neumann BVP (with prescribed stress vector)

AQ,w)u(z) =0 in Q7, weSKQ),

(12 (7))

- < Ci(R) [l ¢ llfaz(sys-

[T(0,n)u(z)]” =%(2) on S e l[L(S)],

Mf(aj u) € [LQ(S)]Bﬂ J=12,3,
is uniquely solvable and the solution is representable in the form

u(x) = Wa,w—1Va, o) (NAiiJw)(a?), reQ.
Moreover, u € [HQ% 10e(Q7)]3 and for arbitrary R there is a positive constant
C3(R) independent of u and ¢ such that
< .
H“”[H?m,;)p < Co(R) Y lzacsyp2
(iv) If two vector functions g € [H3(S)]® and h € [L2(S)]?® are related

by the equation /\/leh = DZ}wg on S, then g and h are Cauchy data

on S of some radiating solution u of the homogeneous equation (2) in Q~,
namely, g = [u]” and h = [T(9,n)u]” on S. Consequently, the Dirichlet
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and Neumann data for an arbitrary radiating solution u of the equation (2)
are related on S by the following Steklov-Poincaré type relation

Niu[T@,n)u]” =Dy, [u] ™.

Proof. First we show the invertibility of the operator (2.51). Due to the
results in [11] the operator Dlgo) =—-2"113 + ICEZ)O : [La(9))? — [L2(S))3
is Fredholm with index zero. In accordance with (2.38), (2.39), and (2.40)
the operator Dy, ., — Df(lo) : [La(9)]® — [L2(S)]? is compact. Therefore
it remains only to prove that (2.51) is one to one. To this end we show
that the null space of the corresponding adjoint operator (without complex
conjugation) is trivial.
Let 1 € [L2(S)]? be a solution to the homogeneous adjoint equation

(27 L+ Ky, ] —iHaw =0 on 8.

It then follows that the single layer potential Vi . (¢) € Ha, o, (Q") solves
the homogeneous Robin type problem with boundary condition (2.48).
Therefore, V4 ., (1) = 0 in Q*. This implies [Va4,,(¥)]” = 0 on S. Thus
V4, (%) solves the homogeneous exterior Dirichlet BVP. Write Green’s for-
mula (2.49) for the function u = V4 ,(¢) and for the region O, = Q" NBgr
where as above Bp is the ball centered at the origin and radius R, and
0Br = X,

/[E(VA,ww Va o) — 01 Vi ()2 d= / TVa o() - Va () dS.

Qg 2R

Evidently, by (2.3)

%{/ TVa,w(®) - Vaw@¥) dER} =0,

3R

and in accordance with Lemma 2.10 we get V4 ,(¢) = 0 in Q. Therefore
by jump formulas [T'(9,n) Va,w(¥)]” — [T(9,n) Va,o () ]T =4 =0, from
which the injectivity and, consequently, invertibility of the operator (2.32)
follows.

As it is shown in [11] the operator D\ =: [H(S)]® — [HI(S)]? is
Fredholm with index zero as well. Therefore the invertibility of the operator
(2.52) follows from its injectivity.

It can be proved that the operator (2.53) is a compact perturbation of
the invertible operator N4 . with S7 > 0. Therefore (2.53) is Fredholm
with zero index. On the other hand with the help of the same arguments
as above we easily derive that the null space of the operator (2.53) is trivial
and, consequently, it is an isomorphism.

Proof of the items (ii) and (iii) are quite similar to the proofs of Theorem
6.2 and Proposition 6.8 in [1] (see also the proof of Lemma 4.1 in [16]).
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The item (iv) immediately follows from the item (i) and the uniqueness
theorems for the exterior Dirichlet and Neumann boundary value prob-
lems. 0

Remark 2.14. Note that for —% <r< % the operators

Daw : HIT(S)—HIT(S), (2.54)
Now = HFV(S)—Hy *'7(9), (2.55)
Daw : [H7S)P - 1 (S)P (2.56)
Naw o [HFT(S)P — [Hy 2 (S)P (2.57)

are continuous due to Lemmas 2.3.(iii) and 2.11.(iii).

