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I. KIGURADZE AND N. PARTSVANIA

ON VANISHING AT INFINITY SOLUTIONS
OF SECOND ORDER DIFFERENTIAL EQUATIONS

(Reported on January 12, 2004)

Suppose R is the set of real numbers, Ry = [0,4o0[, and f : Rt X R — R is the
function satisfying the local Carathéodory conditions. Boundary value problems on the
interval R4 for the differential equation

u = f(t u) (1

are applied to various fields of natural sciences and used as the subjects of numerous
investigations (see, e.g., [1]-[7] and the references therein). In the present paper, for that
equation we study the problem

u(0) =¢, lim wu(t) =0, o(s)u'?(s)ds < +oo, (2)

t——4oo

o\g

where ¢ € R, and ¢ : Ry — R is a twice continuously differentiable function such that

+oo

/ d_ 4
Q.

) w(s)

A function u : Ry — R is said to be a solution of Eq. (1) defined on Ry if
it is absolutely continuous together with its first derivative on every finite interval and
satisfies Eq. (1) almost everywhere on Ry. A solution of Eq. (1), defined on R4 and
satisfying conditions (2), is said to be a solution of problem (1), (2).

Put

+ood
¢@:/R§

and along with (1) consider the perturbed differential equation
u” = f(t,u) + h(t), (3)
where h : Ry — R is a locally integrable function such that
+o0
[ o602 @) ns)lds < +ox. ()
0
We introduce the following definition.

Definition. Problem (1), (2) is said to be stable with respect to a small perturbation
of the right-hand member of Eq. (1) if for an arbitrary locally integrable function A :
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R4+ — R, satisfying condition (4), problem (3), (2) has a unique solution uj and there
exists a positive constant r, independent of the function h, such that

+oo +oo
[ [ el —uwo@Pas] " < [ @t he)lds,
0 0
where ug is a solution of problem (1), (2).
It is easy to see that if problem (1), (2) is solvable, then its arbitrary solution satisfies
the conditions

)

u(t) = o(®1/2 or t— +oo _uws)
(t) (q> (t)) f 13 + ’ 0/ QD(S)‘I’Q(S)

ds < +o0.
If this problem is stable, then
+oo
[ (£) — uo ()] < r®/2(¢) / o(s)®/2(s)|h(s)|ds for teR,.

Below optimal in a certain sense conditions are given guaranteeing the solvability of
problem (1), (2) and the stability of this problem with respect to a small perturbation of
the right-hand member of Eq. (1).

For any A € [0,1] and natural k, we consider the differential equation

"= (1= Npt)u + Af(t, ) (5)
with the boundary conditions
u(0) = Ae, u(k) =0. (6)
The following theorem is valid (a principle of a priori boundedness).
Theorem 1. Let there exist a locally integrable function p : Ry — R and a positive

constant p such that for any A € [0,1] and natural k, an arbitrary solution of problem
(5), (6) satisfies the inequality

k
/go(s)u'Q(s)ds <p.
0

Then problem (1), (2) has at least one solution.

The above-formulated principle gives us the possibility to obtain effective sufficient
conditions for the solvability of problem (1),(2). In particular, on the basis of this
principle the following theorem is proved.

Theorem 2. Let there exist a positive constant § and a locally integrable function
q: Ry — Ry such that
oo
[ w02 @ats)ds < o 1)
0
and on Ry X R the inequality

f(t,z)sgnz > p(t)|z| — q(t)
holds, where
o (t) 1-90
2000 A2032(0)

Then problem (1), (2) has at least one solution.

p(t) = (®)



Theorem 3. Let

@(s)@'/2(s)| f(s,0)|ds < 400, (9)

o\g

liminf ®(t)¢’ (t) > —oo,
t——4oo
and let there exist a positive constant 0 such that on the set Ry x R the condition
[f(t,2) = f(t,y)] sen(z — y) > p(t)|z — y| (10)
is satisfied, where p is the function defined by equality (8). Then problem (1), (2) is
uniquely solvable and stable with respect to a small perturbation of the right-hand member
of Eq. (1).
Theorem 3’. Let conditions (9) and (10) be fulfilled, where p is the function defined
by equality (8), and § is a positive constant. Let, moreover,

p(t) >0 for teRy. (11)

Then:
(2) the differential equation (1) has a unique solution satisfying the boundary condi-
tions

u(0) = ¢, tiigloou(t) =0 (12)

(it) the solution of problem (1), (12) is a solution of problem (1), (2) as well;
(#2) problem (1), (2) is stable with respect to a small perturbation of the right-hand
member of Eq. (1).
A solution u of Eq. (1), defined on R4, is said to be of Kneser type if
u(®)u'(t) >0 for t€R4.
It is well-known (see, e.g., [3], [5]) that if f(¢,0) = 0 and the function f does not decrease

in the second argument, then for any ¢ € R the differential equation (1) has a unique
Kneser type solution satisfying the initial condition

u(0) =c.
Thus Theorem 3’ implies the following corollary.

