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G. KHARATISHVILI AND T. TADUMADZE

DEVELOPMENT OF THE THEORY OF OPTIMAL SYSTEMS WITH
DELAYED ARGUMENTS IN GEORGIA

ABSTRACT. Main results obtained by Georgian mathematicians in the
theory of optimal control are presented. These results deal with nec-
essary conditions of optimality, existence, continuous dependence on
regular perturbations of the minimum of the functional.
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In 1961, an analogue of Pontryagin’s maximum principle [1] was proved
for control systems with one constant delay in the phase coordinates [2].
This results became the basis for the development of mathematical theory
of optimal systems with delayed arguments in many countries, including
Georgia.

Initially, the optimal problem had the form

&(t) = f(x(t), z(t — 7),u(?t)), t € [to,t1], u(-) € Q, >0,
x(t) :SOO(t)a te [tO_TatO]a x(tl):xla
t1 —tg — min,

with f, fz, fy continuous on R" x R® x U, U C R", (1 the set of piecwise
continuous functions u : [tg,t1] = U with a finite number of discontinuities
of the first kind at which u(t) = u(t—), @o : [to — 7,ts] = R™ a fixed
continuous function and tg, o fixed points.

Theorem 1 (Maximum principle). Let u(t), t € [to,t1], be an optimal
control and T(t) be the corresponding optimal trajectory. Then there ex-
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ists a mon-zero solution )(t), t € [to,t1] of the system

1/1('5) = Hz(w(t)ai(t)af(t - T)aﬁ(t)) -
—H, (Yt +71),2{t+71),2(t), ult + 7)),
t € [to, t1],0(t) =0, t>t,

such that: N
19, For each t € [to,t1], the mazimum condition is fulfilled:

H(y(t),z(t),z(t — ), u(t) = M((t), (t), 2(t — 7));
20 At the moment t1, the inequality
M), #(h), #(h — 1)) >0,
is fulfilled, where
H=(,f),M¥,z,y) = ZggH(¢,w,y,u)-

Then Theorem 1 was generalized for systems of the form [3]
z(t) = flt,x(t — 1), ..., x(t — 75),u(t)), T7s>--->71 =0.
Further for control systems
z(t) = ft,z(t —1),...,z(t — 75),u(t —myh),...,u(t — my,h)),

where my; = 0, m;, ¢ = 2,...,v, are natural numbers and h > 0, necessary
conditions were proved for the optimality of a control and an initial function
in the form of an integral (pointwise) maximum principle and conditions of
transversality [4,5].

After that, analogous results were received for optimal systems contain-
ing: variable delays both in phase coordinates and in the controls [6-8];
distributed delays in the controls [9]; neutral type equations [10]; equations
with variable structure [11-13]; functional-differential equations [14]; equa-
tions with mixed restrictions [15]; hyperbolic partial differential equations
[16,17].

Problems of optimal control for the most part of the enumerated systems
were investigated within the framework of the general theory of extremal
problems which was elabarated in [18-21].

Now let’s formulate necessary conditions for the optimal problem with
single delays both in the phase coordinates and in the controls:

&(t) = f(t,x(t),z(r(t)), u(t), u(6(t))), (1)

t € [to,t1] C J =[a,b],u(-) € M,
z(t) = p(t),t € [(to), t0), z(to) =m0, (-) €2, (2)
¢ (to, t1,z0,x(t)) =0, i=1,...,1, (3)

qo(to,tl,aro,a:(tl)) — min,
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where the function f : J x O? x G?> — R" is continuous and continuously
differentiable with respect to (z,y) € O O C R™ and G C R" are open
sets; 7 : R* — R' § : R" — R' are absolutly continuous functions satis-
fying 7(t) < t, 7(t) > 0, 6(¢t) < ¢, 6(t) > 0; Q1 = Q ([#(a),b],U) is the
set of all measurable functions w : [#(a),b] — U such that the conditions
cl(u([f(a),b])) is a compact lying in G; ® = ®([r(a),b], N) is the set of all
piecewise continuous functions ¢ : [r(a),b] — N with a finite number of
points of discontinuity; N C O is a convex bounded set; ¢ : J? x 0> =+ R!,
i = 0,...,[, are functions continuously differentiable with respect to all
arguments.

