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V. KOKILASHVILI AND V. PAATASHVILI

NEUMANN PROBLEM IN A CLASS OF HARMONIC FUNCTIONS
IN DOMAINS WITH A PIECEWISE-LYAPUNOV BOUNDARY

ABSTRACT. The Neumann boundary value problem is considered in a
finite simply connected domain D with piecewise Lyapunov boundary
free from zero interior angles. The solution is sought in the class of
harmonic functions u satisfying (1), where I, is the image of the circle
|z| = r under the conform mapping of the unit disc onto D.
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The solvability of boundary value problems for PDE depends on geo-
metrical properties of boundaries of the domains under consideration. (see,
e.g. [1]-[2]). In [2], we investigated the Dirichlet problem in a class of
harmonic functions which are the real part of an analytic function from the
Smirnov class E,(D), p > 1, when the boundary of the domain D is an arbi-
trary piecewise-Lyapunov curve I free from zero interior angles (admitting
however cusps with the angle 27). In the present paper, under the same
conditions with respect to I' we investigate the Neumann problem under
the assumption that partial derivatives of an unknown harmonic function
have bounded p-mean integrals along certain sequence of curves converging
to the boundary.

19, Let D be a plane simply connected finite domain whose Jordan
oriented boundary T' consists of a finite number of Lyapunov arcs meeting
at the points t;, k = 1,n, with interior (with respect to D), angles of
sizes 7wy, 0 < v < 2. Let, moreover, z = z(w) be a function mapping
conformally the unit circle U = {w : |w| < 1} onto the domain D and
w = w(z) be the inverse function.
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We say that the harmonic in D function u(z,y) = u(z) (z = z + iy)
belongs to the class e, (D), p > 0, if
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p) |dz| < o0, (1)

where T',. is images of the circumference of radius r under the mapping

z = z(w).

Let v(2) be a function harmonically conjugate to u(z), and ¢(z) = u(z) +
iv(z). Since % = 3¢ and 5% = — %, while ¢/(z) = 5% +i5%, from (1) we
find that

sup / 16 (2)P|d2] < o,
7“<1F

that is, ¢'(z) belongs to the Smirnov class E,(D) (see, e.g., [3], Ch. X).
Thus e, (D) = Re E, (D), where E,(D) = {¢ : ¢' € E,(D)}. This implies
that % and g—‘; have angular boundary values (%)+ and (g—‘;)+ which
are summable to the p-th power on T, i.e., belonging to L,(T).

Consider the Neumann problem formulated as follows: find a function u
from the conditions

8%u  O%*u '
97 T g =0 @WED, weeD), p>1,
ou )
(%)F :f(t)7 feLp(F)7

where (%)F = (%)+cos(n,x) + (Z—Z)Jrcos(n,y) = (%)+(— sina(t)) +

+
(g—’y‘) cosa(t) and a(t) is the angle between the tangent to I' at ¢ and the
abscissa axis.

The boundary condition from (2) is assumed to be fulfilled almost at all
points of T'.

Let u = Re ¢. Since ¢' = % — ig—g, the boundary condition from (2) can
be written as

Refie™ ¢! (8)] = £ (1) 3)

Consequently, any solution of the problem (2) generates a solution ¢ of
problem (3) for which ¢’ € E, (D).

20, Following [4]-[5], we reduce the problem (3) to the problem of linear
conjugation. To this end, we assume that

V2 (w)¢' (2(w) = ¥(w), f(z(r)) =gqi(r), |r]=1
and write (3) in the form
iexpia(z(T))

2'(7)

Re [ ()] =01 (7). )
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The function ¥(w) in the circle U belongs to the Hardy class H) (see,
e.g., [3], Chs. IX-X). Suppose

Q) = 4 2wl <1,
T(L), |w > 1.

Then Q € K,(v) ([5], Lemma 4), where v = {|7| : |7| = 1}, and

K, (y) = {\IJ  W(w) = % / f(i)jf + const, [w] £ 1, v € Lp('y)}.

