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NORM CONVERGENCE FOR SOME CLASSICAL
SUMMABILITY METHODS IN LEBESGUE SPACES



Abstract. In the paper, we prove norm convergence of Norlund means and T-means in Lebesgue
spaces for any 1 < p < oo.
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1 Introduction

Concerning some definitions and notations used in this introduction, we refer to Section 2. Fejér’s
theorem shows that (see, e.g., [1,3,4]) if one replaces ordinary summation by Fejér means o,, defined by

1 n
onfi=—> Sif,
k=1

then for any 1 < p < oo there exists an absolute constant C,, depending only on p such that ||o, f||, <

Coll flp-

If we define the maximal operator o* of Fejér means by
o f :=sup|onf],
neN

then the weak type inequality
. c
plo™f >N < S (> 0)

holds for any integrable function. For example, this result can be found in Zygmund [38] (see also [7,
11]) for trigonometric series, in Schipp [26] for Walsh series and in P4l, Simon [21] (see also [23,35-37])
for bounded Vilenkin series. It follows that the Fejér means with respect to trigonometric and Vilenkin
systems of any integrable function converge a.e. to this function.

In this paper, we consider some more general summability methods, which are called Noérlund
and T-means. In particular, the n-th Norlund mean ¢, and T-mean T,, of the Fourier series of f are
defined, respectively, by

n

1
tnf = ZankSkfa (1.1)
Qn =
1 n—1
Tof == = > akSkf, (1.2)
@n =
-1
where @Q,, := > qx. Here, {gx : k > 0} is a sequence of nonnegative numbers, where gy > 0 and
k=0

lim @, = occ. Then the summability method (1.1) generated by {gx : k > 0} is regular if and only

n—
if (see [13])
lim 2t

n—oo

=0.

n

Moreover, the summability method (1.2) is regular if and only if

lim @, = co.
n—oo
It is well-known (for details, see, e.g., [25]) that every Norlund summability method generated by the
non-increasing sequence (gx, k € N) is regular, but Norlund means generated by the non-decreasing
sequence (qg, k € N) is not always regular. On the other hand, every T-mean generated by the non-
decreasing sequence (g, k € N) is regular, but any T-mean generated by the non-increasing sequence
(gr, k € N) is not always regular. In this paper, we investigate only regular Norlund and T-means.
The convergence almost everywhere (a.e.) and summability of Norlund and T-means were studied
by several authors. Here we mention the works by Bhahota, Persson and Tephnadze [5] (see also
[2,4,12,24]), Tephnadze [28-32], Fridli, Manchanda, Siddiqi [6], Méricz and Siddiqi [14], Nagy [15,16]
(see also [4,17-20,22,25]).
We also define the maximal operator t* of Norlund means by

£ f = sup tnf].
neN
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If {gx : k € N} is non-increasing and satisfies the condition

1 1
@ = O(E) as n — oo, (13)
then the proof of the weak-type inequality
yp{t"f >y} <clfli. feLNGn), y>0, (1.4)

can be found in [23]. When the sequence {g; : k € N} is non-decreasing, then the weak-(1,1) type
inequality (1.4) holds for every maximal operator of Nérlund means. It follows that for such Norlund
means of f € Li(G,,), we have

lim ¢, f(z) = f(z) a.e. on Gp,.

n— oo

Define the maximal operator of T-means by
T*f = sup [T, |
neN

It was proved in [33] that if {g, : k € N} is non-increasing, or if {¢x : k € N} is non-decreasing and
satisfies the condition

Qg?;l = O(%) as n — 0o, (1.5)

then
yu{T*f >y} <c|flr, f€LYGn), y>0.

This implies that for such T-means and for f € L;(G,,), we have

lim T, f(x) = f(z) a.e. on Gpp,.

n—oo
Moricz and Siddigi [14] investigated the approximation properties of some special Nérlund means
of Walsh—Fourier series of LP functions in a norm. In particular, they proved that if f € LP(G,,),
1<p<oo,n=M;+k, 1<k<M;(neNy)and (g, k € N) is a sequence of non-negative numbers
such that

no—1 n—1
o Zq? =0(1) for some 1 < a <2,
then
C n—1 1 )
”tnf - f” < £ Miqn,Miw (—,f) +C, w (7,f),
’ n ; PAM; PEP\ M;

when (gk, k € N) is non-decreasing, while

Cp 1 1
nJ — = A n—>M; —wn—M; ar C FVaE )
10 = Fll < G2 32 (@umrsn = Quossyret)on (57 ) + Co (575 )

when (qi, k € N) is non-increasing.