Definition 1. An element z = (to, t1, 0, (), (), u(:)) is said to be ad-
missible, if (o, t1,Z0,p(-),u(-)) € J2 x O x ® x Qy, z(t) € O, t € [to,t1], is
absolutely continuous on [to, t1] and satisfies (2), (3), and the pair (z(-), u(+))
satisfies (1) almost everywhere on [to, ¢1].

The set of admissible elements will be denoted by A.

Definition 2. An element z € A is called optimal if for an arbitrary ele-
ment z € A, is fulfilled the inequality

qo(%azlﬂag()a%(tl)) S qo(t())tlax())w(tl))-
The problem of optimal control consists in finding an optimal element.
Theorem 2. Let z = (to, t1, %0, P(-), Z(-),U(-)) be an optimal element,
7(t1) > to,t; € (a,b), i = 0,1; let the function (u(t),u(6(t))) be continuous
at the points to, vo = v(to) and the function (y(t), p(7(t)),(t)) be contin-

uous at the point to. Then there exist a non-zero vector m = (wg, ..., 7)),
mo < 0, and a solution ¥(t) of the equation

D) = =[] — YOV O, te[fo,t], (1) =0, t>8,

such that the following conditions are fulfilled:
30, The integral mazimum principle

(v (0) fy YO () (1)t >

T(tO)

/ ST, O et V() € ®,

T(to

/ b0 Fitlde > / B(E) £ (1 F (1), F(r(8)), u(t), u(B(1))dt, Yu(-) € D
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49, The transversality conditions

W@to - ¢(t~0)ﬂf0] + 1 (70)[f (70, Z(10), B(t0), &), u(B(10))) —

— (70, Z(70), Zo, U(70), u(0(70)))]7 (to),
ﬂ-@tl = _¢(t~1)f[t~1]7 ﬂ-@wo = _¢(t~0)7 ﬂ-éml = ¢(t~1)

Here

Flt] = £, (), Z(r (1), @(2), W6(2))),
Folt] = Fo (6 2(0), E(7 (1)), T(0), WO()));

the tilde over () denotes that the corresponding gradient is calculated at
the point (o, t1,To, Z(t1)); v(t) is the function inverse to 7(t). If the rank
of the matrix

(@to ) ©t1 ) ézo ) @11)

is equal to 1+, then ¥(t) Z 0.

The researches [22-29] are dedicated to theorems of existence and regular
perturbations in optimal systems with delays.

Now let’s formulate for a simplified case basic theorems obtained in this
direction.

Consider the optimal problem

©(t) = f(t,z(t),z(7(t)),u(t),u(d(?))), (4)
t€ Jo=[to,t1], u(-) € Q0(to),t:],U),
z(t) = po(t), te€([r(to),to), =(to) =z0, =(t1)= a1, (5)

I(z) = /fo(t,z(t),z(T(t)),u(t),u(H(t)))dt — min, 2z € Ay, (6)

where U is a compact set; po(-) € ®([7(t0),t0],0); F = (f°,f) : Jo x O? x
U? — R'*" is a Carathéodory function satisfying the following conditions:
for each compact set K C O, there exist mg(-) and Li(-) € Ly (Jo, RY),
R! =10, 00) such that

IF(t,2,y,u,0)| < mi(t) V(tz,y,u,0) € J x K2 x U2,
|E(t,2",y u,v) = F(t,2",y", u,0)] < L(#)(|2" — 2" +1y" —y"]),
Ytz z"y y" u,v) € J x Kt x U?;
A is the set of admissible elements z = (x(-),u(")).

Now we introduce the set P. To this aim, divide the interval [fp, ¢1] into
subintervals [s;, s;y1], ¢ = —1,0,...,m, so = to, Sms+1 = t1, Si = 0(si11),
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i=-1,0,...,m—1,0(t1) < s, < t1, and put

P(tax()ay()a"'axmaym) = {q: (QO7"'7qm);
q;i = Q.i(t)F(Q.i(t)axiayiauiauifl)a 1= 07 R
u; €U, i=-=1,...m}, tE€[so,s1],

where o(t) is the function inverse to 8(¢) and o' (t) = o(0*~!(t)). We assume
that o°(t) =t and o(t) = t; if t > 0(t;)

Theorem 3. For the problem (4)—(6), an optimal element Z = (z(-),u("))
exists if the following conditions are satisfied:

50.A1 7£ @,

6°. There exists a compact Ky C O such that z(t) € Ko, t € Jo, Yz =
(@(-),u(")) € Ay;

70, The set P(t,20,Y0, -, Tm,Ym) is convex for each fized t € [sg, 1],
(.’Ei,yi) € 02, 1=0,...,m.

