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Consider the linear system
ek = A(t)z, e€(0,1], z€R? t>1, (1aye)

with piecewise continuous bounded coefficients, which has the characteristic exponents
A1(A4) € X2(A) and the Grobman coeflicient of inequality [1] cz(A4) at € = 1. Starting
with fundamental works of A. N. Tikhonov, monographs and papers by A. B. Vasil'eva,
V. F. Butuzov, E. F. Mishchenko, N. Kh. Rozov, M. V. Fiedoryuk, I. S. Lomov and many
others were devoted to the investigation of more general singularly perturbed systems (for
details, see [2-8]). In the paper [9], a partial case of the n-dimensional system (1(A+ Q)/a)
was considered under perturbations Q(+) of sufficiently small norm. Therein sufficient and
necessary conditions were obtained for tending to zero as ¢ — +0 of all solutions of such
system on any finite segment of positive half-axis.

A set Ss(Afe) = U (/\1(%—@),/\2(#)), o = const > 0, where A\[Q] =

AQI<—o
tﬁ t~1In|(|Q(+)[], is called a spectral sigma-set of the system (14/c) (the definition
— 00

of the Grobman spectral set see in [10, 11]). It holds the following

Theorem 1. For any real numbers Ay < A2 and oo > 2(A2 — A1), there ewists a
two-dimensional system (14) with infinitely differentiable bounded coefficients and their
derivatives which has the characteristic ezponents A\;(A) = A\;, 1 = 1,2, and the Grobman
coefficient of inequality o (A) = oo and is such that the spectral sigma-set Sq(A/eg) of
the system (1(A+Q)/5) foralle >0 and 0< e < (oo + 2(M — X2))o™! contains the set
of points (u1,p2) € R? defined by the inequalities. Ay —og(0—1)"1 < epy < Ao < epn <
(A2 —eu1)072 + da + (00 + A1 — A2 — e0)07L, where 8 > 200(Xa — A1) — 1.

Scheme of the proof. Denote 7;; = gt — A, 4 = ot = 70,1, where | € Zy, 5 = 0,3,
A € (0,(6 — 1)/3). Consider the set of functions ¢} ,(t), k = 1,4,1 € Zy,1=1,2, from

the class O[E.O,+oo) of infinitely differentiable functions defined as follows: ‘p;]—l,l(t) =

[[(=)F =l e 4 (04 D)li = G +6) = 68 = (6 = 1) 7, b (8) = Dhi = (N +60) i =
j|]7’2721+]t_1, 1,7 = 1,2, where §1 = o9 + A1 — 22, §2 = 09 — A2. One can see that
S1+d=Xd+b1=00+A1—A2=01>0. 1

By means of this set of functions and the infinitely differentiable Gelbaum function
g(¢t,a,b) with bounded derivatives of any order (see [12]) which is equal to zero at t €
[1,a], equal to exp[—(t — a) 2 exp[—(t — b)72]] at t € € (a,b) and equal to 1 at ¢ €

s 2

[b,+00), 1 < a < b, we define the functions f;(¢) = apiyo () + Z Z [w;m—k+2,l(t) -
I=0m,k=1

o pp 1,0 (DI T2k—1 204m, T2k—2,204m ), © = 1,2, ¢ > 1, @f () = ] 14, (), which
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belong to the class O[Olo+oo) as a sum and a product of functions from that class. Besides,

on any segment [to, t2;42] we have —&; — 2A(|X;| + |6i|)t2_ll < fi(®) < A+ 2A(M +
|6i|)t2_ll7 t € [tar, t2142], | € Z4, therefore the functions f;(t) are bounded on [1, +00).