Assume also a(7) = a(z(r)). It follows from (4) that

exp ia(T)[ z’(r)]flﬂjL(T) +iexpia(r) [{/z’(T)] Q (1) = 291 (1),

whence

-1

Q+(r) = —exp(2ia(n)) /7 (1) [¢/7(1)] Q7 (7) + g(r), ()
where ¢(7) = —iexp(—ia(7))2f(2(7)), ¢ € Ly(v).
The homogeneous problem corresponding to (5) will be
Qt (1) = exp(—2ia(r)) {/2'(1)| z’(T)]flﬂf(T). (50)
Assume Q,(w) = Q(%), |w| # 1.
For the restriction on U of the solution Q € /E,,(y) of the problem (5) to

provide a solution of the problem (4) of the class Hp, it is necessary and
sufficient for Q to satisfy

Qw) = Q. (w) (6)

(see [4], §§ 4043, [2]). Thus we can conclude that the problem (2) is equi-
valent to the problem (5) in the class K,(y) with the additional condition

(6).

If Q satisfies the boundary condition (5), then the same condition is also
satisfied by the function Q. (w) ([4], §41). It can be easily proved that if Q €
/E,,(y), then Q, € /Ep('y) as well. Therefore the function 1(Q(w) + Q. (w))
which already satisfies (6) will be a solution of the problem (5) from the
class /E,,(y).

In particular, if (5) possesses a unique solution 2, then Q, coincides with
it, and hence in this case the condition (6) is fulfilled for (.

3°. The Homogeneous Problem. Let

yw) = e (55 [ ZUDEY puy 21, ™

211 T —w
T

where () is assumed to be continuous on the arcs (13, Txy1), (k = 1,7, Tt
= 71) and to have at the points 71 one-sided limits equal to the angle formed
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by the tangent at t;, with the abscissa axis. Thus a(7) has at the points 7 a
discontinuity equal to the angle size between the left and the right one-sided
tangents at ¢y or, which is the same, equal to (1 —vy). Moreover, when the
point 7 leaves the circumference +y to the left, the function a(r) admits an
increment equal to 2m. Let us choose on I' a point 19, 79 # tx, and assume
it to be an initial point on v. Then «(7) at this point has a discontinuity
equal to 2. This implies that for the w-s close to 7, the following relation
is valid:

y(w) ~ (w - m0) 2 TLw = 70)~ 0 go(w), )
k=1

where yo is continuous and different from zero both in U and in CU (CU
is the supplement of U to the whole plane).
Let

< {—y(w) 2'(w), |w] <1, ©)

X(w) =
N AT, el > 1
Since T is a piecewise-Lyapunov curve with interior angles of sizes wvy,
0 < v, < 2, according to Warschawski’s theorem ([6], see also [7], Ch. I),
we have
n
2'(w) = H(w — )" 2 (w), (10)
k=1
where zq is a function different from zero and satisfying Holder’s condition
on U.
Due to (8) and (10), we obtain from (9) that

n

~ vy —1

Fw) = (=) [Jw =)™ Sotw), o =pp=1, (1)
where
0.<m < [ Xo(w)| < M. (1)
Assume
X(w) = X@)(w -7 [ (-m), (12)
{kivi>p'}

where the multipliers w — 7, in the product are taken with respect to such
k-s that at the point ¢;(= z(7%)) the curve I' has the angle equal to 7y,
with v, > p’. X (w) satisfies the condition (5¢) and possesses the following
properties:

(i) it can be represented by a Cauchy type integral with density from
L, () and with a polynomial principal part of order s¢+ 2 at infinity, where
» is the number of angular points for which vy > p';
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(ii) in the neighborhood of the points 73, for which v, = p’ (denote them
in the sequel by 7), by (12) and (11') we have

X (w) = O((w = 7)'/); (13)

(i) + € K, _<(7) and has a zero of order » + 2 at the point z = oo;

(iv) the functions (X*)~! are integrable to the p’-th power on every part
of v which is obtained from v by eliminating small neighborhoods of the
points 7.

If Qp is a solution of the problem (5¢), then F(w) = Qo(w)X ™! (w)
satisfies the condition

Fr(r)=F (1), T€H. (14)

Proceeding from properties (i)—(iv) of the function X, we can justify,
just as in [2], that in the neighborhood of every point v different from 7y,
the function F(w) is analytic and may have perhaps only poles. Thus we
conclude that

Ay,
QO(w) = X(’U}) Z (w _ Tllc)nk

k

)

where nj are nonnegative integers.

