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Abstract. The aim of this paper is to determine an upper bound of number of limit cycles that can
bifurcate from a uniform isochronous center of a cubic homogeneous planar polynomial differential
system when we perturb it inside the class of all quintic polynomial differential systems. We prove
that at most 5 limit cycles can bifurcate from the period annulus by using the averaging theory of
first order and at most 19 limit cycles by applying the second order averaging method. This study
needs many calculations that have been verified by Maple and Mathematica.
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1 Introduction

The main problem in the qualitative theory of the planar polynomial differential systems is the de-
termination of the limit cycles. Recall that in the phase plan, a limit cycle of a planar polynomial
differential system is an isolated periodic solution in the set of all its periodic solutions, isolated means
that the surrounding trajectories are not closed.

The study of limit cycles has a long history, it was started by the works of Poincaré [15]. In 1900,
at the international congress of mathematics in Paris, 23 problems [9] were posed by David Hilbert.
One of them concerned the number of limit cycles that a real planar polynomial differential system
may have: the second part of the 16" Hilbert problem. It has been one of the main problems in the
qualitative theory of planar differential systems in the last century which remains open until now (see,
e.g., [7,8,12] and the references therein). To attack the second part of 16'" Hilbert problem, many
researchers investigated the number of limit cycles of various planar polynomial differential systems.
Among them is the problem of a number of limit cycles obtained by perturbing polynomial differential
systems with centers, through of which limit cycles can bifurcate from the periodic solutions of these
centers (see [7,8,12]). In order to study limit cycles, some methods have been developed and based
on the Poincaré map such as the Poincaré—Pontryagin-Melnikov functions [2,16], inverse integrating
factor [19] and the averaging method [5,17,18].

The averaging method is a useful tool in dynamical systems to determine a number of limit cy-
cles that a periodic differential system can have. The idea of averaging method is to approximate
the periodic solutions of a non-autonomous periodic differential system by the solutions of its aver-
aged differential system which is autonomous. In particular, it gives a quantitative relation between
the hyperbolic equilibrium point of the averaged differential system and the limit cycles of the non-
autonomous differential system (see, e.g., [5,17,18]) which makes the study more flexible. In other
words, under some assumptions, the averaging method transforms the problem of studying the limit
cycles of periodic differential system into a problem of zeros of the so-called averaged function asso-
ciated to this system.

Isochronous differential systems constitute a large class of polynomial differential systems with
interesting properties which arise in many applications. During the past three decades, wide studies
on the bifurcation of limit cycles for planar differential systems with uniform isochronous centers
have been published (see, e.g., [4,10,12,13]). Recall that a center is isochronous if all the periodic
solutions in a neighborhood of this center have the same period T € R*. Moreover, the system
& = P(z,y), y = Q(z,y), with P(z,y) and Q(z,y) as real polynomials, has a uniform isochronous
center if xy — yi = k(2®> + 9?), k € R — {0}. In the polar coordinates z = rcosf, y = rsinf,
isochronous means that = k, k € R — {0} (for more details, see [6]).

In this paper, we consider the following planar polynomial differential system:

i =—y+ 2’y +ep(z,y),

(1.1)

g =z +ay® +eq(z,y),

where

ple,y) = Y aia'y’ and glz,y) = D by

0<it+j<n 0<i+j<n

System (1.1).—¢ has a center O at the origin. It is clear that the center O is a uniform isochronous
center because of zy) — y& = 2% + y?. Note that system (1.1) has the rational first integral H(z,y) =
2 2
e
The authors in [13] prove that for n = 3 and e # 0, a real parameter sufficiently small, system (1.1)
can have at most three limit cycles bifurcating from the center O by using the first order averaging
method. In [12], the authors confirm the result of [13] and prove that there are perturbations of
(1.1),,=3 with only 0,1,...,8 limit cycles by using the second order averaging method.
Motivated by the above paper, in this work, using averaging method, we study the bifurcation of
limit cycles of system (1.1).—o under any small quintic homogeneous perturbations. In other words,
by using averaging theory of first and second order, our objective is to determine a maximum number

with the integrating factor p(z,y) = ﬁ
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of limit cycles that bifurcate from the isochronous center (1.1).—¢ of the differential system
b=—y+aty+e Y a2’y =P(z,y)+ep(n,y),
0<itj<5

g=a+ay’ te Z bi s’y = Q(z,y) + eq(z,y),
0<i+j5<5

(1.2)

where £ # 0 is a real positive parameter, sufficiently small, and p(z, y), ¢(x, y) are two real polynomials.
The following theorem represents the main results of this paper.

Theorem 1.1. For e # 0, a real parameter sufficiently small,

(a) System (1.2) can have up to 5 limit cycles that bifurcate from the isochronous center (1.2).—o by
using the averaging method of the first order.

