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1. Let J = [a; b℄ be a �nite interval; O � R

n

be an open set; E be a spa
e of fun
tions

f : J �O

s

! R

n

satisfying the 
onditions:

1) for a �xed t 2 J the fun
tion f(t; x

1

; : : : ; x

s

) is 
ontinuously di�erentiable with

respe
t to (x

1

: : : ; x

s

) 2 O

s

; 2) for a �xed (x

1

; : : : ; x

s

) 2 O

s

the fun
tions f; f

x

i

; i =

1; : : : ; s are measurable with respe
t to t 2 J; for an arbitrary 
ompa
t K � O there

exists a fun
tion m

f;K

(�) 2 L(J;R

+

0

), R

+

0

= [0;1), su
h that

jf(t; x

1

; : : : ; x

s

)j+

s

X

i=1

jf

x

i

(�)j � m

f;K

(t); 8(t; x

1

; : : : ; x

s

) 2 J �K

s

:

Let now �

i

(t), i = 1; : : : ; s; t 2 J, be absolutely 
ontinuous fun
tions satisfying

the 
onditions: �

i

(t) � t; _�

i

(t) > 0; � be a spa
e of pie
ewise 
ontinuous fun
tions

' : J

1

= [�; b℄ ! O, � = minf�

1

(a); : : : ; �

s

(a)g, with a �nite number of dis
ontinuity

points of the �rst kind, satisfying the 
onditions: 
lf'(t) : t 2 J

1

g is a 
ompa
t lying in

O; k'(t)k = supfj'(t)j : t 2 J

1

g:

To every element � = (t

0

; x

0

; '; f) 2 A = [a; b) � O �� � E there 
orresponds the

delay di�erential equation

_x(t) = f(t; x(�

1

(t); : : : ; x(�

s

(t))); (1)

with the initial 
ondition

x(t) = '(t); t 2 [�; t

0

); x(t

0

) = x

0

: (2)

De�nition 1. The fun
tion x(t) = x(t;�) 2 O; t 2 [�; t

1

℄; t

1

2 (a; b℄; t

0

< t

1

is said

to be a solution 
orresponding to the element � 2 A, de�ned on [�; t

1

℄, if the fun
tion

x(t) on the interval [�; t

0

℄ satis�es the 
ondition (2), while on the interval [t

0

; t

1

℄ it is

absolutely 
ontinuous and satis�es the equation (1) almost everywhere.

Introdu
e the set V = fÆ� = (Æt

0

; Æx

0

; Æ'; Æf) 2 A � � : jÆt

0

j � 
 = 
onst; jÆx

0

j`e
;k

Æ'k � 
; Æf =

P

k

i=1

�

i

Æf

i

; j�

i

j � 
; i = 1; : : : ; kg, where � = (t

0

; x

0

; '; f) 2 A; Æf

i

2

E �

~

f; i = 1; : : : ; k are �xed points. By a standard way it is proved that if x(t) is

the solution 
orresponding to the element ~�, de�ned on [�;

~

t

1

℄;

~

t

1

< b: Then there exist

numbers "

0

> 0, Æ

0

> 0 su
h that for an arbitrary ("; Æ�) 2 [0; "℄ � V to the element

~� + "Æ� 2 A there 
orresponds the solution x(t; "Æ�) de�ned on [�;

~

t

1

+ Æ

0

℄ � J

1

. It is

obvious that the solution x(t; 0); t 2 [�;

~

t

1

+ Æ

0

℄ is a 
ontinuation of the solution ~x(t) in

the sequel assumed to be de�ned on the whole interval [�;

~

t

1

+ Æ

0

℄.

The above presented dis
ussion allows us to introdu
e the fun
tion

�x(t; "Æ�) = x(t; "Æ�) � ~x(t); (t; "; Æ�) 2 [�;

~

t

1

+ Æ

0

℄� [0; "

0

℄� V:
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The fun
tion �x(t; "Æ�) is 
alled the variation of the solution ~x(t): In order to formulate

the main results, we will need the following notation:

!

�

i

= (

~

t

0

; ~x

0

; : : : ; ~x

0

| {z }

i-times

; ~'(

~

t

0

�) : : : ; ~'(

~

t

0

�)

| {z }

(p-i)-times

; ~'(�

p+1

(

~

t

0

�)); : : : ; ~'(�

s

(

~

t

0

�)));

i = 0; : : : ; p;

!

�

i

= (


i

; ~x(�

1

(


i

)); : : : ; ~x(�

i�1




i

)); ~x

0

; ~'(�

i+1

(


i

�)); : : : ; ~'(�

s

(


i

�)));

Æ

!

�

i

= (


i

; ~x(�

1

(


i

)); : : : ; ~x(�

i�1

(


i

)); ~'(

~

t

0

�); ~'(�

i+1

(


i

�)); : : : ; ~'(�

s

(


i

�)));

i = p+ 1; : : : ; s; 


i

= 


i

(

~

t

0

); _


�

i

= _


i

(

~

t

0

�); i = 1; : : : ; s;

9

>

>

>

>

>

>

=

>

>

>

>

>

>

;

(3)




i

(t) is the fun
tion inverse to �

i

(t):

lim

!!!