Moreover, these operators are invertible. In fact, invertibility of the op-
erators (2.54) and (2.56) follows from Lemmas 2.5.(i) and 2.13.(i) by duality
and interpolation arguments (cf. [26], Section 2).

To show that (2.55) is an isomorphism, we proceed as follows. It can

easily be shown that £, ,, : HQ%M(S) — HQ_%—H(S) and its adjoint L} , :

HQ%_T(S) — HQ_%_T(S) coincide on the space Hj(S). Therefore, it is rea-
sonable to use the same symbol £, ,, for the operator £ . In particular,
for 7 = 0 the operator £, , is self-adjoint.

Further, the invertibility of the operator (2.34) implies that L, o
H(S) — HY(S)and L, ., : HY(S) — Hy'(S) are Fredholm operators with

zero index. Consequently, by interpolation L, o : HQ%—H'(S) — H;%—H(S)
is Fredholm with zero index.

Some further analysis show that the null spaces of the operator (2.55) is
the same for all f% <r< % Therefore (2.55) is injective, since its kernel is
trivial for r = 3. Whence, we conclude that (2.55) is an isomorphism. The
proof for (2.57) is word for word.

It should be mentioned that for g € HQ%—H'(S) with —1 <7 < 1 the non-
tangential limits on S of 9; W, . (g) do not exist, in general, and
[A(O,n)w]g = La,w(g) is to be understood as a generalized (functional)
trace on S of the co-normal derivative of the double layer potential (cf. [39]
for smooth domains).

3. THE DIRECT FLUID-STRUCTURE INTERACTION PROBLEM

3.1. Uniqueness theorem. Jones modes and Jones eigenfre-
quencies. We denote by J(Q1) the set of values of the frequency parameter
w > 0 for which the following boundary value problem

AD,w)u(zr) =0, ze€QT,
[T(0,n)u(@)]" =0, [u(z) n(x)]" =0, z€S,
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admits a nontrivial solution u € Hy, ,(Q27). Such solutions (vectors) are
called Jones modes, while the corresponding values of w are called Jones
eigenfrequencies (cf., e.g., [29], [22]). The space of Jones modes correspond-
ing to w we denote by X, (21). Note that J(QT) is at most enumerable,
and for each w € J(Q) the space of associated Jones modes is of finite
dimension (see [34], [1]). Clearly, if u € X, (Q%), then u € X,,(Q71).

The uniqueness result for the homogeneous direct problem (fy = 0 and
f=0in (2.14) and (2.15)) is given by the following assertion.

Theorem 3.1. Let a pair (u,w*®) € Ha, ()% [Ha,o(27)NSom(Q7) |
be a solution of the homogeneous direct problem (2), (2.5), (2.14), and
(2.15), where byby # 0 and & [Ebg] = 0. Then w*¢ = 0 in Q and
u€ X,(Q1).

Proof. Let (u, w*®) € Ha,o(7) x [Hq,o(€27)NSom(Q27) ] be a solution
pair to the homogeneous problem (P)%". By Green’s formulas (2.29) and
(2.49) we then have

/[akjajwak_w—ggwﬂwﬁ]da?:

=— [ [w] [Aw]7dS+ | wAwdEg, (3.1)
/ /
/[E(u,u)—g1w2|u|2]da:=/[Tu]+ ultds,  (3.2)
Q+ S

where R > 0 is a sufficiently large number. o
Since [Tu ] - [u]™ = by b [w]™ [A(D,n)w]™ and by b is a real number
different of zero, from (3.1) and (3.2) we get

3 /wm 45y = 0.
YR

Whence w = 0 in Q~ by Lemma 2.1. From the homogeneous conditions
(2.14) and (2.15) it follows that u € X,,(Q"), which completes the proof. [J

Corollary 3.2. Let w & J(QF). Then the homogeneous direct problem
possesses only the trivial solution.