(b) By using the averaging method of the second order, the polynomial differential system (1.2) has
at most 19 limit cycles bifurcating from the isochronous center (1.2)e—¢-

Remark 1.1. Note that the result in statement (a) improves the ones of Proposition 1 of [12] and
Theorem 1.1 of [13] by providing 2 more limit cycles, and statement (b) provides 11 more limit cycles
than the ones in [12] under the perturbation of system (1.1),—s.

This paper is organised as follows: Theorem 1.1 is proved in Section 3. Its proof is based on the
averaging theory of the first and second order (see Section 2).

2 Preliminaries

To prove our main result, we introduce some tools that we have used. The proof is based on the
averaging method of the first and second order.
2.1 Averaging theory of the first order
Theorem 2.1. Consider the following two initial value problems:
@ =ef(t,x) +e?h(t,z,¢), z(0)= o, (2.1)

and

g =2l(y), y(0) = o, (2.2)
where x,y,xo € D, D is an open interval of R, t € [0,4+00), f and h are T-periodic in the variable t,
and f°(y) is the averaged function of f(t,z) with respect to t, i.e.,

oy = f(ty)dt. (2.3)

N[~
o\H

Suppose:

(1) f, %, %, h and % are defined, continuous and bounded by a constant independent of € in
[0,400) x D and € € (0,&q].

(2) T is a constant independent of .
(3) y(t) belongs to D on the timescale 1/e.
Then the following statements hold:

(1) On the timescale 1/e, we have
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(2) If p is an equilibrium point of the averaged system (2.2) such that
afo
A 0, 2.4
99 |y # (2.4)
then system (2.1) has a T—periodic solution ®(t,e) = p ase — 0.

(3) If (2.4) is negative, then the corresponding periodic solution ®(t,e) of (2.1) in the space (t,x)
is assympotically stable for e sufficiently small. If (2.4) is positive, then it is unstable.

2.2 Averaging theory of the second order

Theorem 2.2. Consider the following two initial value problems:

i =cf(t,x) +e%g(t,x) + 3h(t,x,¢), x(0) = o, (2.5)
and
g =efy) +2(fy) + 8" (), y(0) = o, (2.6)
D is an open subset of R, f, g and h are periodic of period T in t, and
of oy’
1 _ 9] 1 _9Y .o
where

t

wawwa/u@a»—ﬁ@»w+zux
0

with z(x) € C' such that the averaging of y*(0,7) is zero. Besides, f°, f1°, g° denote the averaging
functions of f, f and g, respectively, defined as in (2.3). Suppose that:

(1) % is Lipschitz in x© and all these functions are continuous on their domain of definition.
(2) |h(t,z,e| is bounded by a constant uniformly in [0, L/e) x D x (0, ).
(3) T is a constant independent of €, and y(t) belongs to D on the timescale 1/¢.

Then the following statements hold:

(1) On the timescale 1/e, we have
x(t) = y(t) + eyt (t,y(t)) + O(?) as € = 0.
If, in addition, f°(y) =0, then:
(2) If p is an equilibrium point of the averaged system (2.6) such that

SR+ )| _ Ao 27)

then there exists a T-periodic solution ®(t,e) of (2.5) which is close to p such that ®(t,e) — p
as e — 0.

(3) If (2.7) is negative, then the corresponding periodic solution ®(t,e) of (2.5) in the space (t,x)
is asymptotically stable for e sufficiently small. If € is positive, then it is unstable.

For details about the Theorems 2.1 and 2.2 see the references [17,18].
Now, we recall the Descartes Theorem about the determination of a number of zeros of a real
polynomial (for a proof, see, e.g., [3]).

Theorem 2.3 (Descartes Theorem). Consider the polynomial p(y) = a;,y™ + a;,y® + -+ + a;, y™
with 0 <y < idp < --- <'ip and the real constant a;, #0Vk € {1,2,...,n}. When a;,a;,_ ., <0, we
say that a;, and a;,,, have a variation of sign. If the number of the variation is m € N, then p(y)
has at most m positive real roots. Moreover, it is always possible to choose the coefficient of p(y) in
such a way that p(y) has exactly n — 1 positive real roots.
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3 Proof of Theorem 1.1

3.1 Proof of statement (a) of Theorem 1.1

In order to apply the averaging method for studying limit cycles of system (1.2), we should write
system (1.2) in the standard form (2.1). The following result provides how to transform system (1.2)
into the standard form.

Lemma 3.1 ([5]). Let H be the first integral of (1.2).—¢. Assume that:

o System (1.2).—9 has a continuous family of ovals

{Tw} c {(z,y): H(z,y) =h, hy <h < ha}.

o 2Q(z,y) — yP(z,y) # 0 for all (x,y) in the period annulus formed by the ovals {T'y}. Let
p: (vVhi,Vha) x [0,27) — [0,00) be a continuous function such that

H(p(R, §) cos 6, p(R, §) sin §) = R?,

for all R € (v/hi,vh2) and all ¢ € [0, 27).