�

i

~

f(!) = f

�

i

; ! = (t; x

1

; : : : ; x

s

) 2 R

�

~

t

0

�O

s

; i = 0; : : : ; p;

R

�

~

t

0

= (�1;

~

t

0

℄; lim

(!

1

;!

2

)!(!

�

i

;

Æ

!

�

i

)

[

~

f(!

1

)�

~

f(!

2

)℄ = f

�

i

;

!

1

; !

2

2 R

�




i

�O

s

; i = p+ 1; : : : ; s:

9

>

>

=

>

>

;

(4)

Theorem 1. Let 


i

=

~

t

0

; i = 1; : : : ; p;

~

t

0

< 


p+1

< : : : < 


s

<

~

t

1

; there exist the

�nite limits: f

�

i

; i = 0; : : : ; s; _


�

i

; i = 1; : : : ; s; there exist a left semi-neighborhood

V

�

(

~

t

0

) of the point

~

t

0

su
h that

t � 


1

(t) � : : : � 


(

t); 8t 2 V

�

(

~

t

0

): (5)

Then there exist numbers "

1

2 (0; "

0

℄; Æ

1

2 (0; dl

0

℄ su
h that for an arbitrary (t; "; Æ�) 2

[

~

t

1

� Æ

1

;

~

t

1

+ Æ

1

℄� V

�

;V

�

= Æ� 2 V : Æt

0

� 0; the formula

�x(t; "Æ�) = "Æx(t; Æ�) + o(t; "Æ�); (6)

is valid, where

Æx(t; Æ�) =

fY (

~

t

0

; t)

p

X

i=0

(
̂

�

i+1

� 
̂

�

i

)f

�

i

�

s

X

i=p+1

Y (


i

; t)f

+

i

_


+

i

gÆt

0

+ �(t; Æ�);


̂

�

0

= 1; 
̂

�

i

= _


�

i

; i = 1; : : : ; p; _


�

p+1

= 0;

�(t; Æ�) = Y (

~

t

0

; t)Æx

0

+

s

X

i=p+1

tlt

0

Z

�

i

(

~

t

0

)

Y (


i

(�); t)

~

f

x

i

[


i

(�)℄ _


i

(�)Æ'(�)d� +

+

t

Z

~

t

0

Y (�; t)Æf [�℄d�;

~

f

x

i

[�℄ =

~

f

x

i

(�; ~x(�

1

(�)); : : : ; ~x(�

s

(�)));

Æf [�℄ = Æf(�; ~x(�

1

(�)); : : : ; ~x(�

s

(�)));

lim

"!0

jo(t;"Æ�)j

"

= 0; uniformly with re
pe
t to (t; Æ�) 2 [

~

t

1

� Æ

1

;

~

t

1

+ Æ

1

℄ � V

�

and

Y (�; t) is a matrix fun
tion satisfying the equation

�Y (�; t)

��

= �

s

X

i=1

Y (


i

(�); t)

~

f

x

i

[


i

(�)℄ _


i

(�); � 2 [

~

t

0

; t℄;
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and the 
ondition

Y (�; t) =

�

I; s = t;

�; s > t;

I is the identity matrix, � is the zero matrix.

Remark 1. If ~'(

~

t

0

�) = ~x

0

, then f

�

0

= � � � = f

�

p

, f

�

i

= 0; i = p + 1; : : : ; s. If

_


�

p

< � � � < _


�

1

< 1, then the 
ondition (5) is ful�lled.

Theorem 2. Let 


i

=

~

t

0

; i = 1; : : : ; p;

~

t

0

< 


p+1

< � � � < 


s

<

~

t

1

, there exist

the �nite limits f

+

i

; i = 0; : : : ; s; _


+

i

; i = 1; : : : ; s (see (3), (4)), and there exist a

right-hand semi-neighborhood V

+

(

~

t

0

) of the point

~

t

0

su
h that

t < 


1

(t) � � � � � 


p

(t); 8t 2 V

+

(

~

t

0

): (7)

Then there exist numbers "

1

2 (0; "

0

℄; Æ

1

2 (0; �

0

℄, su
h that for an arbitrary (t; "; Æ�) 2

[

~

t

1

� Æ

1

;

~

t

1

+ Æ

1

℄� [0; "

1

℄� V

+

= fÆ� 2 V : Æt

0

� 0g the formula (6) is valid, where

Æx(t; Æ�) =

fY (

~

t

0

; t)

p

X

i=0

(
̂

+

i+1

� 
̂

+

i

)f

+

i

�

s

X

i=p+1

Y (


i

; t)f

+

i

_


+

i

gÆt

0

+ �(t; Æ�);


̂

+

0

= 1; 
̂

+

i

= _


+

i

; i = 1; : : : ; p; 
̂

+

p+1

= 0.

