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ON OSCILLATORY PROPERTIES OF AN N-TH ORDER SYSTEM OF
LINEAR DIFFERENTIAL EQUATIONS WITH DEVIATING
ARGUMENTS
(Reported on October 13, 20, 1997)

Consider the system
{x;(t) = pi(Ozipr(mip1(t) G=1,...,n—1),
2 (t) = pn(t)z1 (71(t)),

where n > 2, 7, € C1 (R4; R) are nondecreasing functions, lim¢—. 4o 75(¢) = 4oo(i =

1,...,n), pi € Licc(R+;R4+) (1=1,...,n— 1), pn € Lioc(R4+; R) and

(1)

+ oo
/ pi(t)dt =400 (1=1,...,n—1). (2)

In the present paper, sufficient conditions for the oscillation of all proper solutions of
(1) are established. Analogous questions for deviating and general functional differential
equations were studied in a great deal of papers, for example, in [1,2], and for ordinary
differential equations, in [3,4,5].

Let to € Ry, t« = min{to, 71(¢0),...,™n(t0)}. A continuous vector function & =
(2:)7; @ [tx, +oo[— R™ is said to be a proper solution of the system (1), if it is locally
absolutely continuous on [tg, +co[, a.e. on this interval satifies (1), and

sup{||z(s)|| : s € [¢t, +oo[} > 0 for ¢ € [to, +ool.

A proper solution of (1) is said to be oscillatory, if each of its components has a
sequence of zeroes tending to +co. Otherwise the solution is called nonoscillatory.

We say that the system (1) has the property A provided any of its solutions is oscil-
latory if n is even, and either is oscillatory or satisfies

lzi(¢)] 1 0, for t1 400 (1=1,...,n) (3)

if n is odd.
We say that the system (1) has the property B provided any of its solutions either is
oscillatory or satisfies (3) if n is even, and either is oscillatory or satisfies (3) or

lzi(¢)| T +o0, for t14co (1=1,...,n) (4)
if n is odd.

Introduce the notation
T*(t)_{Tg(ﬁ—l(“~(ﬂ‘+1(t))~~~)) for 1<i<j<n+l,
1

A for i=j(i=1,...,n).
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Here we mean that 7,41 (%) = 71(¢).

(@ =inf {55 s € Ry, 526 )20 (=i )} (1<i<i<n)
1° =1, (s, t;pigy—1...,0i) =
- /Lpi+J—1(Ti*+J—1,i(5))71'*-;-]—1(5)[]_1(57t§pi+]—2v"' \pi)dE,
t
Jo =1, JI(t,s5pi e, Pigg—1) =

t
:/ Pi(E) T T (11 (€),mig1 (8); Dig1y++ s Digy—1)dE,

i=1,...,n—=1;5j=1,...,n—1).
Besides, everywhere below we set

tai =Vn—1, (0) (Z =1,...,n— 1);

_ In_e(tvt*e§pn—17~~~7pe)
ae(t) = T ;
In=e=1 (111 (1), Teq1(tue)i Pre1, - s Pet1)
It ve1(0);pas - - pe)
ze(t) =

JH(r5(t),05pe)

Theorem 1. Let (2) be satisfied, pn € Lioc(Ry;R—) and for any l € {1,...,n — 1}
with [ + n odd,

T:l(T:,-I-l,e(t)) >t (5)
+ oo
. lifl_ﬂ Supae(t)/ I (7041(8), Teq1 (tee); Pty o+ 4 Det1) X
—4 00
t
7
X2Ze (Tnt1,e(5)) [P (Tre(s))ITne(s)ds > 1. (6)
If, moreover, the condition
+ oo ,
/ I"7HE taaspnets - 01) pn (7 (€))7 (€)dE = +oo, (7

is fulfilled for odd n, then the system (1) has the property A.

Theorem 2. Let (2) be satisfied, pn € Lioc(R4+; R—) and for any 1€{1,...,n — 1}
with | +n odd

T:l(T:,-I-l,e(t)) <t (8)
+ oo
Jim sup ae(T:1(TZ+1,e(f))/ 1" (reqa (5), g1 (Bre); Pty - oo Pet1) X
—4 o0
t
7
Xlpn(mhe(s))|ze(Tr11 e (5))The(s)ds > 1. (9)

If, moreover, the condition (7) is fulfilled for odd n, then the system (1) has the
property A.

