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Let �1 < a < b < +1, 0 � �, � � 1, n � 1, and f be a 
ontinuous operator a
ting

from the spa
e of 
ontinuously di�erentiable ve
tor fun
tions u : ℄a; b[! R

n

satisfying

the 
ondition

sup

n

(t � a)

��1

(b� t)

��1

ku(t)k + (t� a)

�

(b� t)

�

ku

0

(t)k : a < t < b

o

< +1

to the spa
e of n-dimensional, summable with the weight (t�a)

�

(b�t)

�

, ve
tor fun
tions.

Consider the system of fun
tional di�erential equations

u

00

(t) = f(u)(t) (1)

with the boundary 
onditions

lim

t!a

u(t) = 0; lim

t!b

u(t) = 0;

sup

�

(t � a)

��1

(b� t)

��1

ku(t)k + (t � a)

�

(b� t)

�

ku

0

(t)k : a < t < b

	

< +1:

(2)

In 
ase n = 1 or f(u)(t) = f

0

(t; u(t); u

0

(t)), where f

0

: ℄a; b[�R

n

! R

n

is a ve
tor

fun
tion satisfying the lo
al Carath�eodory 
onditions, boundary value problems of the

type (1), (2) are investigated in full detail (see [1{9, 11{20℄ and the referen
es therein).

Below we give optimal suÆ
ient 
onditions for the solvability and the unique solvability

of the problem (1), (2) whi
h generalize the results of [19℄.

Throughout the paper the following notation will be used.

R = ℄�1;+1[ , R

+

= [0;+1[ .

R

n

is the spa
e of n-dimensional ve
tor 
olumns x = (x

i

)

n

i=1

with the 
omponents

x

i

2 R (i = 1; : : : ; n) and the norm

kxk =

n

X

i=1

jx

i

j:

If x = (x

i

)

n

i=1

, then jxj = (jx

i

j)

n

i=1

.

R

n

+

= f(x

i

)

n

i=1

2 R

n

: x

i

2 R

+

(i = 1; : : : ; n)g.

The inequality between ve
tors is understood 
omponentwise, i.e, if x = (x

i

)

n

i=1

and

y = (y

i

)

n

i=1

2 R

n

, then

x � y () x

i

� y

i

(i = 1; : : : ; n):
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R

n�n

is the spa
e of n � n-matri
es X = (x

ik

)

n

i;k=1

with the 
omponents x

ik

2 R

(i; k = 1; : : : ; n) and the norm

kXk =

n

X

i;k=1

jx

k

j:

R

n�n

+

= fX = (x

ik

)

n

i;k=1

: x

ik

2 R

+

(i; k = 1; : : : ; n)g.

r(X) is the spe
tral radius of a matrix X 2 R

n�n

.

C

1

�;�

(℄a; b[ ;R

n

) is the spa
e of 
ontinuously di�erentiable fun
tions u : ℄a; b[! R

n

su
h that the norm

kuk

C

1

�;�

= sup

n

(t � a)

��1

(b� t)

��1

ku(t)k + (t � a)

�

(b� t)

�

ku

0

(t)k : a < t < b

o

is �nite.

If u = (u

i

)

n

i=1

2 C

1

�;�

(℄a; b[ ;R

n

), then

�

0;�;�

(u

i

) = sup

�

(t� a)

��1

(b � t)

��1

ju

i

(t)j : a < t < b

	

;

�

1;�;�

(u

i

) = sup

n

(t � a)

�

(b� t)

�

b� a

ju

0

i

(t)j : a < t < b

o

;

�

�;�

(u

i

) = max

�

�

0;�;�

(u

i

); �

1;�;�

(u

i

)

	

; �

�;�

(u) =

�

�

�;�

(u

i

)

�

n

i=1

:

L

�;�

(℄a; b[ ;R

n

) is the spa
e of ve
tor fun
tions v : ℄a; b[! R

n

with summable with

the weight (t� a)

�

(b� t)

�


omponents and the norm

kvk

L

�;�

=

b

Z

a

(t� a)

�

(b� t)

�

kv(t)k dt:

L

�;�

(℄a; b[ ;R

n�n

+

) is the set of matrix fun
tions H : ℄a; b[! R

n�n

+

with summable

with the weight (t � a)

�

(b� t)

�

nonnegative 
omponents.

M

�;�

(℄a; b[�R

+

;R

n

+

) is the set of ve
tor fun
tions h : ℄a; b[�R

+

! R

n

+

summable

in the �rst argument with the weight (t � a)

�

(b � t)

�

and nonde
reasing in the se
ond

argument.