3.2. Existence results. First we prove the following

Lemma 3.3. An arbitrary solution v € Ha ,(Q) of equation (2) is
representable in the form of a single layer potential.

Proof. Let us consider the following boundary value problem
A(Q,w)u(x) =0 in QY weHa,(QF), (3.3)
[T(0,n)u(@)]* —i[u(@)]" = 2(x), z€S, (34)
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where ® = (&, &y, ®3) T € [L2(S)]? is an arbitrary vector-function.
We look for a solution to the BVP (3.3)-(3.4) in the form of a single layer
potential
u@) =Va,w(9)(@) =€,
where g = (g1, 92,93) " € [L2(9)]? is a sought for density.
The boundary condition (3.4) leads then to the Fredholm system of in-
tegral equations with index equal to zero

[~ 27+ kY, —iHa g =2, (3.5)

where ’qul,)w and Ha, ., are given by (2.43) and (2.42), respectively.
Further we show that the operator

Paw:=—-2""13+ ’CSV)W —iHaw ¢ [La(S)]? — [La(9))° (3.6)

is invertible. To this end we first prove that the homogeneous BVP (3.3)-
(3.4) has only the trivial solution. With the help of Green’s identity (3.2)
and the condition (3.4) with ® = 0 we arrive at the equation

/{E(u,u) C W2 |uf?) dp = —i /| [l 2 dS.
O+ S

Whence it follows that [u]t = 0 on S. Therefore, [Tu]t = 0 on S in
view of (3.4). With the help of the general integral representation (2.41)
we conclude that 4 = 0 in QF, which shows that the homogeneous BVP in
question has only the trivial solution.

Let go € [L2(S)]® be an arbitrary solution to the homogeneous system
(3.5) (® = 0). The potential V4 ,(g0) € Ha, o, (21) solves then the homo-
geneous BVP (3.3)-(3.4) and therefore

Vi, w(go)(z) =0, zeQ*. (3.7)

Using the continuity property of the single layer potential, from (3.7) we
have
[Va, w(90)(@)] " = [Va,u(g0)(2)]” = 0.

Evidently, Va, w(g0)(z) € Hy, (27) N SK(27) solves the homogeneous
Dirichlet type exterior BVP (with zero displacements on S). By Lemma
2.13.(i1) we get Va4 w(go)(x) = 0 in Q~ and taking into consideration the
jump relation [T'Va, ,,(90)]” — [T Va,w(90)]T = go, we conclude that go = 0
on S, ie., kerPy , is trivial.

Since Pa,, is a Fredholm operator of zero index in accordance with
Lemma 2.11.(iv), it follows that the operator (3.6) is invertible. Therefore,
from (3.5) we have

9=Pau®=Pr A[TOn)u]" —ilu]"}.

In turn, this proves that an arbitrary solution u € Ha, ,,(21) to equation
(2) in Q7T can be represented as a single layer potential

u(zx) = VA,W(PX’IUJ F)(z) with F(z):=[T(0,n)u(x)]t —i[u(x)]".
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This completes the proof. O

Further, we show that the nonhomogeneous problem P(%7) is solvable for
arbitrary incident wave and for arbitrary value of the oscillation parameter
w.

Let us look for a solution to the problem (P)%" in the following form:
u(@) =Vau(9)(@), z€Q, (3.8)
w*(z) = Wa,w (92)(2) =i Vo, (9a) (), 2 €Q7, (3.9)

where g = (g1,92,93) " € [L2(S)]? and g4 € H}(S) are sought for densities.
The boundary conditions (2.14) and (2.15) lead to the system of integral
equations on S,

[ =27+ KG, ] 9(@) = ban(@) Do, ga(2) = f(2),  (3.10)
(a0 9(2)] - () = b1 No oo 94(2) = fo(), (3.11)

where ICSV)W, HA w, Da,w, Na,w, [, and fo are given by (2.43), (2.42), (2.30),
(2.31), (2.18), and (2.17), respectively. The constants by and by are defined
by (2.16).