Then the differential equation which describes the dependence between the square root of energy,
R = Vh, and the angle ¢ for system (1.2) is

dR  p(@®+y*)(Qp—Pq) 5 (= +y*)(Qp — Pq)(qz — py)

s~ ° 2R(Qu - Py) c 9R(Qx — Py)?

with
z = p(R,¢)cos¢ and y = p(R, ¢)sing.

Using Lemma 3.1, we take

rcos rsin 6

—_— and y= —no— .
V1+7r2cos?f V1+1rZcos?f

Then system (1.2) can be written as

d
CTZ — P (0,7) + O(e2), (3.1)
where
Fi(0,r) =14 r2cos?6 ((1 +72) cos (0, ) + sin OG(6, 7"))
with
rcosf rsin 6
P 9,7" = )
p(0,7) p(\/l +72c0s20 V1 +12 COSQ@)
and

rcos rsinf )

q(0,r) = ,
a.7) q(\/1+r2c0529 V1+1r2cos?f

The assumptions of Theorem 2.1 are verified for equation (3.1). Then, by direct computations,
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the expression of f°(r) is given by

2m
L/Fl(Q,r) do

1) = 5
0

1
= —— <((a372 +ai0+azo+aso+a2—3 a1,4)7“4

21+ 12

+ (5 as 2 -3 b273+b271 +b471 +CL1,0 —as,o -3 a570+bo71 -3 bo73+5 b075+3 a172—7 (11,4)7’2

+4 a372—|—2 b271 —4 b273 +4 b471 -2 as,o —4&570—2 b0)3 +4 b075—|—2 a1,2 —4 a174) r24+1

+ (bos +a1,4)r® + (—3az2 +bas +2by3 —2bo5 —2a12 + 6ayq)r’
+ ( —Taz2—2by1+5ba3—3bs1+2a30+5a50+4bo3— Tbys—4ay 2+ 9Cl1,4)7“2

—4 a372 -2 b271 +4 b2_’3 —4 b471 +2 a3,0+4 CL570+2 b073 —4 b07572 a172 +4 a174) . (32)

Taking s = /1 + 72, we have

1
°(s) = ———((a1.4 4+ bo5)s® + (@10 +a12 —3a1a +aso+ass + asg)s’
1°(s) e/ 1 (( 1,4 1+ bo5) (a10+ a1z 14+ aso+az2+aso)
+ ( - 2a172 + 3@174 — 3(13,2 + Qboyg — 56075 + b273)54
+ (—3aso+3az2—aiotar2—ara—5aso+bo,1—3bos+5bos+bo1—3bos+by)s
+ (2a30 — a2 +5a50 —2bo1 +3baz — 3by)s’
+ (= bo1 +bo3 —bos+ba1 —bos+3bai)s —aso— b4,1)
== # (A686 + A5S5 + A4S4 + A383 + A282 + Als + Ao) (33)
2s5v/s2 — 1 ’
where
Ag = —as0 — by,

Ay = —bo1 +bo3 —bos +ba1 —baz+3bs1,

As =2a30—az2+5as0—2ba1+3ba3 —3bay,

A3 = —3azp+3a32 —aig+ai2— a4 —5as50+bo1 —3bo3z+5bys+ a1 —3ba s+ by,
Ay =—-2a12+3a14—3a32+2byz —5bos + ba s,

As =a10+ a2 —3a1,4+aso+ass+asp,

Ag =a14+bos.

Using Theorem 2.3, the function f9(s) can have at most 6 real zeros. Since Ag + A + Ay + A3 +
Ag+ A5+ Ag = 0, fO(s) can have at most 5 zeros s € (1,00). This allows us to conclude that system
(1.2) has at most 5 limit cycles bifurcating from the isochronous center (1.2).—o using the averaging
method of first order and there are perturbations with only 0,1, 2,...,5 limit cycles.

3.2 Proof of statement (b) of Theorem 1.1

To apply the averaging method of second order, we use the same changes of variable as in the proof
of statement (a) of Theorem 1.1. Then system (1.2) can be written as follows:

d
o eF1(0,7) + 2 Fy(0,7)
do

with

Fi(0,7) = 1+ r2cos20 ((1 +12) cos O (6, ) + sin H7(0, 7‘))
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and

Fy(0,r) = LT eos70 (sin(e)p(e, r) — cos(6)g(6, r)) ((7«2 +1) cos(8)p(9, 1) + sin(8)7(6, r)).

r

To compute the second order averaged function, the first order averaged function f°(r) must be
vanished.

Lemma 3.2. For

a4 = —bos, aso=—bs1, bo1 = —aip,
bo1 = —3az0—4ai0—ai2—3by3, az2=—aio—as3o+bs1 —ai2—3bos,
bas=—2bgz—bos —3a10—3aso+3bs1 —aie,

the function fO(r) defined in (3.2) is identically zero.