Remark 2. If ~'(

~

t

0

+) = ~x

0

, then f

+

0

= � � � = f

+

p

; f

+

i

= o; i = p + 1; : : : ; s. If

1 < _


+

1

< � � � < _


+

p

, then the 
ondition (7) is ful�lled.

Theorem 3. Let the assumptions of Theorems 1, 2 are ful�lled and

p

X

i=0

(
̂

�

i+1

� 
̂

�

i

)f

�

i

=

p

X

i=0

(
̂

+

i+1

� 
̂

+

i

)f

+

i

= f

0

;

f

�

i

_


�

i

= f

+

i

_


+

i

= f

i

; i = p+ 1; : : : ; s:

Then there exist numbers "

1

2 (0; "

0

℄; Æ

1

2 (0; Æ

0

℄, su
h that for an arbitrary (t; "; Æ�) 2

[

~

t� Æ

1

;

~

t+ Æ

1

℄� [0; "

0

℄� V the formula (6) is valid, where

Æx(t; Æ�) = [Y (

~

t

0

; t)f

0

�

s

X

i=p+1

Y (


i

; t)f

i

℄Æf

0

+ �(t; Æ�):

For the 
ase s = 2; �

1

(t) � t analogous theorems are proved in [1℄.

2. To every element � = (t

0

; '; f) 2 A

1

= [a:b) ��� E there eorresponds the delay

di�erential equation (1) with the initial 
ondition x(t) = '(t); t 2 [�; t

0

℄:

Introdu
e the set

V

1

= fÆ� = (Æt

0

; Æ'; Æf) 2 A

1

�

~

� :

jÆt

0

j � 
; Æ' =

k

X

i=1

�

i

Æf

i

; j�

i

j � 
; i = 1; : : : ; kg;

where � = (t

0

; '; f) 2 A

1

; Æf

i

2 E � f

;

Æ' 2 �� ~', i = 1; : : : ; k are �xed points.

Analogously we set the fun
tion (see Se
tion 1)

�x(t; "Æ�) = x(t; "Æ�)� ~x(t); (t; "; Æ�) 2 [�;

~

t

1

+ Æ

0

℄� [0; "

0

℄� V

1

:



141

Theorem 4. Let ~'(t) be absolutely 
ontinuous in a left semi-neighborhood of the

point

~

t

0

, there exist the �nite limits _'

�

=

_

~'(

~

t

0

�) and

lim

!!

Æ

!

�

~

f

�

(!) =

Æ

f

�

; ! 2 R

�

~

t

0

�O

s

;

Æ

!

�

= (

~

t

0

; ~'(�

1

(

~

t

0

�)); : : : ; (�

s

(

~

t

0

�))):

Then for an arbitrary (t; "; Æ) 2 [

~

t

0

;

~

t

1

+ Æ

0

℄ � [0; "

0

℄ � V

�

1

= fÆ� 2 V

1

: Æt

0

� 0g the

formula

�"Æ�) = "Æx(t; Æ�) + o(t; "Æ�) (8)

is valid, where

Æx(t; Æ�) = Y (

^

t

0

; t)[Æ'

�

+ ( _'

�

�

Æ

f

�

)Æt

0

℄ + �(t; Æ�); Æ'

�

= Æ'(

~

t

0

�);

�(t; Æ�) =

=

s

X

i=1

~

t

0

Z

�

i

(

~

t

0

)

Y (


i

(�); t)

^

f

x

i

[


i

(�)℄ _


i

(�)d� +

t

Z

~

t

0

Y (�; t)Æf [�℄d�:

Theorem 5. Let ~'(t) be absolutely 
ontinuous in a right semi-neighborhood of the

point

~

t

0

, there exist the �nite limits _'

+

=

_

~'(

~

t

0

+) and

lim

!!

Æ

!

+

~

f(!) =

Æ

f

�

; ! 2 R

+

~

t

0

�O

s

;

Æ

!

+

= (

~

t

0

; ~'(�

1

(

~

t

0

+)); : : : ; (�

s

(

~

t

0

+))):

Then for ea
h

�

t 2 (

~

t

0

;

~

t

1

) there exists a number "

1

2 (0; "

0

℄ su
h that for an arbitrary

(t; "; Æ�) 2 [

~

t

0

;

~

t

1

+ Æ

0

℄ � [0; "

1

℄ � V

+

1

= fÆ� 2 V

1

: Æt

0

� 0g the formula (8) is valid,

where

Æx(t; Æ�) = Y (

^

t

0

; t)[Æ'

+

+ ( _'

+

�

Æ

f

+

)Æt

0

℄ + �(t; Æ�); Æ'

+

= Æ'(

~

t

0

+):

Finally we note that the formulas (6), (8) play an important role when invstigating

delay optimal problems.
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