Let us remark that by the above approach Problem P
reduced to the system of integral equations (3.10)-(3.11).

The matrix operator generated by the left-hand side expressions in (3.10)
and (3.11) reads as

(dir) is equivalently

—o kW) ) —baong(z) Dy, w
oo | | T e I (3.12)
[n;(x) (HA,w)jk]ug _blNa,w Axd

Therefore, the system (3.10) and (3.11) can be rewritten in the matrix form
KG=F,

where G = (91592593594)T € [LQ(S)]B X HQI(S) and F' = (fl7f?7f3)f0)—r €
[L2(S)]*.

From the mapping properties of boundary integral operators described
in Subsections 2.4 and 2.6 it follows that

K @ [La(S)]® x HE(S) — [La(S)]*. (3.13)

Further, we show that the operator (3.13) is Fredholm with zero index and
establish the necessary and sufficient conditions for solvability of the system
(3.10)-(3.11).

To this end, we represent the operator I as

IC:7—1+7-27
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where
Pa,w 0]3x

7o | Paelia [0]a ] | -
[0]1><3 _blNa,w Axd

T = [ [iHAv“’]3><3 [_b2n(m)Da,w]3x1 ] _
[n(x) (Ha,w)ik] s 0 s

:[ [13]5.5 [n(x)]3x11 [[iHA,w]3X3 [0]5x1 ] . (3.15)
[n(x)]1><3 0 4x4 [0]1><3 _b2Da"”’ 4x4

the operator P4, is given by (3.6).

It is evident that the operators 77 and 75 have the same mapping prop-
erties as KC (see (3.13)).

Note that the first (matrix) multiplier in (3.15) as operator from [Lo(S)]*
into [La(9)]* is continuous, while the second one maps [La(S)]® x H3(S)
into [H3(S)]* due to Lemmas 2.3.(iv) and 2.13.(i). Therefore, 75 as oper-
ator from [L2(S)]? x [H2(S)] into [L2(S)]* is compact (as a composition
of bounded and compact operators). Further, from invertibility of the op-
erators (2.34) and (3.6) the invertibility of the operator 7; : [L2(S)]® x
H3(S) — [La(S)]* follows. Consequently, the operator (3.13) is Fredholm
with zero index as a compact perturbation of the invertible operator (3.14).

Let us analyze the null spaces of the operator (3.13) and its adjoint
one. Applying the uniqueness Theorem 3.1 and Lemma 2.4 we can prove
that the homogeneous system (3.10)-(3.11) (with f = 0 and fo = 0) has
only the trivial solution (g = 0, g4 = 0) if w ¢ J(Q"), and the operator
(3.13) is then invertible. If w € J(Q%), then g4 = 0 and g = (g1,92,93) "
is a nontrivial vector such that V4 ., (¢9) € X, (21). Below we show that
dimker £ = dim X, (27). Thus, if w is a Jones eigenfrequency then ker K
is not trivial and the operator (3.13) is not invertible.

The operator formally adjoint to I with respect to the usual Lo-duality
(without complex conjugation) reads as

CF e [—27' T+ ’Cf,)whx:s [(Ha,w)ik 13 ] 5.
[_bQPa,wnk]1X3 _bl{ﬁa,w _i[27lz—+’(:¢(12,20}} Axd
This means that
(KO, ¥)=(®,K*T) (3.16)

for all ®, ¥ € [Ly(S)]3 x HI(S), where

4
<cI>,\I/>:/Z ®; T, ds.
5 J=1
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The relation (3.16) can be extended by continuity to the case ® € [L2(5)]? x
H1(S) and ¥ € [Ly(9)]*, defining the operator adjoint to (3.12) with map-

ping property (
K* 2 [La(S)] = [La(8)]° x Hy '(S).