But Qy € K,(y) and therefore Ay = 0, i.e,, &y = 0. By the same
argument, only the constant functions are solutions of the problem (2) for
f=0.

49, Inhomogeneous Problem. If there are no points 7, and also cusps
with v = 2 for p > 2 (denote them by 7), then g/X* € Liys(7) and
therefore

T —w

d ~
/% T e Kips(7), 0>0.
Y

Taking this as a basis, we can suppose that as it is characteristic for the
linear problem of conjugation (see [8]), the function

SRR

will be a solution of the problem (5).

From (11) and (11’) as well as from the properties of the Cauchy type
integral in the unit circle, it easily follows that Qe Hy,n> 0, in the circle U.
Let us show that Q € H,. By virtue of Smirnov’s theorem, it suffices to
show that QF € L,(v).

We have

G LX) [ gQ) e
0 (r) = Lo(r) + 20 / Gt T (16)
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where
n n 1—vp
XT=0(p(r), p(r)=][0-m)"7
k=1
Under the assumptions with respect to v, we have % € (—%, 1%),

and since the Cauchy type singular operator is bounded in L, (v, r), where
r(1) = [Ty (T—71)** with a € (=5, ) (see, e.g., [8]), we have Q € Ly(y).
This means that Q € H, in U. From this in its turn it follows that Q2 belongs

to K(7) if it has the limits when z — co. But as far as X (w) has at infinity
the limit of order s¢ + 2, it is necessary and sufficient that

g(T) k _ _ !
/X+(7_)T dr=0, k=0,1,...,||, (17"
5

or, which is the same,

L[ a(Qd Y Tp wl ) o e
G/f(t)exp(7rv C—w(t))ygp, s et () =0, (17)

E=0,1,...]5.

If the points ¢}, (that is, ¢; for which v, = p'), do exist then one can
construct a function fo € L?(y) for which the conditions (17) are fulfilled,
but in this case the problem (4), and hence the problem (2), is unsolvable.
Such a construction is possible by the same way as for the Dirichlet problem
in the class Re E,(D) (see [2]). The similar conclusion is valid if p > 2 and
there exist the points ¢ on I' for which v, = 2. Consequently, for the
problem (5) to be solvable, one has to strengthen the assumptions relative
the boundary function f. We assume that

f&) I =l J] m*® -t € Ly(D), (18)

l/k:p’,l/k;£2 l/k:2

where u(p) =1 for p > 2 and u(p) =0 for p < 2.

Since for the curves under consideration arg(z(r) — z(7)) are bounded
functions and z(7) — z(7x) = (1t — 1)"*21(7), where z;(7) is a continuous
and different from zero function ([6], [7]), it follows from (18) that

gtr) II mlr ==l [ w*® |7 — 7] € Lp(). (18")

vEp=p' Vp#£2 V=2
Now in the neighborhood of the singular points 7, ( = w(t}) or w(t})),
we have <& = 0((r —?k)_% In~' (7 — 7)) which implies 4 € Ly (7). Then
the integral in (15) makes sense, and the function € defined by (15) belongs
to Hs, 0 > 0. Again, for this function to belong to Izp(y), it is sufficient



120

that the conditions QF € L,(y) and (17') be fulfilled. This time, in the
integral from the equality (16) we have

X*(r) :O<r(7') M- 11 (T_T,;)"’;r1+1>.

v =2 vi=p'

Represent the function g as

sy~ SO =R) ')
[ In(t —7%) [1; In(r — 7%)
Owing to (18'), we have g* € L,(y). We write the equality (15) in the form

P )p(T T — 7)1/
O+ (r) = %g(r) n A(1)p( )1_2[751 %) y
L(é.) -7 1/p n(é — 5 1 df
" / M@p(@) LLIE =77 (=7l (19)

where 0 < m < |A(§)| < M. Since the points 7}, are separated, using The-
orem 1 from [2] we conclude that Q € L,(7). If we assume that conditions
(17) are fulfilled, then Q € K,(y) and is a solution of the problem (5). Ac-
cording to 3°, (5) has no other solutions. Thus the condition (6) is fulfilled

for Q, and therefore the function ¢'(z(w)) = ¥(w) = M)), lw| < 1,is a

/2 (w
solution of the problem (4).
Proceeding from the above, we can easily find a solution of the problem
(2) as well, namely

u(z) = Re LIZ))?;/(%} +C, (20)

where C' is an arbitrary real constant and the integration is performed over
any rectifiable path connecting the points o and w.