The system (1 4) will be constructed by its Cauchy matrix X 4 (¢, 7) = diag[exp[t f1(¢)—
Tf1(7)], exp[tf2(t) — 7f2(7)]]. The coefficients a;(¢), 1 = = 1,2, of the matrix A(t) =
diag[as (t), a2(¢)] of this system have the form a;(t) = ¢f/(t) + fi(¢) and belong to the
class O[E.O,+oo) as a sum and a product of functions of this class. By direct calculations,
it is possible to show that the coefficients and their derivatives of any order are bounded
on [1,4c0).

Calculate now the characteristic exponents A;(A4) and §;(A), 1 = 1,2, of the initial
system and of the conjugate one, respectively. Taking into acoount the above men-
tioned estimatens for f;(t) on [ta;,t2;42], we obtain A;(4) = tﬁ Fi(®) < A1, 6(A) =

— 00

Ai(—=AT) = tﬁ [=fi(t)] € &1. Besides, these limits will be realized by the sequences

o0
{t214:} T +o0 and {t2;45—1} T +0o0. Thus we get A (A) = Ay, §;(A) =6;,7=1,2.
The Grobman coeflicient of inequality for this system o (A) = max{};(4)+6;(4)} =
2

A2 + 62 = 0¢ is equal to the given value og.

For the singular system (lA/a) with a small parameter € > 0 by the derivative, the
characteristic exponents and the Grobman coefficient of inequality are A;(A/e) = X;/e,
1=1,2,05(A/e) = gg /e, respectively.

Take a point (a7, oz) from the domain D C R? defined by

o o o
of— L+ 1)<ar <o <ar(f?+1) -1+ (02 -1)< 2(0+1)+ar.  (2)
€ € €

Take also a parameter r € (1,1+e7*], and take a rather small angle p = p(r) € (0,7 —1),
satisfying 7 ~1p < sin p < p < tg p < rp. Take also ly € Z 4 large enough for

a1 > In[Cerp™ (r — 1)1/ min{o, a0 — a1,020% — a1 + 17162 - 1)},  (3)

where C. = exp[2Ac1e71]. Note that the inequality (3) is true for any [ > lo.

Let us show that there exists a plecewise continuous perturbation Q()A[Q] < —o < 0
such that for the singularly perturbed system (1(A+ Q)/a) there are two solutions y;(t),
¢ = 1,2, such that the angles 3;(¢2;), ¢ = 1, 2, between the straight lines containing these
solutions and the axis Ozy are [(1(t2;) = explaite], B2(ta;) = d(20) explaaity;] at the
moments t = to, I > lo, | € Zy, where r—* < d(21) < 2.

Let Q(-) = 0 on [1,%3,]. At the moment t = t3;,, take the vectors y;(t2;,) =
((—=1)tot? sin expla;tar, ], (—=1)te cosexp[a;tar,]). It is clear that these solutions may be
extended to the left by Cauchy matrix X 4/.(¢,1) = diaglexple ™2t f1 (¢) + 6171, exple 1t
f2(t) — A2e71]] of the system (1aye) on [1,25,].

The further proof will be carried out by induction. Assume that at a moment t = ¢5;,
Il > 1o, € Zy, we have obtained the vectors

y1(t2r) = ((—1)l+1 sin exp[ata], (—l)l cos explaita])||v1 (t21)]]
ya(tar) = ((—1)"+ x sin[d(21) explasta]], (—1)" cos[d(21) expazta]])| |y (t20)]]-

We will construct on the segment [ty, t2;42] a perturbation Q(-), A[Q] < —¢ < 0, such
that at the moment ¢ = t5(;41), the solutions y(tQ(H_l)) will be represented in the same
form with [ substituted by [ + 1.