Consider the homogeneous adjoint equation
K*U* =0 with U* € [Ly(S))* (3.17)
Put
U= (50T, = (v
Let us first show that an arbitrary solution ¥ * € [La(S)]* of (3.17) belongs
actually to the space [H2(S)]*. In fact, (3.17) implies:

[~ 275+ K, 0" 4+ Ha o () =0,
bo{ 27T+ KL, —iHaw} (" -n)+

b1 {Lajw —i [27P T+ KE, |} 05 =0
which with the help of (2.50) and (2.31) can be rewritten as

DA,ww*zfiHA,ww**HA,wwza (318)
biNgwibf =—ba{—27'T+ KV, —iHaw} (% -n)+
viby (K2, — K} (3.19)

By Lemmas 2.5.(i) and 2.13.(i) we conclude that ¢ * € [H2(9)]® and ¢ €
H3}(S) since the right hand side expressions in equations (3.18) and (3.19)
are in [H3(S)]® and Ly(9), respectively.
Next, we show that if ¥* = (1»* ;)" is an arbitrary solution of (3.17)
then
P (x)=0 and (¢*(z) -n(z))=0 on S (3.20)
Let U* = (¢*,¢7)T € ker K* and let

u(2) = Wa,o (V) (@) + Va0 (¢4 n)(2),

w*(x) = b2 Vo, (W™ - n)(x) + b1 Wo, 0 (¥1) ().

It is evident that u* € H4 ., (QF)NSK(Q7) and w* € H, ., (2F)NSom(Q7)
due to the above mentioned regularity property of ¥ *. Simple calculations
show that

[u™], =[], =0, k=1,2,3,
[A(O,n)w* —iw*|T =[K*¥*]; =0 on S.

Due to Lemmas 2.13.(ii) and 2.6.(i) we derive that v* = 0in Q~ and w* =0
in QT. In accordance with the jump relations of the scalar and vector layer
potentials we get

[w " =[w]” =9~ [T@n)u " = [T(0,n)u"]” =—vin,
[w ]t = [w* " =b1 ¢y, [AQ,n)w* [ = [A@,n)w”]” = —by¢p" -,
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ie.,
[L_L*V =", [T(0, n)u*]+_: —¥in, (3.21)
[w*]” ==b1), [AO,n)w"]” =bab™ - m.
Therefore
[u* -n]t =b [AO,n)w* ], [T(@,n)u*]" =b"[w*] n.

By Theorem 3.1 we then have w* = 0 in Q= and u* € X,(Q2%). Whence
in view of equations (3.21) the relations (3.20) follow. Moreover, the first
equality in (3.21) yields that ¢ * belongs to the space of traces (boundary
values) on S of Jones modes. We denote this space by

[Xo(@F) s = {[ul§ : ve X, (@)}

With the help of the integral representation formula (2.41) and definition
of Jones modes we can show that the reverse assertion is also valid, i.e., if
P* € [X,(21)]s, then (¢*,0)" € ker K*. Therefore we have the evident
equalities

dimker K = dimker £ * = dim [X,,(21)]s = dim X,,(Q1).
These results lead to the following

Lemma 3.4. The operator (3.13) is Fredholm with zero index.

If w & JQT) then (3.13) is invertible and the system (3.10)-(3.11) is
solvable for arbitrary right hand side functions fi, € La(S), k =0,1,2,3.

If we J(QT) then the condition

3

/ ) hly)dS = / S f @ dS =0 for all (3.22)

s 5 J=1
h = (hi,ho,h3)" € [Xu(Q1)]s

is necessary and sufficient for system (3.10)-(3.11) to be solvable (recall that
he[X,(Q)]s yields h € [X,(2T)]s).

Note that, if f(z) = n(z) ¢(x), where ¢ € Lo(S) is some scalar function
and, as above, n is the unit normal vector to S, then the condition (3.22)
is automatically satisfied. Therefore, finally we have the following main
existence result.

Theorem 3.5. The direct scattering problem P47 is solvable for arbi-
trary incident wave w™¢ and for arbitrary value of the oscillation parame-
ter w.

Moreover, a solution is representable in the form of (3.8) and (3.9), where
gq and w*¢ are defined uniquely, while g and u are defined uniquely if w &
J(Q1) and, if w is exceptional (w € J(QT)), then g is defined modulo vector-
functions of ker C and u is defined modulo Jones modes (X, (Q1)).