Proof. From (3.3), it is easy to verify that fO(r) = 0 if and only if a1 4 = —bos, aso = —bs1,
boy = —a1,0, bo1 = —3as0 —4a10 —a12 —3bo3, a3 = —a10 — azo +bs1 — a2 —3bos, baz =
—2bo,3 —bos —3a1,0—3azo+3bs1 — a1 2. O

Now, the following lemma presents some useful integrals to determine the explicit expression of
1
yt(0,r).

Lemma 3.3. Forr >0,

3p 2_1q in 6 1
I = cos df = ! 3— arctan (L) +53 Sin@\/m7
V1+7r2cos?f 2r V1+7r2cos20/  2r

I _/ cos® 0 d@—r2_3arctan< rsin 6 )
27 ) (W+r2cos?0)32° b V1+r2cos?6

N sin v 1 + 72 cos2 N 1 sin 6
274 r(r2 +1) V1+1r2cos20’

sin @ cos? 6 1 Niuwrmey cosd
13_/(1—‘,—72@0320)3/2 da——ﬁ hl('I"CObe—f— 1+7" COS 0)+W

Proof. To compute the integral I;, we need the following integrals (see [12]):

cos rsin 0
K| = | ——— = - arctan (7),
vV1+r2cos20 r V1+7r2cos?f

and

1 2 in 0 1

Ko = /cos 014+ 12cos20 = tr arctan (L) + = sin@+/1 4+ r2cos20.
T V14 1r2cos?0 2

We have

cos> 6

L= ———df
V1 +r2cos?6

1 re—1 7 sin 6 1
= r—2(K2 - Kl) = W arctan (W) + ﬁ Slno\/m.

Taking the derivative of the both sides of I; with respect to r, we get

2

I 1
L L =IL=--1I.
dr r

The other integrals can be computed in the same way. O
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Because of f°(r) = 0, we have
0
1= [ o) do+ a(0)
0

The explicit expression of y!(6,7) is

Ly = A VIt r2eos20) + A S0 N | singVIf 20?0
y (6,7) Aﬂn(rcose—i— 1+ 72 cos 9)+A2arctan(\/m)+ 3sinf0v/1+ r2cos2 6

+AV4COSHV1—‘r?‘QCOSQG—‘rAvg,(h’l(l+T2C0529) +2In(2) — 2In (1—|— V2 + 1))

~ sin 0 ~ cos ~ 1 1
+A6 +A ( 5 55 )
V1+7r2cos20 V14 1r2cos?6 1+ r2cos?0 r2 +1

~ sinfcosf ~  sinfcos® 6

~ 1 .
By (Ot Ry SO s Bua((eost0— 1)+ Auasingeos.
+ 91+r2c0529+ 10 1—|—r200529+ 11{ cos 5 + A2 8inf cos

The coefficients Ay, Ao, ..., A4 are given in Appendix A. (The computations of 4! (6, r) can be revised
by using Maple or Mathematica.)
If the conditions of Lemma 3.2 are satisfied, then we can compute Fyo(r) = f10(r) + ¢°(r), the

2

second order averaged function, where f0(r) = [ % y*(6,7) df. The following lemma lists some
0

integrals which appear in f10(r).

Lemma 3.4. The following integrals hold:

2
I — / cos® 0 arctan ( sin 0 )
YT U+ r2cos?6)3/2 V1+72cos20
0
__T 2y _9(p2 11 _ \/p2
= (1n(1+r) 2(r +1-/r +1)),
2

3
ng/( cos” 0 1n(rcos€+\/1+r200829>d9

1+ 72 cos? 0)3/2

0

21 —+/(1 +T2)))
1472 ’

2
5
Ly = / cos” 0 In(rcos@ + /1 + 12 cos?0) df
0

(1 +172cos26)3/2

=X (ln(l +r2) +

—11r* — 1972 -8 12r2+8
31 r? )
~ 3 5( n(l+r7)+ (Zr1pz (2t

27

cos? 0

Ly= | ————— In(1+ 7% cos®

, /1+r2c0529 n(1 +r”cos” 6)df
0

=5 (2 ) (e v 2

4l (2)( —27rt 427248 N —272+38 ) 7‘2(\/7‘24—1—1))
n .
VP2 +1T(1+vVr2+1)  14+vVr2 41 L+vr2+1
Proof. We just compute the integral Lo and the other oness can be computed in the same way.