Let Q(-) = O on the segment [to;, 72 2;41]. The Cauchy matrix of the system (1(A+ Q)/a)
is X 4 /e (72,2141, t21) = diaglexp[A1e ™ 241 H016 7 o], exp [— 6267 2 o101 —Aoe ey
Therefore the angles 8;(72 2;41), ¢ = 1,2, between the straight lines containing the solu-
tions y; (72 2141), and axes Ox; will be represented as follows:

tg i (T2 2141) = C= expl—o1671 (6 + 1)tar] ctg Bi(t2r)
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at the moment ¢ = 75 5;41. Hence, using (2), we obtain

r2Ce < Bi(r2,2141) explore ™ (0 + Dtar + onty] < O, (4)

Ba(r22141) < rtC: expl—o127 (8 + 1)ty — anty)]. (5)

On the following segment [75 2741, 71 2141]), We perform the rotation of the solutions
yi(t), ¢ = 1,2, from the axes Ox; to the axis Oxy by the angle wy; = B1(m22141) +

arctg(Ce tgexp[ytai41]), where v = —apf — 01 (0+1). It may be realized by the rotation
matrix Q(-) = Q1,; with the elements ¢11 = g22 = 0 and q12 = —g21 = swy (A7L. If we
note that v < —o, then using (3), (4) we get w1 ; < (r + 1)C¢ exp[—ota;]. Therefore the
exponent of the matrix Q4 ;(-) satisfies the required condition A[Qq ;] < —o < 0.

As a result of this rotation, we get the angles 3;(71 2141) = w11 — Bi(72,2141), ¢ = 1,2,
at the moment ¢ = 7y ;41 between the axes Oz; and the staight lines containing the
solutions y; (71 2141)-

Let again Q(-) = 0 on [ 2;41,t2141]. Therefore we obtain the Cauchy matrix
Xaseltorgr,m0141) = diaglexp[2AX1e~1], exp[—2A82e~1]]. By contracting to the axes
Ozq, the solutions y; (t) will be represented in the form

1+1

1 (tar1) = (1) cosexplytarqa], (1) sinexp[vtzr1])||v1 (far41)]

and

y2(t2r41)= ((—l)l‘l'1 Cosarctg[C’E_1 tg B2(71 2141)], (—l)l‘l'1 sinarctg[c’;1 xtg B2 (71 2141)]-

On the following "long” segment [t2; 41, T2 2142], we take Q(-) = 0. The Cauchy matrix
of the system (1(A+Q)/5) has the form X 4. (72 2142, t2141) = diag[exp[—516_172721+2 -
Ae 4], exp[/\26_172721+2 +82e7145;41]]. The straight lines containing the solutions
yi(72,2142) ¢ = 1,2, form with the axis Oz the angles

B1(72,2142) = arctg[Ce exp[—o1e 71 (8 + 1)t2141] ctgexp[—vtai41]]
and
B2(72,2142) = arctg C2 exp[—o1e7? (6 4 1)t2141]

ctg B2(71 2141)], respectively. By virtue of the definition of v and the inequalities (4), the
first angle admits the estimates

7720, explontarya] € Bi(72,0142) < Ce explaatarta] < Ce exp[—otara]. (6)
Using the inequalities (3), (4), (5), it is possible to obtain the estimate
B2 (72 2142) € r2Cs expl—o1e 71 (6% — 1)ty + anty) (7

for the angle B2(72 2142)-

Further, using the rotation matrices Q(-) = Q2,; with the elements g11 = g22 = 0
and g2 = —qo1 = EWQJA_l, we turn the system (1(A+Q)/5) from the axis Oz; to thr
axis Owy by the angle wy ; = B1(72,2142) + arctg(Ce tgexplaitoryo]) on [72,2141, 71 2141]
Taking into account (4) and (7), we see that the value of w;; admits the estimates

wy; < Ce explontapyo] + rCe explartaryo] < 7Ce exp[—otaya], (8)

and the exponent of this matrix A[Q, ;] < —o < 0.