In what follows it will be assumed that the operator f : C

1

�;�

(℄a; b[ ;R

n

) !

L

�;�

(℄a; b[ ;R

n

) is 
ontinuous and

sup

�







f(u)(�)







: kuk

C

1

�;�

� �

	

2 L

�;�

(℄a; b[ ;R) for 0 < � < +1:

A ve
tor fun
tion u : ℄a; b[! R

n

is 
alled a solution of the problem (1), (2) if:

(i) u is 
ontinuously di�erentiable and u

0

is lo
ally absolutely 
ontinuous in ℄a; b[ ;

(ii) u satis�es the boundary 
onditions (2);

(iii) u satis�es the system (1) almost everywhere on ℄a; b[ .

Analogously to Theorem 1 of [10℄ it 
an be proved the following

Theorem 1. Let there exist a positive number �

0

su
h that for any � 2 ℄0; 1[ an

arbitrary solution of the di�erential system

du(t)

dt

= �f(u)(t)

satisfying the boundary 
onditions (2) admits the estimation

kuk

C

1

�;�

� �

0

:

Then the problem (1), (2) is solvable.
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Corollary 1. Let there exist H 2 L

�;�

(℄a; b[ ;R

n�n

+

) and h 2 M

�;�

(℄a; b[�R

+

;R

n

+

)

su
h that

�

�

f(u)(t)

�

�

� H(t)�

�;�

(u) + h

�

t; kuk

C

1

�;�

�

for t 2 ℄a; b[ ; u 2 C

1

�;�

(℄a; b[ ;R

n

): (3)

Moreover, let

lim

�!+1

�

1

�

b

Z

a

kh(t; �)k dt

�

= 0 (4)

and the system of di�erential inequalities

ju

00

(t)j � H(t)�

�;�

(u) (5)

under the boundary 
onditions (2) have only the trivial solution. Then the problem

(1), (2) is solvable.

The problem (5), (2) has only the trivial solution if

r

�

b

Z

a

(t � a)

�

(b � t)

�

H(t) dt

�

< b� a; (6)

or

H(t) � (t � a)

��

(b� t)

��

H

0

; H

0

2 R

n�n

+

and

r(H

0

) < minf2� �; 2� �g: (7)

Therefore from Corollary 1 it follows

Corollary 2. Let there exist H 2 L

�;�

(℄a; b[ ;R

n�n

+

) and h 2 M

�;�

(℄a; b[�R

+

;R

n

+

)

su
h that the 
onditions (3), (4) and (6) are ful�lled. Then the problem (1), (2) is sol-

vable.

Corollary 3. Let there exist H

0

2 R

n�n

+

and h 2M

�;�

(℄a; b[�R

+

;R

n

+

) su
h that

�

�

f(u)(t)

�

�

� (t � a)

��

(b� t)

��

H

0

�

�;�

(u) + h

�

t; kuk

C

1

�;�

�

for t 2 ℄a; b[ ; u 2 C

1

�;�

(℄a; b[ ;R

n

)

and the 
onditions (4) and (7) are ful�lled. Then the problem (1), (2) is solvable.

Theorem 2. Let there exist H 2 L

�;�

(℄a; b[ ;R

n�n

+

) su
h that

�

�

f(u)(t) � f(v)(t)

�

�

� H(t)�

�;�

(u� v) for t 2 ℄a; b[ ; u; v 2 C

1

�;�

(℄a; b[ ;R

n

) (8)

and the problem (5), (2) has only the trivial solution. Then the problem (1), (2) has one

and only one solution.

Corollary 4. Let there exist H 2 L

�;�

(℄a; b[ ;R

n�n

+

) su
h that the 
onditions (6) and

(8) are ful�lled. Then the problem (1), (2) has one and only one solution.

Corollary 5. Let there exist H

0

2 R

n�n

+

su
h that

�

�

f(u)(t) � f(v)(t)

�

�

� (t � a)

��

(b� t)

��

H

0

�

�;�

(u� v)

for t 2 ℄a; b[ ; u; v 2 C

1

�;�

(℄a; b[ ;R

n

):

Then the problem (1), (2) has one and only one solution.
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A parti
ular 
ase of (1) is the di�erential system with deviating arguments

u

00

(t) = f

0

�

t; u(�

1

(t)); u

0

(�

2

(t))

�

: (9)

This system will be 
onsidered under the following assumptions:

(i) f

0

maps I � R

2n

into R

n

, where I � [a; b℄ and mes I = b� a;

(ii) f

0

(t; �; �) : R

2n

! R

n

is 
ontinuous for every t 2 I, and f(�; x; y) : I ! R

n

is

measurable for every x and y 2 R

n

;

(iii) �

i

: I ! ℄a; b[ (i = 1; 2) are measurable fun
tions.

