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Abstract. The sufficient conditions for the existence of an asymptotically stable invariant toroidal
manifolds of linear extensions of dynamical system on torus are obtained in the case where the matrix
of the system commutes with its integral. New theorem requires the conditions to hold only in a
nonwandering set of the corresponding dynamical system in order to guarantee the existence and
stability of the invariant manifold. Additionally, the proposed approach is applied to the investigation
of invariant sets of a certain class of discontinuous dynamical systems.
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ÒÄÆÉÖÌÄ. ÃÀÃÂÄÍÉËÉÀ ÃÉÍÀÌÉÊÖÒÉ ÓÉÓÔÄÌÉÓ ßÒ×ÉÅÉ ÂÀ×ÀÒÈÏÄÁÉÓ ÀÓÉÌÐÔÏÔÖÒÀÃ ÌÃÂÒÀÃÉ
ÉÍÅÀÒÉÀÍÔÖËÉ ÔÏÒÏÉÃÖËÉ ÌÒÀÅÀËÓÀáÄÏÁÄÁÉÓ ÀÒÓÄÁÏÁÉÓ ÓÀÊÌÀÒÉÓÉ ÐÉÒÏÁÄÁÉ ÔÏÒÆÄ ÉÌ
ÛÄÌÈáÅÄÅÀÛÉ, ÒÏÝÀ ÓÉÓÔÄÌÉÓ ÌÀÔÒÉÝÀ ÌÉÓÉ ÉÍÔÄÂÒÀËÉÓ ÊÏÌÖÔÀÔÉÖÒÉÀ. ÉÍÅÀÒÉÀÍÔÖËÉ
ÌÒÀÅÀËÓÀáÄÏÁÉÓ ÀÒÓÄÁÏÁÉÓÀ ÃÀ ÌÃÂÒÀÃÏÁÉÓÈÅÉÓ ÀáÀË ÈÄÏÒÄÌÀÛÉ ÌÏÉÈáÏÅÄÁÀ ÂÀÒÊÅÄÖËÉ
ÐÉÒÏÁÄÁÉÓ ÛÄÓÒÖËÄÁÀ ÛÄÓÀÁÀÌÉÓÉ ÃÉÍÀÌÉÊÖÒÉ ÓÉÓÔÄÌÉÓ ÌáÏËÏÃ ÀÒÀÌÏáÄÔÉÀËÄ ÓÉÌÒÀÅËÉÓ
ÛÄÌÈáÅÄÅÀÛÉ. ÛÄÌÏÈÀÅÀÆÄÁÖËÉ ÌÉÃÂÏÌÀ ÂÀÌÏÚÄÍÄÁÖËÉÀ ßÚÅÄÔÉËÉ ÃÉÍÀÌÉÊÖÒÉ ÓÉÓÔÄÌÄÁÉÓ
ÂÀÒÊÅÄÖËÉ ÊËÀÓÉÓ ÉÍÅÀÒÉÀÍÔÖËÉ ÓÉÌÒÀÅËÄÄÁÉÓ ÂÀÌÏÊÅËÄÅÉÓÈÅÉÓ.
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1 Introduction and preliminaries
One of the important questions within mathematical theory of multi-frequency oscillations is the
problem of the existence and stability of invariant toroidal manifolds of the systems of differential
equations that are defined in the direct product of a torus and Euclidean space. Such manifolds serve
as carriers of multi-frequency oscillations in the system. The basics of this theory are systematically
developed in [8, 13].

In this paper, we establish new sufficient conditions for the existence of an asymptotically stable
invariant torus of a particular class of dynamical systems subjected to Lappo–Danilevskii condi-
tion [1, Chap. II, § 13]. We propose an approach that relaxes conventional constraints and requires
the conditions to hold only in nonwandering set of the corresponding dynamical system in order to
guarantee the existence and stability of invariant manifold. This extends the result in [3], where the
analogous conditions are being imposed on the whole surface of the torus. In the last section, we
extend this approach to a certain class of discontinuous dynamical system [4] defined in the direct
product of a torus and Euclidean space.