After the rotation, we obtain the angles 81 (71 2142) = arctg Ce tgexplon X tor40] and
B2(T1,2142) = wa,1 — B2(72 2142 between the axis Oz and the straight lines containing
the solutions y; (71 2142), ¢ = 1,2. By (3), (7) and (8), the angle 82(7,2142) admits
the estimates 7 ~>C. explaataya] < B2 (71,2142) < rCe exploatsrys]. Requiring that the
obtained angle B2(71 2142) = p(I + 1)C¢ exp[aztsito], where r~3 < p(I+1) < r, would
be equal to arctg(Ce tg(d(2! 4 2) explaataiy2])), we can define the constant d(2! 4 2) as
the least positive solution of the equation (arctg(Ce tgd(2l + 2) explanta42])) = p(I+
1)C: explantay2]. Hence we obtain r—* < d(21 + 2) < r2.



143

Note that by virtue of the arbitrary choice of r (it may be taken sufficiently close to
1), d(2l) = 1 as | — 4oo.

Putting Q(-) = 0 on the last segment [y 2;42,%2;42], we obtain the Cauchy matrix
X ase(torgo, T 2142) = diaglexp[—2A81e71],exp[2AN2e71]].  The solutions y;(t), i =
1,2, after being contracted to the axes Oxz, will be represented in the required form:

1 (taip2) = ((—1)"F? sinexplon taro], (1) cos x explontaga])llvt (t2i2)ll,

y2 (t2142) = ((—l)l‘l'2 sin[d(2] + 2) X explastai2]], (—l)l‘l'1 cos[d(2l 4 2) explaatait2]]).

Thus we obtain the angles 81 (t2;) = explaite], B2(t21) = d(20) exp[aaty], with the
axis Ozy at the moment t = t5;, { > lo, and the angles 31 (f241) = exp[—o1e7! x (0 +
D)tagy1 — aotagya], Bo(tair1) = d(20 4 1) exp[—o1e71(8 + 1)tz — aqty], with the axis
Oz1 at the moment t = t5,41, where d(k) € [r™*,72], & > 2lp. These values allow us
to calculate by induction the growth of the norms of the solutions y;(¢), ¢ = 1,2, on the
segments [t;,,t2;] and [t2;,41,%2i41]s { > lo, and passing to limits as | — oo, we obtain
the exponential growth of the norms of these solutions in the form of following partial
exponents:

Ae[y1] = l@ t;ll In||y1 (t21)]] = Ape™t — g7t = (oz292 — Oz1)(92 — 1)_17

Aoly2] = l@ t2_l}|-1 In||y2 (t2i41)]] = Ae P4 o™t 4+ (oz2€2 — al)/€(€2 —1),

Ae[yg] = Ags_l + (Ozg - Oq)/(6'2 - 1)7 /\o[yl] = Als_l - (Ozg - a1)€/(€2 - 1).
Note that Ac[y;] > Aolyi] for any point (o1, a2) € D.
Bounding from above the functions
() = Wy (7) = (bargy—17) T X Infyi (arg 17,

i,j =1,2,t = toyg;_17, 7 € [1,6], on segments [t2;4;_1,t214;], | > lo, and using the
estimates for the norm growth of the solutions as well as the representation of the solutions
yi(t) = Xaye(titarg;—1)ui(t2145-1) on these segments, we find that the characteristic

exponents of the perturbed system (1(A+Q)/5) /\z[#] = lim w’(t) < Aelyi]. Besides,
t—oo

as is already shown, there is a sequence t5; T oo such that these limits are realized.

So, the lowest and highest characteristic exponents of the system (1(A+Q)/5) are
Aelyi], @ = 1,2, respectively.

The transformation

w1 = doe t— el — (oz2€2 — oq)(€2 — 1)_17
p2 = Aoe T 4 (ap —an)(67 — 1)
maps the domain D determined by (2) to the domain
S ={(m1,m2) €ER?: ha —o0(0 1) <epy < Xp < epp <
<Me—em)0 2+ Mo+ (004 M — Ag —e0)071 ).
This completes the proof of the theorem.

Corollary 1. mesSg(A/s) — 400 as e — 40.
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