Firstly, the integral

2

0
Ji1 = o (rc059+\/1+r2c052 )d9— In(1+r?)
VI+rZcos20
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holds (see [12]). Taking the derivative in the both sides of J; with respect to r, we get

dJy cos? 0 mln(r? +1) 27
I — _
dr " 2+1+r2cos20 r2 +7’2+1’
whence
o 9 21— /(1 +72))
L2—ﬁ(ln(1+T)+ 1+T2 ). D

Now, using the ideas in the proof of Lemma 3.4, we compute f°(r). As a consequence, the second
order averaged function Fyo(r) is given by
1

ol =5 7=

(By + Bys® + Bzs?)In(s)
1
* 8s5(s +1)v/s2 — 1
+ 31038 + B118” + Bas' + Blgsll + Byys™? + 315313)
_ 1
C8OVsE—1(s+1)
+ Bys? + Bys® + Bgs* + Brs® + Bgs® + Bys” + Bygs® + Bi1s®

(B482 + Bss3 + Bgs* + Brs® + Bgs® + Bgs”

(4 ((s° + %) By + (57 + s%)By + (s” + 5'°) B3) In(s)

+ Bias' + Bygs' + Byys'? + 315513),

1
S sV Tt )

where
F(s) =4 ((35 +89)By 4 (5" 4+ %) By + (57 + SlO)Bg) In(s) + Bys® + Bss® + Bgs®
=+ B785 + BgSG + B987 + Bl()SS + 31189 + B12$10 + B13511 + B14812 + B15813,

with the coefficients By, Bo, ..., Bis given in Appendix B.
Taking the 11*" order derivative of F'(s) with respect to s, we obtain

5760
FO(s) = 2= (540540 Biss® + 83160 By4s™ + 6930 Bys°

+ 2520 Bys® — 252 Bas® + 56 Bys® — 21 Bys® + 12 Bys — 10 Bl).
Using Theorem 2.3, we conclude that F(H)(s) can have at most 8 zeros s € (1,+00). By applying
Rolle’s rule, the function F'(s) can have at most 19 zeros, taking into account their multiplicities in

(1,400). Hence the second average function Fs(r) has at most 19 zeros r € (0,400). This allows us
to conclude that system (1.2) has at most 19 limit cycles that can bifurcate from the center (1.2).—¢.

Appendix A
In this appendix, we present the coefficients A;, As, ..., A1z which appear in y'(6,r).

i - (r*+1)(2(r*+1)ay 3+ 2bg o—4bg 4+2b 2 — 3ag 1+ a1 3—a1,1 +bo,0—b2,0— 3ba,o+b2,2+ by 4—bo 2
L= —

2r ’
i — (r?41)(b3,1—3b1 3+b1 1—4ay o+ (r’+1)(as 0+ az 2t az o+ ag o+ ao 0—3ag 4 )+2a2 2—2a2 0 )+2b3 1
2 — )
2r
i — (r? +1)(ag,0 + aps — a2 + apo — a2z +asp) —1/2b11 +1/2b1 3 — 1/2b3 1
3=

2 )
A“4 o (7’2 + 1)(—613}1 + (11,3 - (11’1) — 1/2 bO’O + 1/2 b0,2 — 1/2 b0’4 — 1/2 b2,0 + 1/2[)2’2 — 1/2 b4’0
2 )
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(P H)((r*+1)(a23—2a05+a03) b3 —2b1atbi2—2as1+agz—as1)—bz0—2bs50+b32
2r ’
~ (7‘2 + 1)(2 (7“2 + 1)(10,4 +2b13— 20,2’2) —bs 1 +asp

AGZ 2 ’

A7 = (r* +1)((r* + 1)(a1,3 — boa) + b2z — as1) — bao,
~ (P + D)+ 1) ((r* + Daos +bra —azs) —bsa+as)+bso

As = 2r ’

i - (2 72 4+ 4)bo s + (r? +4)az o —I—érQ +4)ar o +r?(2r%bo 5 — a12)) 7
Ao = 3 ((r* — 2)(az,0 + a1,0) + 7“2(;1,2 +2bo5 —2bs1) —2bo,3) 7

Ay = _T(<7"2 +1)(as1 + az1 +aos — aoz + ap1 —262,3) +b1,0—bio+bia+bso—Dbs2+0bs0) ’
Ay = r((r? +1)(as,0 + a1,0 — a1,2) ;— S5a10+3aso+ai2+4bos) _

Appendix B
This appendix lists the coefficients By, B, ..., Bis which appear in Fyo(r).