Corollary 1. Let f(t,0) = 0 and there exist a positive constant § such that conditions
(10) and (11) are fulfilled, where p is the function defined by equality (8). Then Eq. (1)
has a one-parametric set of Kneser type solutions, and every such solution satisfies the
conditions

u(t) = o(q)l/Q(t)) for t — 400,

oo +oo
71142 s)as oo S U,,Q s)as [o.oN
!@@@@ (s)ds < oo, !w” (s)ds < +

Finally, we give corollaries of the above-formulated theorems concerning the cases
where p(t) = (1 + ¢)® and ¢(t) = exp(Bt), i.e. the boundary conditions (2) have the
forms

+

oo

u©) =c, ,lim_u(t) =0, (14 8)*u'*(s)ds < +oo (13)

o



132

and

u(0) = ¢, m u(t) =0, exp(ﬁs)u'Q(s)ds < 400, (14)

li
t——+o0

O\-é—

where a« > 1 and 8 > 0.

Corollary 2. Let there exist a constant £ and a locally integrable function q: Ry —
R4 such that

a? -1
0> s 15
. (15)
—+oo
a+1
/ (1+s) 2 g(s)ds < 4oo, (16)
0
and on Ry X R the inequality
Uz
f(t x)sgnz > a+02 q(t) (17
holds. Then problem (1), (13) has at least one solution.
Corollary 3. Let
+oo
a+fl
(1+s)72 |f(s,0)|ds < 400 (18)

o

and let there exist a constant ¢, satisfying inequality (15), such that on R4 X R the
condition

Lz —yl

[f(t,z) — f(t,y)] sgn(z —y) > 1+ 1)2

(19)
holds. Then:

(7) problem (1), (12) has a unique solution which is a solution of problem (1), (13) as
well;

(#) problem (1), (13) is stable with respect to a small perturbation of the right-hand
member of Eq. (1).

Remark 1. In Theorems 2 and 3, we cannot put § = 0, and in Corollaries 2 and 3, we
cannot replace (15) by the condition

2 _
>t
- 4
Indeed, every solution of the differential equation
2
” a®—1
= t), 20
e TRRRLC (20)
where
3a? +4a+1 e
alt) = = @,

has the form
1to 1—a
u®) =ci(1+6)72 +ca(l+8) 2 +1A+8)"% c1,c2 €R.

Thus for ¢ # 1 problem (20), (13) does not have a solution. On the other hand, the

function
2

ftx) =

a®—1
=0T +t)2x+ q(t)
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satisfies all the conditions of Corollary 3 except for (15). Instead of (15) we have

Remark 2. Condition (7) (condition (9)) in Theorem 2 (in Theorem 3) cannot be
replaced by the condition

“+o00 +oo
/w@¢”“@M$w<+w (/w@wmﬁ@v@mm<+m>

0 0

no matter how small € > 0 would be. Analogously, condition (16) (condition (18)) in
Corollary 2 (in Corollary 3) cannot be replaced by the condition

+o0 +oo
/ (14 5)°F ~2q(s)ds < +o0 ( / (1 + )" 2| f(s,0)|ds < +oo>. (21)

0 0

Indeed, an arbitrary solution of the equation

2
7 7 -1
= — h(t),
et
where

2 2 o
v>a, h(t) =T+,

has the form

1ty 1—n
)2 2 4

-
u(t) =ci(l+t +ca(1+t) 14+t)" 2, ci,e2 €R.

Thus problem (1), (13) does not have a solution, although the function f satisfies all the
conditions of Corollary 2 (Corollary 3) except for condition (16) (condition (18)), instead
of which condition (21) holds for an arbitrary € > 0.

Corollary 4. Let f(t,0) = 0 and there exist a constant £, satisfying inequality (15),
such that on the set Ry X R condition (19) holds. Then Eq. (1) has a one-parametric
set of Kneser type solutions, and every such solution satisfies the conditions

u(t) = o(tkTa> for t — +o0,

“+oo 2( ) “+o0

/ U5 s < +o0, / 1+ s)au'Q(s)ds < 4o0.
1+s

0 0

Corollary 5. Let there exist a constant £ and a locally integrable function q: Ry —
R4 such that

> i—z (22)
—+oo
/ exp (%)q(s)ds < 400, (23)
0

and on Ry X R the inequality
f@t,z)sgna > Lz| —q(t)

holds. Then problem (1), (14) has at least one solution.
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Corollary 6. Let
—+oo
/ exp |f 5,0)|ds < 400, (24)

and let there exist a constant ¢, satisfying inequality (22), such that on Ry X R the
condition

[f(t,2) = f(t,y)] sgn(z —y) > Lz —y| (25)

holds. Then:

(7) problem (1), (12) has a unique solution which is a solution of problem (1), (14) as
well;

(%) problem (1), (14) is stable with respect to a small perturbation of the right-hand
member of Eq. (1).

Remark 3. In Corollaries 5 and 6, condition (22) cannot be replaced by the condition

2
0>
4

and condition (23) (condition (24)) cannot be replaced by the condition

+o0 +oo
/ exp(@)q(s)ds<+oo (/ exp(w;)s)f(s,O)|ds<+oo>

0 0
no matter how small € > 0 would be. To convince ourselves that the above-said is true,
it suffices to consider the equations

=P
and

' = ?u + h(t),
where

2

2 2 _
q(t) = % exp(—=ft), >0, h(t)= ﬁTV exp ( - %)

Corollary 7. Let f(¢,0) =0 and there exist a constant ¢, satisfying inequality (22),
such that on the set Ry X R condition (25) holds. Then Eq. (1) has a one-parametric
set of Kneser type solutions, and every such solution satisfies the conditions

u(t):o(exp(—%)) for t — 400,

“+o00 +oo
/ exp(Bs)u?(s)ds < +oo0, / exp(ﬂs)u/Q(s)ds < 4o0.
0 0
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