Theorem 4. Let the assumptions of Theorem 3 hold. Then for every e > 0
there is a § = §(e) > 0 such that for every (0zo,dp(-),0F(-)) satisfying

g

/5F(t,x,y)dt‘ <e,
tl

OF = (5f075f)7

0xo| + sup |dp(t)| + ma.
|00 teﬁ)lw()l pdRAx

the perturbed problem

i(t) = f(t,2(t),z(r(t), u(t), u(0(t)) + 6 f (¢, 2(t),z((£))),
z(t) = po(t) + 6¢p(t), t € [r(to) to),
x(to) = o + 0z, |z1 —x(t1)] <,
I(z,e):/[fo(t,a:(t),a:(r(t)),u(t),u(e(t))) +0f0(t, x(t), x(7(t)))]dt — min,
has a solution Z. and

lim I'(Z.,¢e) = I(2).

e—0

Here @o(-) + d¢(-) € ®([7(to), 0], 0), o + dxo € O, the Carethéodory
functions 6F : Jy x O? — R satisfy the conditions

|6F(t7$7y)| S m&F(t) ‘v’(t,x,y) € JO X K127
0F(t,2',y") — 6F(t,2",y")| < Ler(t)(|2" — 2" + |y — y"])
V(t,x',y',a:",y") € Jo % Kf,

[ marte) + Lor®)it < cons,
Jo
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K; C O is a compact set containing a neighborhood of Ko, msr(-), Lsr(:) €
Ly (Jo, RL).

In conclusion note that computational algoritms of the optimal control
elabarated in [30,31] are extended for the linear system [6]

#(t) = A()z(t) + B{)z(t — ) + C(H)u(t) +
+D(tyu(t —0) + f(t), 6> 0.

REFERENCES

1. L. S. PONTRYAGIN, V. G. BOLTYANSKII, R. V. GAMKRELIDZE, AND E. F. MISH-
CHENKO, The mathematical theory of optimal processes. (Russian) Nauka, Moscow,
1961.

2. G. L. KHARATISHVILI, The maximum principle in the theory of optimal processes
with delay. (Russian) Dokl. Akad. Nauk SSSR 136(1961), No. 1, 39-42.

3. G. L. KHArATISHVILI, Optimal processes with delays. (Russian) Metsniereba,
Thilisi, 1966.

4. G. L. KHARATISHVILI, A maximum principle in extremal problems with delays. In:
Mathematical theory of control, Academic press, 1967, 26-34.

5. G. L. KHARATISHVILI, A maximum principle in extremal problems with delays.
(Russian) Trudy Tbiliss. Gos. Univ. 128(1968), 149-156.

6. G. L. KHARATISHVILI, Z. A. MACHAIDZE, N. [. MARKOZASHVILI, AND T. A. TADU-
MADZE, Abstract variational theory and its applications to optimal problems with delays.
(Russian) Metsniereba, Tbhilisi, 1973.

7. G. L. KHARATISHVILI AND T. A. TADUMADZE, Nonlinear optimal control systems
with variable delays. (Russian) Mat. Sb. 107(149)(1978), No. 4(12), 613-633.

8. T. A. TADUMADZE, The maximum principle and existence theorem in the optimal
problems with delay and non-fixed initial function. Seminar of I. Vekua Institute of
Applied Mathematics. Reports. 22(1993), 102-107.

9. G. L. KHARATISHVILI AND T. A. TADUMADZE, The maximum principle in optimal
control problems with concentrated and distributed delays in controls. Georgian Math.
J. 2(1995), No. 6, 577-591.

10. T. A. TADUMADZE, The maximum principle for some controlled systems of neutral
type. (Russian) Seminar of I. Vekua Institute of Applied Mathematics, Abstracts of
Reports, 9(1974), 9-13.

11. A. I. ARSENASHVILI, An optimal control problem for variable structure systems
with delay in phase coordinates. (Russian) In: Theory and equipment of automatic
control systems XXI:1,(Russian) Metsniereba, Tbilisi, 1982, 11-18.

12. N. M. AvALISHVILI, Maximum principle for an optimal problem with variable
structure and delays. (Russian) In: Optimal problems in systems with variable structure,
Tbilisi University Press, Tbilisi, 1985, 48—71.