In this paper, we prove the norm convergence of Norlund and T-means in Lebesgue spaces for
some 1 < p < oo.

The paper is organized as follows. The main results are presented, proved and discussed in Sec-
tion 3. In particular, Theorems 3.1 and 3.2 are the parts of this new approach. The announced results
for Norlund and T-means can be found in Theorems 4.1 and 4.2, respectively. In order not to violate
the presentations in Section 3, we use Section 2 for some necessary preliminaries (e.g., definitions,
notations, lemmas).
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2 Preliminaries

Let N; denote the set of the positive integers, N := N, U {0}. Let m := (mg,mq,...) denote a
sequence of positive integers, not less than 2. Denote by

Ty, i=4{0,1,...,mg — 1}

the additive group of integers modulo my.
Define the group G, as the complete direct product of the group Z,,;, with the product of the
discrete topologies of Z,,,’s. The direct product p of the measures

(7)) = mi (j € Zumy)

is the Haar measure on G,, with u(G,,) = 1. In this paper, we discuss only the bounded Vilenkin
groups, that is,

sup m, < o0o.
neN

The elements of G,, are represented by the sequences z := (2o, z1,...,Zk,...) (Tx € Zpm,). It is
easy to provide a base for the neighborhood of G,,, namely,

I()(LC) = Gm,
I,(z) = {y €Gm | Y0 =20y Yn—1 = xn,l} (x € G, neN).

The intervals I,(z) (n € N, x € G,,) are called Vilenkin intervals. Denote I,, := I,,(0) for n € N and
I, =G\ I. Let
en:=(0,...,0,2, =1,0,...) € Gy, (n€N).

If we define the so-called generalized number system based on m in the following way:
My = 1, Mk+1 = mp M, (]C S N),

then every n € N can be uniquely expressed as
o0
n= anMj, where n; € Z,,, (j €N),
k=0

and only a finite number of n;’s differ from zero. Let |n| := max{j € N, n; # 0}. Defining
I, :=Gp\ I, and

- In(0,...,0,25 #0,0,...,0,2; #0,2141, ..., ZN—1,...) for 0 <k <I<N,
N IN(0,...,0,2 #0,2541 =0,...,2xy_1 = 0,2n,...) for 0<k<l=N,

we have
N-1 N-2 N-1 N-—1
In=J I\ L1 = ( U U I]’i;Z)U< U IJ%N).
s=0 k=0 l=k+1 k=0

Next, we introduce on G,, an orthonormal system, which is called the Vilenkin system. First,
define the complex-valued function ri(z) : Gy, — C, the generalized Rademacher functions as

2
ri(z) == exp ( :Zk) (1> =—-1, € G, kEN).

We define the Vilenkin system v := (¢, : n € N) on G, as

o0

Yn(x) = H ri¥(xz) (neN).

k=0
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Especially, we call this system the Walsh—Paley one if m = 2 (for details, see [10,27]). The Vilenkin
system is orthonormal and complete in L?(G,,) (for details, see, e.g., [1,27,34]).

If f € LY(G,,), we can define the Fourier coefficients, the partial sums of the Fourier series, the
Fejér means, the Dirichlet and Fejér kernels with respect to the Vilenkin system ) in the usual manner:

Fi) = / [Bpdu (k€N),

Gm
n—1 N

Snf =) [f(k)r (n €Ny, Sof:=0),
k=0
1 n—1

Jnf = Skf (TL € N—i—)a
n k=0
n—1

D, := wk? (HEN'F))
k=0
1 n—1

K, :=— Dy, (TL S N+)
n k=0

Recall that (for details, see, e.g., [1,8,9])

M, if z€l,,
Dar, () = {0 if gl

In|

n|Kn| < ¢ M|Kuy|
=0

and

neN

/ K, (z)du(xz) =1, sup / | K ()] du(z) < ¢ < oc.
Gm G

Moreover, if n > ¢, t,n € N, then

M
_— I\ I - I
1—ri(z) x €\ LIip1, ©—xes €1,
Ky, (z)=¢ M, +1 vel (2.1)
2 k) n»y
0, otherwise.

