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Consider the linear system of generalized ordinary differential equations
dx(t) = dA(t) - p(t) - 2(t) + df (¢), ()

where A : [0,400[— R™"*™ and f : [0,+o00[— R™ are, respectively, real matrix- and
vector-functions with locally bounded variation components, and p : [0, +oo[— R?X™ ig
a matrix-function, locally integrable with respect to A.

In this paper we give some sufficient conditions guaranteeing the stability with respect
to, small perturbation in the Liapunov sense, of the system (1).

Before passing to the statement of the basic results, we give some notation and defi-
nitions.

R =] — 00, +00] is the set of all real numbers, [a, b] and ]a, b[ are, respectively, closed
and open intervals, Ry = [0, +00[.

R™%™ is the space of all real n x m-matrices z = (zij)?j’;"l with the norm

n
lzll = max »|wl.
i=1,...,m ;7

Rixm ={(zs;)>™:xi; >0 (i=1,...,n;5=1,...,m)}.

R™ = R"*1 is the space of all real column n-vectors z = (z;)"_,.

If # € R**" then z—! and det(z) are, respectively, the inverse to # matrix and the
determinant of x; I, is the identity n X n matrix.

d b b
V =sup{V(z) : ¢ < a < b < d}, where V(z) is the sum of total variations on the
c a a
closed interval [a,b] of the components z;; (i = 1,...,n;j = 1,...,m) of the matrix-
t
function z :Je,d[— R™™, v(z)(t) = (v(zi;j)(¢))} ;=1 where v(zi;)(t) = (V =z;) for
> — 00

tele,d (i=1,...,n;5=1,...,m)".

z(t—) and z(t+) are the left and the right limits of the matrix-function z :J¢,d[—
R™ ™ at the point ¢ €]e,d[, diz(t) = x(t) — z(t—), dez(t) = z(t+) — z(t).

BVipc ([0, +00[, R®*™) is the set of all real matrix-functions z : [0, +oo[— R"*™ of
bounded variation on every closed interval from [0, 4oo].

If g:[0,+00[—R is a nondecreasing function, z:[0,+o00o[—R and 0<s<t< +00, then

t
/fL‘(T)dg(T): &?(T)dgl(f)*/ (1) dga(7) +
s Is,tl Is,t[

+ Y w(r) dig(r) — > w(r) dag(r),

s<t<t s<7T<t
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! z;; as a constant outside [a,b] is assumed to be continuous.
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where g; : [0,+00[— R (j = 1,2) are continuous nondecreasing functions such that
the function g1 — g2 is identically equal to the continuous part of g, and jis,t[dgj () is
the Lebesgue-Stieltjes integral over the open interval ]s,¢[ with respect to the measure
corresponding to the function g;(j = 1,2), (if s = ¢, then f; z(T)dg(T) = 0);

Ly1c([0, +00[, £;g) is the set of all real functions z : [0,+o0o[— R p(g)-measurable
(i.e., measurable with respect to measures p(g1) and p(g2)) and integrable on the closed
interval [0, b] for every b € [0, +o00][.

A matrix-function is said to be nondecreasing if each of its components is such.

If G = (glk)f,’;" : [0,400[— REX™ is a nondecreasing matrix-function, then
L([0, +-0o, R™*™) is the set of all matrix-functions z = (zk;);";" : [0, +o0[—> R™X™
such that z1; € L([0,+0o[,, R; g;x) (i=1,...,4;k=1,...,n;j=1,...,m)

Lm

¢ n t
/ dG(7) - z(1) = (Z/ zp;(T) dgik('r)) for 0 <s <t < +o0.
s k=15

i,j=1

If Gj : [0, +oo[— Rf*™ (j = 1,2) are nondecreasing matrix-functions, G = G1 — G
and z : [0, +o0o[— R™®*™  then

¢ ¢ ¢
/ dG(t) - xz(1) = / dG(T) - x(T) — / dGo(1) - z(1) for 0 < s <t < +o0;
L0, +oe[, B G) = A L0, +oo], E"™X™: Gy).

r(H) is the spectral radius of the matrix H x R™"X™.
Under a solution of the system (1) is understood a vector-function z €
BVipe([0, +00[, R™) such that

¢
z(t) — z(s) = / dA(T) - p(7) - z(T) + f(t) — f(s) for 0 < s <t < +o0.

We will assume that f € BVic([0,+o0o[; R?); A € BVipc([0,+00[, R®*™ and p €
Lo ([0, +00[, R®X™  A) are such that

det(I, + (—1)7 djA(t) - p(t)) #0 for t e Ry (j = 1,2). 2)
Let g € BVioc([0,,+0o0[, R™) be a solution of the system (1).
Definition 1. Let £ : Ry — Ry be a nondecreasing function such that

lim £(t) = +oo.
t— 400
The solution zg of the system (1) is called &-ezponentially asymptotically stable if there
exists a positive number n such that for every £ > 0 there exists a positive number
0 = d(¢) such that an arbitrary solution z of the system (1) satisfying the inequality

llz(to) — mo(to)ll < 4
for some top € Ry admits the estimate
llz(t) — wo(to)ll < eexp(—n(&(t) — &(to)) for t > to.