B, = ( —boo—6az1 +3ba2+5bg2—9bpa+boo+3bso—2a1,1+ 2(11,3)173,1
—(2ag2+b1,1 —3b13 — 2a20 — 4as) (boo + ba2 — bo2 + boa — bag — 3bay),
By = (6b4,0 — 2b22 — 2bg,0 +2bo,2 — 2bo,4 + 2b20)az,
+ (—2a00 —2ag2 +6ags —2a20 —2a4,0)b22
+ (6ba,0 — 2bo,0 + 2bo2 — 2bg.a + 2ba0) a0,
+ (= 18ba,0 4+ 6bo0 — 6bg2 + 6bys — 6b29)ao,s
+ (6b4,0 — 2bo,0 +2bo2 — 2bo.a + 2ba0)azo
+ (6ba,0 — 2bo,0 + 2bg2 — 2bga + 2ba)as
+ 6 ag,0b4,0 — 2 ap,0bo,0 + 2 ao,0bo,2 — 2 ap,0bo,4 + 2 ag,0b2,0 +8ai,3bs 1,
Bz = (—ao0+3az2+2b11 —6b13+2b31 —ag2+3aps —5azp —9Yasg)ars
+ (a0,0 + azz2 + ao2 — 3ao.a + azp + aso) (3asy — 2ba2 — 2bo 2 + 4bos + ar,1),
By = (4a1,0+4aso+3bos+ars —4ba1)bso — 4b31ba,0 + 2b3 2041,
Bs = (—4boo—4bas+4bg2 —4bo s +4bag+8bso)bs
+ (4a1,0 +4as0+3bos+ aro —4bg1)bso+ 2bs2bs 1,
Bg = (16b3,0 + 56 bs.0 + 8az1 — Gazs + 12as1 — 8byo + 12514 — 34 b3 )bas
+ (—4bo,o —4bog+8bso —8agy + 16bao +4boo — 4boa)bs
+ (3a12+6a1,0+ 14as0 +3bos + 6bos)bs 2
+ (8ag2 +8b1,1 —12b1 3 — 16 a0 — 32 a4,0)bayo
+ (= 10a12 —56a1,0 — 56 azo — 30bo,3 — 12bo5)bs 0
+ (a1,2 +4a10+4asp +3bo3)as,
+ (—4a12—16a1,0 — 16a30 — 12bg 3)bs,0 — 4(as;1 — 2ba2)aso,
By =(—12ags — 44bs0 + 28b15 — 12b10 — 84bs0 — 2821 + 30 a5 — 48y 4
—12ap,1 +66b32 +12ap,3 — 48 a4’1)b4’1
+ (44bsp — Sass +4ass —30bss —4bys —dags +12by g —4aos
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—4bya+84bsg+4ags +4ag)aro
+ (—4az1 —4aos+30bs0 — 9bsa +daos +dazs — by +24bg g
—4b1o—9as1 +4aos +12b10)bos
+ (f dags +4azs —4as3+12a41 —4bi o +12b14 —30b32
+48bso — dags +12bso — 4by o + dags)bos
(2a0,0 +2a4,0 — 14az2 —6b11 +22b13+2bs1 — 2a02 +2a0,4 + 6a2,0)bz,2
(6bg,2 — 18bgg —2b20 — 6bag+6boo — 12a11 +12a13 — 20as,1)bs 1
(—14b02+30b04—10b20—2b40—2b00+8a11—8a13+20a31)a40
(—6ago+10az2+2by1 —10by3+6ag2 — 6ags — 2az,0)bo2
(6a00710a2276b11+14b1376a02+6a04+2a20)b04
( 2a00+14a22+2b11—18b13+2a02—2a04—6a20)b20
(6ao0 + 14az2+2by,1 —30b13 —6ag2 +6ags +2a2,0)bao
(6ao,0 — 10ag.2 +2by,1 + 6b1,3 —6agz + 6ags +2az0)boo
(41,0 +8b3,0+ 10b50 + ag1 —4br2 +4b14 —9b32)ar
+ (1210 + 44 bg o+ 84bs o+ dass — 12byo + 12by 4 — 46 b3 2)as.,
By = (—4a05—20as1 +26as5 — 48as1 + 20 by — 48b1 4 + 54bs.» — 60bs
—dagy —36by0 —Abio+4ags)bos
+ (48ag5 + 20bs. — 28by.5 + 20 by o+ 28as1 — 5l ass + 60y 4
+20a01 — 30bs 2 — 36ag.5 + 60 a1 )bas
+ (= 20b30 — 20041 — 14023 +40bss — 4by 4 +4az, — 20by g
—4ag3+20b1o+4ags+ 4a0,1)a1,0
+ (2 0,0 +2a40+2a22+2b1 1 —14b1 3 —14bs1 —2a02+2a94 + 6612,0)192,2
+ (= 2bo2 —22bo,a 4 6bag — 2ba g+ 6boo +4ar1 +12a1,3+ 12a31)bsq
+ (8ag,1 —4ags+ 15b50 + 6bs 2 +4ags — 1Taz s+ 11b1 4 + 8b1 2
+6as1 +4ao1 —12b1,0)bos
+ (2bo,2 — 18bg,a — 1020 4+ 30bs,o — 2boo — 16 a1,1 + 28 a13 — 28 az,1)aa,o
+ (= 6ao0+10a22+2by,1 —10b1 5+ 6ag2 — 6ags — 2a2,0)bo,2
+ (6 ap,0 —10ag2 —6b11 +14b1 3 —6ap2 +6ap4 + 2a2,())b0,4
+ (—2a00 —2az2 +2b11 +6b13+2a02 —2ap4 — 6azp)bao
+ (6 apo+14azs —6b11 +18b1 3+ 26ap2 —42ap.4 + 18 a270)b4)0
+ (6 apo —10as2 +2b11 +6b13 —6ap2+6ags+ 2a2,o)bo,o
4+ (—4b1o+5bso—4ass +3ass —10ass +8b1o— 11by 4+ 6b32)ar 2
4+ (—20b1,0 —20b30 —8az +6azs —40as,1 + 28b1 o — 36by,4 + 40b32)as o
+4as(az2 —2a2)),
By = (6ag3+4bs2 —5ags —8bio —40bs g — 84bs o + 16az1 +48ay,
—16b1,2+24b1 4 +24ap3 —40ag5) a1
+ (= 11bs0—9ass+10as: +5bya—4byo+4a0, +S8ass
—4ags+4ags+6bsz—8bgp)arz
+ (60 b1,4 —58ag3 —32b12 +24ap1 +60as1 —30b3 2 +56a95
+32a5, —40a0s + 24bg o + 24by )bo s
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+ (8ag,1 +8az,1 4+ 84b50 — 60ags +30az3 + 24 ags — 42bs
+40b3 o —8b12 + 8b1,0)b4,1