3 Approximation of Vilenkin—Fejér Means

First, we prove the following important result.
Theorem 3.1. Let 1 <p < oo, f € LP(G,,) and n € N. Then

N-1

lonf — fllp < prp<MLN>f) +tcp Z Mﬁjf‘*’p(Mivf)
o s

s=

Proof. Let f € LP(G,,), 1 <p < ooand My <n < My41. Then

lonf = FIp < llonf = onSux fllp + lonSain f = Saan fllp + 1Sarn £ = fllp
= llon(San f = Do + 1Saan f = fllp + llonSuy f = Sy fllp

1
< cop (7o 1) + loSany = Suay fll (3.1)
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By routine calculations, we get

MN n
1 1
OnSunf = Sunf == SiSunf+~ D SiSuyf = Suyf

k=1 k=Mn+1
:—ZSkH— Z Sninf = Suwf =~ ZSkH = Suiy f = Sany f
k=My-+1
MN My M

My My
=——omyf——=8Suyf=—= (Suyony f = Suyf) = —= Suy (ony f = f)-
By using (3.2) and the fact that

||SMNf||p < Cp”f”pa IS Lp(Gm)7 1<p <o,

we find that

lowSans f — Saunll, = (22) | Suss (onin f — 1],
= HSMN UMNf - f)Hp < HUMNf - f”P

Moreover,

orn f () — f(z) = / (F(x — 1) — F(@)) Ky (1) dpt) = / (F(x— 1) — F(2) Kty (£) dpt)

G I
N—-1mgs—1
Y / (F(2— 1) — F@)) sy (8) dp(t) = T +IT.
s=0 ns:lIN(nses)

If we apply (2.1) and generalized Minkowski’s inequality, we get

111l < /fo—t 7@y T du(r) < (7 ,f/MN u(®) < (57 f)
and
N—-1mgs—1
1y < e, 3% / 1£(z — 1) — £(@)l, duct)
sOns—l (nses)
N—1mgs—1 N— 1
<pM ,fd S 77.]0
: ;;;_1/ o) dut z (371

The proof is complete by combining (3.1)—(3.6).
Corollary 3.1. Let f € lip(a, p), i.e

Then )
O(MLN> if a>1,
louf ~ flp =14 0(37-) #a=1,
O(]Wla) if a<l1

N
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Theorem 3.2. Let 1 <p < oo, f € LP(G,,) and

loa, f— f||p = 0(7) as n — oo.

Then f is a constant function.

Proof. Since

om,f—Sm, f=

5
M‘
=
=
5

by using Minkowski’s integral inequality, we get

k=0

Let 0 < j < M,. Then

~ My —1 ~
i) = / b)Y kF k) n() dpa),
G k=0

Then, using the Holder inequality, we obtain

‘JJ?(J” < < / ’Milkﬂk‘)wk(m)‘pdu(x)> v — 0 as n — oo.
k=0

Gm

~

It follows that jf(j) = 0 and

flo) it j=o,
~]o if j#£0.
Then

7~ im S (1= 5 flkyune) = Flo)
k=0

The proof is complete.

4 Norlund and T-means

From Theorem 3.1 immediately follows the following

Corollary 4.1. Let 1 <p < oo, f € L?(G,,) and n € N. Then
lonf — fllp =0 as n — oo.

Based on Corollary 4.1, we can prove our next main result.

Theorem 4.1.

M, —1
| kFww] < Maloas, = Fl+ MallSar,S = Fly < 2Mullong, £ = fly 0 as 0= oc.