When w is exceptional then the boundary wvalues of the stress wvector
[T, n)u]t = (—313+ ICS?W) g and the normal component of the displace-
ment vector [u - n|T = (Ha,wg) - n are determined uniquely.
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Remark 3.6. It is evident that the far field pattern w3S(€) is defined
uniquely as well and due to the representation (3.9) we have

W€ = @) [ [(AOn@) = )¢ Y] qaly) dS,e (329

S

where £ € S, corresponds to the vector & = z/|x| and c(§) is given by
(2.11).

Corollary 3.7. Let G = (g1,92,93,94)" be a solution to the system
(3.10)-(3.11). Then there are constants C1 > 0 and Cy > 0 independent of
ga, f, and f4, such that

194 sy < Co Il F lizaesye + 1 fo lags) }
| w3 (&) Npaesn) < Co {Il f llizacsys + 1 fo llzasy )

and
|07 w* ()| < 67" Co {Il f llizasys + I fo lLacs}» @ € 9y,

uniformly for any subset Qy C Q™ and arbitrary multi-index 3, where 6 :=
dist { Qy, 5 }.

Moreover, let { (g9, O)T}(];]z1 with g(@ = (g§Q),g§Q),g§Q))T be a complete
system of linearly independent solutions to the homogeneous version of the
simultaneous equations (3.10)-(3.11) and (§,0) " = (g1, 2, J3,0) " be its par-
ticular solution orthogonal to all (¢'9,0)T (¢ =T,n). Then there is a con-
stant Cs > 0 independent of g, f, and fy, such that

13 11225y < Cs {Il f lizacsye + 1| fo llzags) } -

The proof is a consequence of the following - more general assertions (see
[36], Lemmas 2.8 and 2.11).

Lemma 3.8. Let a Banach space X be the direct product of two Banach
spaces X1 and Xa, i.e., X = X7 x Xo with the norm || z | x=|| =1 ||x, + ||
Z9 ||x,, where x = (x1,22) € X, ap € Xi, k=1,2.

Let T : X — Y be a linear continuous operator from X into Banach
space Y and assume that the linear equation

Tx=y, (3.24)

where y € Y is a given element and x € X is an unknown, is normally
solvable, i.e., the range R(T) is closed in Y.

Moreover, let ker T C X1 x {02} where Oi, k = 1,2, are zero elements of
Xk

If = (z1,22) € X is a solution of equation (3.24) then there exists a
constant C' > 0, independent of y, such that

[z2 llx, <Cllylly=ClTz]y.
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Lemma 3.9. Let X and Y be Banach spaces, T : X — Y be a linear

continuous operator, and the equation
Tx=y (3.25)

be normally solvable.
Moreover, let dimker7 = N < oo, {ej}j-vzl be a basis in kerT, and

{fj}évzl be a corresponding bi-orthogonal system in the adjoint space X*,
i.e., fj € X* and fi(ej) = d;;, where 0;5 is the Kronecker’s delta.

If x is an arbitrary solution to (3.25), then T = x — Zivzl fi(z)e; is a
particular solution of the same equation satisfying the inequality

17 [lx < Clylly,

where C' does not depend on x and y.

4. INVERSE PROBLEM. UNIQUENESS THEOREM

This section deals with the uniqueness of solution to the inverse fluid-
structure interaction problem (see Subsection 1.3).

Theorem 4.1. Let @, 7 =1,2, be two bounded elastic scatterers with

Lipschitz boundaries OQ;F = S and with simply connected complements
Q) = R3\ Qj, and let for a fixed wave number w the far-field patterns
(4)se

wss (3 d) for the both scatterers coincide for all incident directionsd € S,,,.
Then Qf = QF .

Proof. Step 1. We denote the elastic vector field in the domain Qj by
u9) (x; d) and the scattered scalar field in the domain Q5 by wse(x; d) =:
w9 (z;d) j =1,2.

