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ON BOUNDARY VALUE PROBLEMS FOR SYSTEMS OF LINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH A SMALL
PARAMETER

(Reported on September 9, 2002)
Let —oo < @ < b < 400, I = [a,b], p: C(I;R*) —» L(I;R™) and £ : C(I;R") - R™
be linear bounded operators, ¢ € L(I;R™) and ¢o € R™. On the basis of the results from

[1], in the present paper we establish new sufficient conditions for unique solvability of
the boundary value problem

2 — o)) + 00, (1)
£(z) = co, (2

where ¢ > 0 is a small parameter.
Throughout the paper, the following notation will be used.
R =] — oo,00[, Ry = [0, 00[;
X; is the characteristic function of the interval I, i.e.,

) = 1 fortEI.
X =0 for tgr]

R™ is the space of n-dimensional column vectors z = (x;)7_; with the elements z; € R
(i=1,...,n) and the norm

n
llell = D lasl;
i=1

R™X7" ig the space of n X n-matrices X = (wik)?,k=1 with the elements z;; € R
(i,k=1,...,n) and the norm
n
XN =3 lel;
i,k=1
fo= (2], y= ()i ER® and X = ()71, Y = (Wie)} -, € R**", then
z<y<=uz;<y; (i=1,...,n) and X <Y <=z <y (L,k=1,...,n),
lz| = (|mil)izts |1X] = (l2ie)F p=1

det(X) is the determinant of the matrix X;

X1 is the inverse matrix to X;

r(X) is the spectral radius of the matrix X;

E is the unit matrix;

© is the zero matrix;

C(I;R™) is the space of continuous vector functions « : I — R™ with the norm

lelle = max {lla(®)] : € I};
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if £ = (2;)7_; € C(I;R™), then
lzlo = (llzille) iy
L(I;R™) is the space of integrable vector functions x : I — R™ with the norm

b
iz = [ lls(®)l a
a

L(I;R™*™) is the space of integrable matrix functions X : I — R™*7%;

if Z € C(I;R™*™) is a matrix function with the columns z1,...,2, and g : C(I; R*) —
L(I;R™) is a linear operator, then g(Z) stands for the matrix function with columns
g(Zl), s ,g(zn)

Below we will assume that p : C(I;R"™) — L(I;R™) is a strongly bounded operator,
i.e., there exists € L(I;R4) such that

llp@) Ol < n®)l|zllc for t €I, =€ C(I;R).
Theorem 1. Let

t
Po(t) = B, Pi(t) :/ p(Pe_1)(s)ds for teT (k=1,2,..) 3)
a
and there exist a nonnegative integer ko such that
det (I{Pg,)) #0 (4)
and, in case ko > 1,
I(P)=0 (k=0,...,ko—1). (5)

Then there exists o > 0 such that for any € €]0,¢e0[ the problem (1),(2) has a unique
solution.

Proof. Note in the first place that since the operators p and ! are bounded, there exists
a matrix B € R®X™ guch that

b
[ p@)®)dt < Blalg, i@)| < Blalg for @ € CURY). ©)
For any ¢ > 0 and z € C(I;R") set
Pe(@)() = ep(2)(8),
t
p2@) =a(t), PE@)® = [ peh @) ds (k=1,2,..0)

a

Ape =1(AE) +--- +pE~H(E) (k=1,2,..)).

Then
pE(2)(t) = *pF(2) (K =0,1,..), (7)
where p* : C(I;R™) — C(I;R™) (k = 0,1,...) is a sequence of operators such that
t
PP@)®) = z(t), pi(z)(t) = / p(eF (@) (s)ds (k=1,2,...). (8)
a
On the other hand, by (3)—(5) we have
Apgite = ¥0U(Pry),  det(Aggt1,e) £ 0. 9)

Assuming that
-1
PRI @)(1) = pi(2)(8) — Ay AP0 (2),
by virtue of conditions (6)—(8) we find

pEet (@)le < Aclele for @ € C(I;R™), (10)

where

Ac =eA, A=B+|[Ag),,|BFoT2

Clearly, if
g0 = 1/r(A),
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then

r(Ae) < 1 for £ €]0,¢e0]- (11)
However, by Theorem 1.2 from [1], the conditions (9)-(11) guarantee the unique solv-
ability of the problem (1), (2) for arbitrary € €]0,¢0/. O

A particular case of (2) is the boundary condition
v
> Aja(t;) = co, (12)
j=1

where t; € T and A; € R™*"™ (j =1,...,v).
The proven theorem immediately implies
Corollary 1. Let either

det (]X; AJ-) £0,

v v ti
> 4;=6 and det ( A]-/ ’ p(E)(s)ds) # 0.
j=1 i=1 @
Then there exists €9 > 0 such that for any € €]0,e0[ problem (1), (12) has a unique
solution.

or

Now we consider the differential system

L — P ) + o) (13)
with the boundary conditions
z(t) =wu(t) for ¢ €1, lx)=co (14)
or v
a(t) =u(t) for t &1, > Aja(t;) = co, (15)
j=1

where P € L(I;R™*™), go € L(I;R™), 7 : I — R is a measurable function and « : R — R”"
is a continuous bounded vector function.
If we assume that
a for t<a
To(t) = ¢ 7(¢) for a < 7(t)<b,
b for 7(¢) > b
p()(t) = x; (7(£)) P&z (70 (1)),
q(t) = e(1 — x; (7(£))) P()u(7(¥)) + qo(t),

then the problem (13),(14) reduces to the problem (1),(2). Hence for the problem
(13), (14) Theorem 1 can be formulated in the form of

Theorem 2. Let
Po(t) =E, Pi(t) = /t X (T(8)P(s)Pr—1(r0(s))ds (k=1,2,...)

and there exist a nonnegative integer ko such that

det (l(PkO )) #0
and, in case ko > 1,
WP =0 (k=0,...,k —1).
Then there exists eo > 0 such that for any € €]0,e0[ the problem (13), (14) has a unique
solution.



Corollary 2. Let either

det (XV: AJ-) £0
j=1

or
v

ZA]- = 0O and det (ZA]-/ ’ X (T(s)P(s) ds) #0.
j=1 j=1 @

Then there exists eo > 0 such that for any € €0, 0] the problem (13), (15) has a unique
solution.

In the case 7(¢) = ¢, Theorem 2 implies Corollary 3.1 from [2].
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