+ (—33bs,0+23a23 +6b3o —5bia —4dags — 1219 +28ap 3

+6as, —12a91 — 24b30)bo 3
(= 16b02+20bgs—12by0—12bs0—2a1,1+2a13—14az1+12bo o+ 16 by ) as s
(—16as0 — 12a4,0 — 12a0,0 + 6b1,1 — 18b13 +2bs1 + 4 a2 + 20 ag,4) b2 2
(—8b1,0—40b3,0—84b50+16az,1 —18az 3+40ays,1 —8by 2424 by 4+20b32)aso
(12 boo —48bg 4 +16by g +8bso —2a11 —18a13 —6az 1 + 8b070)a470
( —4ago—8apo+22b1,1 —46b1,3+50b31 +16ap2 — 8 a0,4)b074
(—2a20+2a00—4b1,1 +4b13—2a02 +2a0.4)a1,3
(—10bg2 — 2bo,g — 2bag + 12a11 +20az,1 — 2bo0)bsa
(—12bg2 +8bao +2a1,1 —6as;1 +8boo)ao,2
(4b2 — 24by9 — 48bso — 2a1,1 +6a3;1)aos
(12 boo+4bsg+2a11 +10as; + 4b0,o)a2,o
(4ao,0 —2b1,1 +18b13)bo,2 + (8o —2b11 + 18b1.3)bao
(—2b1,1 +30b1,3)bao — 2(b1,1 +3b1,3) boo + 2(—a1,1 + 3as,1) o0,

Big = (20 a3 — 16 b172 — 42 b372 — 50,071 + 24 b170 + 40 b370 + 56 b5,0 — 16 az 1

—4as; —8bia—8agz+40 a0,5)a1,0
+ (12b5,0 — 2a23 — b2 — 10by 4 + 5lags + 12b1 9 — 16 ag3 — 8az

—8b12 —9as1 —4ao,1 + 12b30)bo3
+ (4bs,0 4+ 6az3+5as1 +10b1 4 +4bro —4ao1 —8b1+8ags

—1lags —9bs 2 +4bso)ar 2
+ (=24 a0, —32a2,1 —56bs,0 + 30az3 + 24 a3 — 60by4 — 60 a4,

+ 58bs o —40bsg 0 + 32b1,2 — 24 b1 )bay
+ (42 a3 + 8b12 — 8ag,1 —30b32 + 60b50 — 84ap 5

—8ag1 +40ag3 + 24 b3 0 — 8b1,0)bos
+ (= 16Dy +12bg 4 +4bog —20bao +6ar1 — 2a13

+ 18as,1 4+ 12bo,0 — 16ba2)as;

(—16a20 —20as40 —12a90 — 2b11 + 14b13 — 2b31 — 12ag.2 + 12a9.4)ba
(—4boo+48bgs + 16 b g+ 8bao +22a1,1 —50a1 3 + 46 azy + 8bog)aso
(—10a2,0+2agp+12b11 —20b13 — 2ag2 + 2a0,4)a1,3
(12a2,0 —8ag,0 —2b1,1 +6b13 +18b31 + 16 ag,2 — 8ao,4)boa
(—2bo2 —2b20 —2bso—4ar1 —4az1 —2boo)bs 1
(4bo2+8b20—|—48b40—2a11—30a31)a04
(—12bg2 — 24 by +2a11 + 18az1 + 8boo)aos
(24b1,0 4+ 40b30 + 56 b0 + 12as,3 + 20 a1 — 24b15 + 24 by 4 — 50b32)as 0
(12bo,0 +4bsp +2a11 + 18az +4boo)azo + (4ago — 2b1,1 +10b13)bo 2
(8ao,0 —2b1,1 — 6b1,3)bao + (—2b1,1 — 6b13)bayo
—2(—a1,1 +3a3,1)a0,0 —2bo,0(b1,1 + 3b1.3),