In the both cases the incident field is represented in the form of a plane
wave (see (2.13)). Thus, the pair (u9),w)) is a solution to Problem P(r)
for the scatterer Q;r (j = 1,2) with a fixed oscillation parameter w (see
(2.14)-(2.18)).

Let QFf # QF and Qp, :=R3\ {Qf QS ).

Since w (z;d) and w® (x;d) are radiating solutions of the equation
(2.5) in Q7, and have the same far field patterns ws) (& d) = w? (&;d) for
all d € S,,, we conclude that

w (z;d) = w® (z;d) in Qp, (4.1)
due to the asymptotic relation (2.12) and Lemma 2.1.

Step 2. Let us consider Problem P(%") with the domains Qj, Qj_ (=

1,2), where the incident field is taken in the form w™¢(x) = v, (z) €
Py, (R3), ie., fo(z) = b1 A(D,n) vm(z), f(x) = byvm(z)n(z). The corre-
sponding elastic field in Qj and the scattered field in Q2 we denote by
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u™) (z) and wU™ (x), respectively. From the conditions of Theorem 4.1
and the equality (4.1) it follows that

w(()é’m) &) = wg’m)(f), £eS,, and w®m) (z) = w@m) (x), =€ Qp,

since the direct problem is linear.

Step 3. Let 29 be an arbitrary point in €27, and let us consider Problem
P(@i) with the same domains Qj, Q; (4 = 1,2), where the interface data
are given as follows

fo(@) = fo(z;20) := b1 A(9, n) y(z — 20, W), (4.2)
f(x) = f(x;20) := bay(z — zp,w) n(x); (4.3)
here (-, w) is the fundamental function defined by (2.10). The correspond-
ing elastic field (in Qj‘) and scalar scattered field (in Q) we denote by
u9) (x5 20) and w9 (2; 2¢).
Due to Corollary 2.9 there exists a sequence v, € Ps,(R3) such that (for
arbitrary multi-index ()

o () — 0P~y(2z — 20,w) (4.4)
uniformly in Qf U Q3.

Applying the linearity of the direct problem, equation (3.23), Corollaries
2.9 and 3.7, and the results obtained in Step 2, we get

[wS (& 20) — w2 (& 20) | La(s.) =

= ||w((>é)(§; rg) — w&’m) (&) + w(()g,m) (&) — wg) (& 20)lLaes.) <

< JwD (& x0) = W™ ()l Lacs.) + 1wl (€ 20) = wE™ ()| acs.) <

< C{lv(z = 20,w) = vm (@) o5y +
A, n) [y(z = 20, w) = vm (@)] [ Lo(sy) +
Hlv(@ = 2o, w) — vm (@) La(s0) +
+ A0, 1) [y(z — 20, w) = vin ()] | 5(52)} — O

as m — oo; here wg;m) (&) denotes the far field pattern of the scattered

field wm) (z) corresponding to the incident wave function v, € Ps,(R3)
involved in (4.4).
This implies wl) (& x0) = w? (& xp) for £ € S, and, consequently, by
Lemma 2.1
wW (z;20) = wP (2;20) in Q. (4.5)

Step 4. Since Qf # QF, there exists a point z* € 8((2;r UQ;) such
that the closed ball B(z*,26) centered at z* and radius 2§ > 0 does not
intersect either Qi” or Qj Without restriction of generality, we assume
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that B(x*,28) N QF = @ and that n(z*) exists. Evidently, S; := 9Q] N
B(z*,26) C Sy and dist{B(z*,5), QF } > 4.

Further we choose a sequence z? € B(x*,d§) Ny~ (x*) N Qy, such that
|x* — 2P| — 0 as p — co. Here v~ (z*) is a nontangential approach region
(cone) at the point z* € S;.

Now let us consider the problem described in Step 3 with the point xP
for xg.