Theorem 3. Let (2) be satisfied, pn € Lioc (Ry;R—) and for any l € {1,...,n — 1}
with I + n odd, (5) be fulfilled along with

t
1

lim sup ———— I 7C(s, the; Prly -« - X

t—+o0 pll(tyt*ejpe)‘/t ( bty 7p€)

i

Xlon (e () 1ze (T g1 e ()L (5 tres pe) e (s)ds > 1. (10)
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If, moreover, the condition (7) is fulfilled for odd n, then the system (1) has the proper-
ty A.

Theorem 4. Let (2) be satisfied, pn € Lioc(Ry;R—) and for any l € {1,...,n — 1}
with | + n odd, (8) be fulfilled along with

1

t
lim sup ———— I~ %(s,txe; Pl - - X
t—4co P Il(t7t*€;p€)‘/t ( rixeibn ’ 7p€)

X[pn (7o (8))ze(mp1 e (DI (721 (Pt 1, (), Eaei pe) T (s)ds > 1. (11)

If, moreover, the condition (7) is fulfilled, then the system (1) has the property A.

Theorem 5. Let (2) be satisfied, pn € Lioc (R4;R4) and for any l € {1,...,n — 2}
with | + n even, (5) and (6) ((8) and (9)) be fulfilled. If, moreover,

+ o
/ TP (), ta15 P15 - - - Pr—1)Pn(t)dt = +oo, (12)
and, for even n, the condition (7) is fulfilled, then the system (1) has the property B.

Theorem 6. Let (2) be satisfied, pn € Lioc (R4;R4) and for any l € {1,...,n — 2}
with [+ n even, the conditions (5) and (10) ((8) and (11)) be fulfilled. If, moreover, (12)
is satisfied and, for even n, the condition (7) is fulfilled, then the system (1) has the
property B.

Now consider the system

{l’g(t) =ziy1(Bit1t) (1=1,...,n—1),
oy (t) = p(t)z1(Bat),

where p € Lioc(R4; R), Bi €]0;400[ (¢ = 1,...,n), which is a special case of (1). For
this system, the above results can be written in a more effective form.

(13)

Theorem 7. Let p € Ligc (R4; R-), [[1, i > 1 (H:;l Bi < 1) and

40 n n—1
- n—2 _ ' ;‘—1 _ ' ;‘—n
ti1+moot/t s"2|p(s)|ds > (n 1).Haz ((n 1).Hﬁl )
=2 e=1
Then the system (13) has the property A.

Theorem 8. Let p € Ligc (R4; R-), [[1, i > 1 (H:;l Bi < 1) and

1 40 n n—1
[ n _ 1 ?'—1 _ 1 i—n
i /0 s"|p(s)|ds > (n 1).Hﬁl ((n 1).Hﬁl )
=2 e=1
Then the system (13) has the property A.

Theorem 9. Let p € Lo (R4+;R4) and H:‘l=1 Bi > 1 (H:.l:l Bi < 1). Moreover,

let
4o n n
lim ¢ s 2p(s)ds > 2(n — 2)! ﬁ?_2 (2 n — 2)! ﬁ”l_n),
g f R IR S I
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if n is even, and

+o0 n n
lim t/ sn_2p(s)ds > (n—1)! ﬁf_l ((n -1t ﬁf‘l'l_n).

if n is odd. Then the system (13) has the property B.

Theorem 10. Let p € Lo (R4+;Ry) and H:;l Gi > 1 (H:.l:l Bi < 1). Moreover,

let
1 t n n
T = n _ 1 ?‘—2 _ 1 ?'-I-l—n
t—lg-noo - /0 s"p(s)ds > 2(n 2).Hﬁl (2(n 2).Hﬁl )
=1 e=1

if n is even, and

t n n
1 . .
Jim < /0 s"p(s)ds > (n — 1)!Hg;—1 ((n - 1)!H5;+1_n)7
=2 e=1

if n is odd. Then the system (13) has the property B.
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