n
n
n
N
N
n
n
n
N
N

By = ( —12 a1 — 16 a3 — 40 ag1 + 20 b172 — 20 b174 + 26 b372 + ap,1
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—4byg—4bso —4bs 9 —20ag3 +200a0,5)a1,0
+ (4 ap,1 +20az,1 +4bs0+60ap5 —54az3z —36ap;3
+48b14 +48as1 —26bg o +4b3 0 — 20b1 2+ 4b1,0)bay
4+ (—60b1,44+30as3 +28b12 —20ag1 — 60as; + 54bs
—48bs0 — 28az1 +20ag3 — 36 b3 — 20b1,0)bo 5
(—12bs1—2a204+2a04—6a00+22a40—12b13+6a02+14az2+4b11)ar s
(2a11 + 14ag1 — 2by0 — 2ba g+ 6bo2 — 2boa — 2ba2 — 2bgg)az,
(—2b20—2b22 —2bso+6bo2 —10boa —2a11 +6as1 —2bo0)ao2
(= 6bo,0+26b2o+42bs,0 —6ary — 18azy —30bo s + 182 — 14b22)ao 4
(21)02 —2a17 —6bg,g —6bso—10as; 76b20+10b22+2604)a20
(—4b1o—4bso—4bso—16a21+12a23—44a41+20b1,5—36 b1 4+26b32)as
(2b0,2 — 6b2,0 4+ 18bg 4 — 14 as;y + 10bg 2 —6a11 — 6byo — 6bo0)asp
(4az1—22a23+3as1+4b12+10b1 4+3b32+8ag,1 —20ag3+15ao,5)bo.3
(2b02 —6byp—6bso+2a1,1 —6asz; —6b00—|—10b22)a00
(2a0,0 — 16 b1,1 + 28b1 3 — 2831 )bo 4
( 8az1+6az3 —1las 1 +4bio—10b1 4 +3b32 —4ag1 + 5a075)a172
— (8bo,2 +4b2,2)b1 3,
Big = (—6az3+12b14+12a31 +20a41 +ag1 —4b10 — 4bsp
—4bso—4bya —4b3o +12a03 — 4dao5)a1,0
+ (4ag,1 —4ag1 +4bso —48ags +30az3 + 12ap3 — 12b1 4
—12a4,1 +4bg 2 +4b3o +4b1 o+ 4b10)bay
+ (48b1,4 — 66 az3 — 28b1 0 + 12ag,1 +48as,1 — 30b32
+12b50 + 84ags + 28az1 — 4dags + 12b30 + 121 0)bo 5
—12b31+6a20+6ags—6a0,0+18as0+20b1 3—2a02—2a22—12b1,1)a1 3
—6a1,1 —22a31 — 2bag — 2bao+6bo2 — 2boa + 142 — 2bg0)az 2
—2bog 4 14bg 2 — 2bao +6bo2 — 10bg 4 — 2a11 — 18az;1 — 2bo0)ao,2
—6bo,o — 6bag —6bso+2a11 +30as1 +2boa +2bo2 — 14bo2)aos
2bg,2 —2a1; —6boo — 6bso — 10as;; — 6bag+ 10bas — 14bg.4)as,o
—4byg—4bg—4bso+8asy —18ass + 16as, —4by o+ 12y 4 — 4bgs)agg
2bgs — 6bag —30bgs — 14az; + 10bag — 6ar — 6bag — 6boo)au
2ag,0 +8b1,1 —20b13 + 8b3,1)bo 4
2bo,2 — 6bao — 6bso+2a1,1 —6agy — 6boo + 10b22)aoo
dagy —9ass+4ass +bia+4aos —8aps+10ags)ar s
+ (19 a3 —bia+20a03 — 54 a0,5)b073,

+ o+ o+ o+ +

+
+(
+(
+
+
+
+
+(
+
+(

Bis = (—8ag1 +34az3 —12a41 +8b12 — 12by 4 + 6b3 2 + 16 ag,s — 56 ag,5)bo 5
+ (4ag,0 — 16az2 —4ag2 +8b1 3 —8ags +4azo+4as)ars

+ (—=5bos+3a12—6byy+6a10+6asg)ass

(—16bo2 +32bo,a +8ay,1 +12a31 — 8b22)ag

(26603 —10a1,2 +12bs1 + 16 a1,0)aos + (b1,a + 4aoz)ar 2
(=b1,a —4ao3)boz — (8az2 —4b13)bo 4,
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By = (4@0,0+4 az2+4ap2—8apa+4azo+4 a470)a173+( —by3+4 bo75—|—a172)a075—2 az,3bo 5,

Bis = (—bos +4bos +ai2)aos + 4aosar,s — 2az3bos.
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