13. G. L. KHARATISHVILI AND T. A. TADUMADZE, Problem of optimal control for
nonlinear systems with variable structure, delays and pecewise-continuous prehistory.
Mem. Differential. Equations Math. Phys. 11(1997), 67-88.

14. N. I. MARKOZASHVILI, Necessary conditions of optimality for controlled systems
with prehistory. (Russian) In: Some questions of mathematical theory of optimal control,
(Russian) Tbilisi University Press, Tbilisi, 1975, 151-180.

15. Z. A. TSINTSADZE, Optimal problem with delays and mixed restrictions. (Russian)
Bull. Acad. Sci. Georgian SSR 92(1978), No. 3, 569-572.

16. T. G. TsuTsUNAVA, Optimal processes with delay for hyperbolic equations. (Rus-
sian) Trudy Probl. Labor. Avtom. i Vichisl. Tekhniki Gruzinskogo Politekhnicheskogo
Instituta, 1967.



105

17. M. T. TSUTSUNAVA, On necessary condition of optimality for hyperbolic partial
differential equations with delays. (Russian) In: Theory and equipment of automatic
control systems XIX:1, (Russian) Metsniereba, Tbilisi, 1980, 33-38.

18. R. V. GAMKRELIDZE AND G. L. KHARATISHVILI, Extremal problems in linear
topological spaces, 1. Math. Systems Theory 1(1967), No. 3, 229-256.

19. R. V. GAMKRELIDZE AND G. L. KHARATISHVILI, Extremal problems in linear
topological spaces. (Russian) Izv. Akad. Nauk. SSSR, Ser. Mat. 33(1969), No. 4,
781-839.

20. R. V. GAMKRELIDZE, Necessary conditions of first kind and axomatics of extremal
problems. (Russian). Trudy Mat. Inst. Steklov 62(1971), 781-839.

21. K. SH. TSISKARIDZE, Extremal problems in Banach spaces. (Russian) In: Some
questions of the mathematical theory of optimal control, (Russian) Tbhilisi State Univer-
sity Press, Tbilisi, 1975, 1-150.

22. T. A. TADUMADZE, On the existence of solution in optimal problems with a
deviating argument. (Russian) Bull. Acad. Sci. Georgian SSR 89(1978), No. 2,
313-316.

23. T. A. TADUMADZE, On the existence of solution in optimal problems of neutral
type. (Russian) Bull. Acad. Sci. Georgian SSR 97(1980), No. 1, 33-36.

24. T. A. TADUMADZE, Existence theorems for solution of optimal problems with
variable delays. Control and Cybernetics 10(1981), Nos. 3—4, 125-134.

25. T. A. TADUMADZE, On the existence of solution in optimal problems described
by nonlinear functional differential equations. (Russian) Differentsial’nye Uravneniya
20(1984), No. 4, 597-604.

26. T. A. TADUMADZE, Some problems of the qualitative theory of optimal control.
(Russian) Tbilisi University Press, Tbilisi, 1983.

27. G. L. KHARATISHVILI AND T. A. TADUMADZE, Regular perturbations in optimal
control problems with variable delays and a free right end.(Russian) Dokl. Akad. Nauk
SSSR 314(1990), No. 1, 151-156.

28. A. V. TAVADZE, Some problems of qualitative theory of optimal control of neutral
type. (Russian) Trudy Inst. Prikl. Mat. I. Vekua 27(1988), 107-136.

29. F. DvALISHVILI, Some problems of qualititave theory of optimal control with
distributed delay. (Russian) Proc. I. Vekua Inst. Appl. Math. 41(1991), 81-113.

30. T. G. BABUNASHVILI, Synthesis of linear optimal systems. (Russian) Dokl. Akad.
Nauk SSSR 155(1964), No. 2, 295-298.

31. T. G. BABUNASHVILI, Z. A. MACHAIDZE, G. L. KHARATISHVILI, AND K. SH. TSsIS-
KARIDZE, Calcucation of linear time-optimal systems. (Russian) Trudy Inst. Prikl. Mat.
3(1972), 208-238.

(Received 25.06.1997)

Authors’ addresses:

Guram Kharatishvili

Institute of Cybernetics
Georgian Academy of Sciences
Georgia

Tamaz Tadumadze

I. Vekua Institute of Applied Mathematics
Thbilisi State University

Georgia