Stability, uniform stability and asymptotic stability of the solution z¢ are defined just
in the same way as for systems of ordinary differential equations (see, e.g., [1] or [2]), i.e.,
in the case, where A(t) is the diagonal matrix-function with diagonal elements equal to t).
Note that exponential asymptotic stability ([1], [2]) is a particular case of &-exponential
asymptotic stability (£(t) = t).
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Definition 2. The system (1) is called stable (uniformly stable, asymptotically stable,
&-exponentially asymptotically stable) if every solution of this system is stable (uniformly
stable, asymptotically stable, £&-exponentially asymptotically stable).

Alongside with the system (1) we consider the corresponding homogeneous system

da(t) = dA(t) - p(t) - a(t). (10)

Proposition 1. The system (1) is stable (uniformly stable, asymptotically stable, &-
ezponentially asymptotically stable) if and only if the zero solution of the system (1) is
stable (uniformly stable, asymptotically stable, &-exponentially asymptotically stable).

Proposition 2. The system (1) is stable (uniformly stable, asymptotically stable, &-
exponentially asymptotically stable) if and only if some solution of that system is stable
(uniformly stable, asymptotically stable, -exponentially asymptotically stable).

Therefore the stability (in all senses) of the system (1) is the property of the matrix-
functions A and p.

Definition 3. A pair (A,p) of matrix-functions A € BV},.([0,+oo[, R®*™) and p €
([0, +o0[, R™X™ A) satisfying the condition (2) is called stable (uniformly stable, asymp-
totically stable, £-exponentially asymptotically stable) if the system (1) is stable, (uni-
formly stable, asymptotically stable, £&-exponentially asymptotically stable).

Now we formulate the basic lemma which will be applied in proving theorems below.

Lemma 1. Let the condition (2) hold. Moreover, let the matriz-functions Ay €
BViee([0, +00[, R*tX™) and po € Lioe([0, +oo, R*TX" Ag) be such that the following
conditions are valid:

(a) det(In + (=1)/dj Ao(t) - p(t)) # 0 for t € Ry (j =1,2); (3)
(b) for some tg € Ry, the Cauchy matriz uo of the system
dz(t) = dAo(t) - po(t) - z(t)
satisfies the inequality
lu(t, to)] < Qe EO+EE) for ¢ > ¢,

where 2 € Rixn, and £ : Ry — Ry is a nondecreasing function satisfying (3);
(c) there exists a matriz H € Rixn such that r(H) < 1 and

t
/ eSO =€ u(t, r)|aV (B)(r) < H for t > to,
to

where
t t
B(A,p, Ag,po)(t) = / dA(T) - p(T) —/ dAo(T) - po(t) +
0 0

+ Z dle(T).po(T)(In—dle(T).po))‘l(dlA(T)-p(T)—dle(T).po(T)) -
- Z dQAo(T)-po(’r)([n+d2A0(T)-p0(T))7l(d2A(T)-p(T)fdQAo(T)-po(T)).

Then an arbitrary solution x of the system (1lo) admits the estimate
[2(0)| < Qla(to) e €O+ for 1> 1o,
where Q(I, — H)™1Q.
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Theorem 1. Let the conditions (2) and (4) hold, where A, AgEBVi,.([0, o0, R™X"™),
p € Lioc([0, +oof, R"*™; A) and po € Ljoc([0, +oo[, R**™; Ag). Moreover, let the pair
(Ao, po) be uniformly stable and

+x;/x’(B) < oo, (4)

where the matriz-function B(A,p; Ao,po) : Ry — R"*™ s defined by (5). Then the pair
(A,p) is uniformly stable as well.

Theorem 2. Let the conditions (2) and (4) hold, where A, Ag€BVioc([0, +00[, R*X™),
p € Lioc([0, +oof, R"*™; A) and po € Ljoc([0, +oo[, R**™; Ag). Moreover, let the pair
(Ap,po) be E-exponentially asymptotically stable and the condition

v(§)(t)
lim V B=0
t—too ¢

hold, where £ : Ry — Ry is a nondecreasing function satisfying (3),
v(€)(t) =sup{r > t:§(r) < &) +1},

and the matriz-function B(A,p; Ao,po) : Ry — R™"*" s defined by (5). Then the pair
(A,p) is &-exponentially asymptotically stable as well.

Remark 1. If the pair (A,p) is &-exponentially asymptotically stable and the condi-
tions (2) and

v(€)(t) ~
lim V B=0,
t—+o0 t
hold, where
B(Ap, /)= f(t)+ Y diA(r)p(r)(In — diA(r) -p(r)) ™! - di f(7) =
o< <t
= > dA[) - p(n)(In + d2 A(T) - p(7) 7" - da f(7)
0<r<t

and the function v(&) : R+ — Ry is defined as in Theorem 2, then an arbitrary solution
z of the system (1) satisfies the condition

lim ||z(¢)|| = 0.
Jim_lz(0)]

Analogous results were obtained in [2] for linear systems of ordinary differential equa-
tions.
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