(a) Lett, be a regular Norlund mean generated by the non-decreasing sequence {qi : k € N}. Then

for any f € LP(G,,), where 1 < p < oo,

lim ||t,f(z) — f(z)]|, =0 as n — oo.
n—oo

(b) Let t,, be Norlund mean generated by the non-increasing sequence {qi :

condition (1.3). Then for any f € LP(G,,), where 1 < p < oo,

ILm ltnf(z) — f()]lp = 0 as n — occ.

k € N} satisfying
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Proof. (a) Suppose that
Jim_{jog f(x) = f(2)]lp = 0.
If we invoke the Abel transformation, we get the following identities:
n—1 n n—1
Qn = Z 4G = an—j 1= ) (Gqn—j — Gn—j—1)j +qon (4.1)
j=0 j=1 j=1
and
1 n—1
tnf = Qﬁ ( Z qn—j — Qn—j—l)jajf + QOnUnf)- (42)

Combining (4.1) and (4.2), we can conclude that

1 n—1
(@) = £@l < 5 (X 00 = tnms-0ill035@) = Sl + aonlonf(@) £, )
< 13 l(qnfj — Gujor)jay + 2O T,
Q2 Qr
where
ap = |lonf(z) — f(z)|l, = 0 as n — oo.

Since t,, are regular Norlund means generated by the sequence of non-decreasing numbers {qi : k& € N},
we obtain

no
IIgMSCan—)O as n — oo.
n

Moreover, since a,, converges to 0, we find that there exists an absolute constant A such that
an, < A for any n € N, and for any € > 0, there exists Ny € N such that «,, < & when n > Ny. Hence

No

1 . 1 n—1 '
I'= on > (Gn-j = tnj-1)jo; + on Y (g = Gu—j—1)jey ==L + L.
=1 ™ j=No+1
Since o, < A, we obtain
No
1 . ANogn 1
I = —Z(qn,j — Gn—j—1)joy < £2700n -1 — 0 as n — oo.
Qn & Qu
Moreover, by (4.1),
1 n—1
I, = 0 Z (Gn—j — Gn—j-1)jo;
™ j=No+1
c n—1 c n—1
S Qf Z (anj - anjfl)j S Q Z(Qnﬁ - anjfl)j <e.
" j=No+1 " j=0

We conclude that I — 0, as well. Thus the proof of a) is complete.

(b) In view of condition (1.3), the proof of part b) is step by step analogous to that of part (a),
so, we omit the details. O
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Corollary 4.2.

(a) Lett, be a regular Norlund mean generated by the non-decreasing sequence {qi : k € N}. Then
for some f € LP(G,,), where 1 < p < oo,

lim ||t,f(z) — f(z)||[, =0 as n — oo.
n—oo
(b) Let t, be Nérlund mean generated by the non-increasing sequence {qr : k € N} satisfying
condition (1.3). Then, for some f € LP(G,,), where 1 < p < oo,

1i_{n ltnf(z) — f(x)]lp = 0 as n — oco.

Analogously, we can state the following results for T-means with respect to Vilenkin systems.
Theorem 4.2.

(a) Let T, be a regular T-mean generated by the non-increasing sequence {qx : k € N}. Then for
any f € LP(G,,), where 1 < p < oo,

lim |7, f(z) — f(2)|[, = 0 as n — oc.
n—oo
(b) Let T,, be T-mean generated by the non-decreasing sequence {qx : k € N} satisfying condition
(1.5). Then for any f € LP(Gy,), where 1 < p < oo,

lim |7, f(z) — f(x)|l, = 0 as n — oco.

n—oo
Proof. The proof is step by step analogous to that of Theorem 4.1, so we omit the details. We just
need to replace condition (1.3) by condition (1.5) in the proof. O
Corollary 4.3.

(a) Let T,, be a regular T-mean generated by the non-increasing sequence {qi : k € N}. Then for
any f € LP(G,,), where 1 < p < oo,

lim |7, f(z) — f(z)|[, = 0 as n — oo.
n—oo

(b) Let T,, be T-mean generated by the non-decreasing sequence {qi : k € N} satisfying condition
(1.5). Then for any f € LP(G,,), where 1 < p < oo,

lim |7, f(z) — f(x)|l, = 0 as n — oco.

n—oo
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