The propositions below on the solvability and the unique solvability of the problem

(9), (2) follow from Corollaries 2{5.

Corollary 6. Let there exist H

i

2 L

�;�

(℄a; b[ ;R

n�n

+

) (i = 1; 2) and h 2

M

�;�

(℄a; b[�R

+

;R

n

+

) su
h that

�

�

�

f

0

�

t; (�

1

(t) � a)

1��

(b� �

1

(t))

1��

x; (�

2

(t) � a)

��

(b� �

2

(t))

��

y

�

�

�

�

�

� H

1

(t)jx+ jH

2

(t)jyj+

+h

�

t; (�

1

(t) � a)

1��

(b� �

1

(t))

1��

jxj+ (�

2

(t) � a)

��

(b � �

2

(t))

��

jyj

�

for t 2 I; x; y 2 R

n

and the 
ondition (4) hold. Moreover, let either

r

�

b

Z

a

(t � a)

�

(b� t)

�

h

H

1

(t) + (b � a)H

2

(t)

i

dt

�

< b� a (10)

or

H

1

(t) + (b � a)H

2

(t) � (t � a)

��

(b� t)

��

H

0

; r(H

0

) < 2: (11)

Then the problem (9), (2) is solvable.

Corollary 7. Let there exist H

i

2 L

�;�

(℄a; b[ ;R

n�n

+

) (i = 1; 2) su
h that

�

�

�

f

0

�

t; (�

1

(t) � a)

1��

(b� �

1

(t))

1��

x; (�

2

(t) � a)

��

(b� �

2

(t))

��

y

�

�

�f

0

�

t; (�

1

(t) � a)

1��

(b� �

1

(t))

1��

x; (�

2

(t) � a)

��

(b� �

2

(t))

��

y

�

�

�

�

�

� H

1

(t)jx � xj+H

2

(t)jy � yj for t 2 ℄a; b[ ; x; x; y; y 2 R

n

:

Moreover, let either the 
ondition (10) or the 
ondition (11) hold. Then the problem

(9), (2) has one and only one solution.

As an example, 
onsider the di�erential system

u

00

(t) = (�

1

(t) � a)

��1

(b � �

1

(t))

��1

F

1

(t)ju(�

1

(t))j +

+ (�

2

(t) � a)

�

(b� �

2

(t))

�

F

2

(t)ju

0

(�

2

(t))j + q(t); (12)

where F

i

: I ! R

n�n

(i = 1; 2) are matrix fun
tions with measurable bounded 
ompo-

nents, �

i

: I ! ℄a; b[ (i = 1; 2) are measurable fun
tions, and q 2 L

�;�

(℄a; b[ ;R

n

).

From Corollary 7 it follows

Corollary 8. Let there exist H

0

2 R

n�n

+

satisfying the inequality (7) su
h that

jF

1

(t)j + (b� a)jF

2

(t)j � H

0

for t 2 I:

Then the problem (12), (2) has one and only one solution.
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Suppose now that

� = � = 0; F

1

(t) � H

0

; F

2

(t) = �; q(t) = `;

where � is the zero matrix,H

0

2 R

n�n

+

, and ` 2 R

n

is a ve
tor with positive 
omponents.

Let us show that if

r(H

0

) � 2;

then the problem (12), (2) has no solution. Indeed, let u be an arbitrary solution of that

problem. Then

u

00

(t) � `:

Thus

u(t) � �

(t� a)(b � t)

2

` for a < t < b:

Taking into a

ount this inequality, we obtain

u

00

(t) �

1

2

H

0

+ `

and

u(t) � �

�

1

2

H

0

`+ `

�

`(t � a)(b � t) for a < t < b:

If we 
ontinue this pro
ess, then we will get

�u(t) �

+1

X

k=0

�

1

2

H

0

�

k

`(t� a)(b � t) for a < t < b;

whi
h is impossible sin
e r(

1

2

H

0

) � 1.

The above example shows that the 
ondition (7) in Corollaries 3 and 5{8 
annot be

repla
ed by the 
ondition

r(H

0

) � minf2� �; 2� �g:
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