Remark. If T is a smooth curve, then the points ¢; are absent, so > = 0.

L[ f)de) _ emie® :
Moreover, one can prove that exp (; fv gfw(t)) = ew,(t) . (To this end, we
choose 79 = 1 and take into account that in the case where a domain is

bounded by a Lyapunov curve, the equality i In z’(w):ﬁ 8 L[iin 2] U gy

is valid and that [, 2% = In(1 — ) — i — mi). Then the condition (17)
takes the form

f®)e Ot = [ f(t)ds =0,
ot

which coincides with the condition of solvability of the Neumann problem
when considered in the class of functions for which partial derivatives are
continuous up to the boundary.

5%, Let us summarize the above-stated results in the form of



121

Theorem. LetD be a simply connected domain whose Jordan boundary T
consists of a finite number of Lyapunov arcs meeting at the points tj, with
the angles (measured from the interior of D) of size wvg, 0 < v < 2 and
ey, D > 1, is the class of harmonic functions satisfying the condition (1).
Denote by > a number the of angular points at which vy, > p', p' =p/p—1,
and by X (w) the function defined by the formulas (12) and (9).

If f € Ly(y) and there are no points t), for which v, = p' and, in the case
p > 2 also the points t} for which v, = 0, then for the Neumann problem
to be solvable in the class e;), it is necessary and sufficient that conditions
(17) be fulfilled.

If there exist the points t), and t) possessing the above-mentioned prop-
erties, then the problem (2) is, generally speaking, unsolvable for any f €
L,(T) under the condition (17). In the case where the conditions (18) and
(17) are fulfilled, the problem is solvable.

In all the cases, the solution is given by the formula (20) in which Q is the
solution of the problem (5) given by the equality (15) and C is an arbitrary
constant.

ACKNOWLEDGEMENT

A support of the grant No. 1.7 of the Georgian Academy of Sciences is
greatly acknowledged.

REFERENCES

1. V. G. MAz’yA AND A.A. SOLOV’EvV, On an integral equation for the Dirichlet
problem in a plane domain with cusps on the boundary. (Russian) Mat. Sb. 180(1989),
1211-1233.

2. V. M. KOKILASHVILI AND V.A. PAATASHVILI, On the Riemann—Hilbert problem in
the domain with non-smooth boundary. Georgian Math. J., 4,(1997), No. 3, 279-302.

3. G. H. GoLyzIN, The geometric theory of functions. (Russian) Nauka, Moscow,
1966.

4. N. I. MUSKHELISHVILI, Singular Integral Equations. (Translated from Russian) P.
Noordhoff, Groningen, 1953.

5. V. A. PAATASHVILI AND G. A. KHUSKIVADZE, On the Riemann—Hilbert problem in
domains with non-smooth boundaries. (Russian) Trudy Tbiliss. Mat. Inst. Razmadze
106(1993), 105-122.

6. S. WARSCHAWSKI, Uber das Randverhalten der Ableitung der Abbildunsfunktion
bei nonformer Abbeldung. Math. Zeitschr. 35(1932), No. 3-4, 321-456.

7. 1. N. VEKUA, Generalized analytical functions. (Russian) Moscow, 1959. English
translation: Pergamon Press, Oxford-London, 1962.

8. B. V. KHVEDELIDZE, Linear discontinuous boundary value problems of function
theory, singular integral equations and their applications. (Russian) Trudy Tbiliss. Mat.
Inst. Razmadze 23(1957), 3—-158.

(Received 25.06.1997)

Authors’ address:

A. Razmadze Mathematical Institute
Georgian Academy of Sciences

1, M. Aleksidze St., Tbilisi 380043
Georgia