For the domains Q] and Q7 , the interface conditions of type (2.14) on
S1 reads as follows:

[ (@;27) - n(@)]§, = b1 A0, n) wD (z;27)]5, +
+ b1 A0, n)y(x — 2P;w), x€ 5.
Taking into account the fact that w(?(-;zP) is bounded in B(z*,8) C Q5
together with its derivatives uniformly with respect to 2P € B(z*,d) (see

Corollary 3.7) and applying the equation (4.5) with 2P for xo, we arrive at
the relation

| [ (@527) - n(@)]g; — b1 [A@,n(2))y(z — ¥, w)]s;
= [ b1 [A(@,n(2)) wD (x;27) |5, [ = | b1 [A(9,n()) w® (z;27)]5; | < Ci,

where (' does not depend on u(l) and zP.
In particular,

ITaD (z527) - n(z) ] = b1 [A@,n(2)) (& — a”,w)] |lysp) <
< Ci|SiIV2, (4.6)
where |ST| is the area of the sub-manifold ST and p =1,2,3,---
Step 5. Here we prove that
HTut (@;a?) - n(@)]* 1) < Ca (4.7)

with a constant Cy > 0 independent of 7 and u("). Note that u)(x; xP)
and w™) (z; zP) can be represented in the form (3.8) and (3.9), where the
densities g and g4 are to be defined from the system (3.10)-(3.11) with fo
and f given by (4.2) and (4.3), and with Sy for S.

Moreover,

g(x; 2P) = G(a; 2P) Z Cq g(fI)

where ¢, (g = 1, N) are arbitrary constants, {(g(Q), 0)" };\;1 is a complete
(orthonormal) system of linearly independent solutions of the corresponding
homogeneous equations, and (g, g4) " is a fixed particular solution orthog-
onal to this system. Remark that Vi ,(¢(?) € X, (%) if w € J(QF) and
[u® (z327) - n(x)]§ = [Ha,wg(z,27)] - n(a).

We proceed as follows. From the interface condition

[T(0,n) u™ (z;2P) |t = by n(x) [w™ (2;2P)]” +by n(z)y(z—aP,w), €S,
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we conclude that g := g(x, 2P) solves then the integral equation
[f 271y + ]qul,)w g] () = Y(z,2P) + ban(z) y(z — 2P, w) on Si, (4.8)

where 9 (z,2?) = byn(z) [wM (z;2P)]” € [L2(S1)]>. A simple analysis
implies that the norm ||[w™ (2;2P)]~ [ Lo(s1\s7) is uniformly bounded with
respect to x? € B(z*,§). Due to the relation (4.5) it is evident that the norm
||[w(1)(:v;xp)]*||L2(S;) = ||[[w® (z;2P) |51 || Lo(s7) is also uniformly bounded
with respect to x? € B(x*,9). Therefore [|9(-, ,2P)|/[1,(s)2 < C3 with
a positive constant C3 independent of zP. Apply to equation (4.8) the
operator H . ., and use the first equality in (2.45) to obtain

[—27'"Hawg+ /Cii)w Ha,wg] (z) = ¥(z,2”) on S,
where
U(, aP) = Ha,w {$(2,27) + ban(z) y(x — 2P, w)} € [L2(5)]*

and [|W(-, 2P)||[z,(s)s < Ca with a positive constant Cy independent of 2P.
From these relations with the help of the invertibility of the operator (2.51)
with Dy, given by (2.50) we derive that Ha, o, g(-, 2P) € [L2(9)]® and
by Lemma 3.9 we finally get ||Ha,wg(-, 27)|[L,(s)s < Cs with a positive
constant Cs independent of 2. Whence (4.7) follows directly.

Step 6. The inequality (4.7) contradicts to (4). In fact, we easily derive
that

n(zx) - ¢? 1

A9, n(z))y(z — 2P;w) = Amlat/2| [a—t¢p - (P]3/2 |x — ap? +0(1),

where (P = 2= 3 ¢ Si and 2P € v~ (z*). Whence it follows that the

= To—a?] ’

left-hand side in (4) is not bounded as aP approaches z*. This completes
the proof. 0
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