We consider the following system of ordinary differential equations defined in the direct product
of a torus Tm and Euclidean space Rn

dφ

dt
= a(φ) ,

dx

dt
= P (φ)x+ f(φ), (1.1)

where φ = (φ1, . . . , φm)T ∈ Tm, x = (x1, . . . , xn)
T ∈ Rn, P (φ), f(φ) ∈ C(Tm); C(Tm) stands for a

space of continuous 2π-periodic with respect to each of the component φv, v = 1, . . . ,m, functions
defined on the m-dimensional torus Tm. The function a(φ) ∈ C(Tm) and satisfies the Lipschitz
condition

∥a(φ′′)− a(φ′)∥ ≤ L∥φ′′ − φ′∥ (1.2)

for any φ′, φ′′ ∈ Tm and some positive constant L > 0.
Condition (1.2) guarantees that the system

dφ

dt
= a(φ) (1.3)

generates a dynamical system on the torus Tm, which we will denote as φt(φ).
Along with system (1.1), we consider a linear system of equations

dx

dt
= P (φt(φ))x+ f(φt(φ)), (1.4)

that depends on φ ∈ Tm as a parameter.

Definition 1.1 ([13]). A manifold M is called an invariant manifold of system (1.1) if M is defined
by x = u(φ), φ ∈ Tm, with the function u(φ) ∈ C(Tm) such that x(t, φ) = u(φt(φ)) is a solution to
(1.4) for any φ ∈ Tm.

The main approach to investigate the properties of invariant toroidal manifolds of system (1.1)
is based on the notion of a Green–Samoilenko function [13]. Consider the homogeneous system of
differential equations

dx

dt
= P (φt(φ))x, (1.5)

that depends on φ ∈ Tm as a parameter and denote by Ωt
τ (φ) the fundamental matrix of (1.5)

satisfying Ωτ
τ (φ) ≡ E.

Let C(φ) be a matrix from the space C(Tm). Denote

G0(τ, φ) =

{
Ω0

τ (φ)C(φτ (φ)), τ ≤ 0,

−Ω0
τ (φ)(E − C(φτ (φ))), τ > 0.
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Definition 1.2 ([13]). The function G0(τ, φ) is called a Green–Samoilenko function of the system

dφ

dt
= a(φ),

dx

dt
= P (φ)x,

if
+∞∫
−∞

∥G0(τ, φ)∥ dτ is bounded uniformly with respect to φ,

sup
φ∈Tm

+∞∫
−∞

∥G0(τ, φ)∥ dτ < ∞.

The existence of the Green–Samoilenko function guarantees the existence of an invariant toroidal
manifold of system (1.1) for any inhomogeneity f(φ) ∈ C(Tm) and can be presented as [13]

x = u(φ) =

+∞∫
−∞

G0(τ, φ)f(φτ (φ)) dτ, φ ∈ Tm.

2 Main results
Consider system (1.1) for the case when the matrix P (φt(φ)) commutes with its integral (the so-called
Lappo–Danilevskii case [1, Chap. II, § 13]): for any t ≥ τ ,

P (φt(φ))

t∫
τ

P (φt1(φ)) dt1 =

t∫
τ

P (φt1(φ)) dt1 · P (φt(φ)). (2.1)

Then the equality
Ωt

τ (φ) = e
∫ t
τ
P (φt1

(φ)) dt1

is actually the fundamental matrix of the homogeneous system (1.5) that depends on φ ∈ Tm as a
parameter. Really, taking into account that

d

dt

t∫
τ

P (φt1(φ)) dt1 = P (φt(φ)),

we have
d

dt
Ωt

τ (φ) = e
∫ t
τ
P (φt1

(φ)) dt1P (φt(φ)) = P (φt(φ))e
∫ t
τ
P (φt1

(φ)) dt1 = P (φt(φ))Ω
t
τ (φ).

Additionally, Ωτ
τ (φ) = E.

Note also [2] that a (2× 2)-matrix of the form

P (φt(φ)) =

[
p(φt(φ)) q(φt(φ))
q(φt(φ)) p(φt(φ))

]
satisfies the Lappo–Danilevskii condition (2.1).

Definition 2.1 ([9]). A point φ ∈ Tm is called a wandering point of the dynamical system (1.3) if
there exist a neighbourhood U(φ) and a time T = T (φ) > 0 such that

U(φ) ∩ φt(U(φ)) = ∅ ∀ t ≥ T.

Let W be a set of all wandering points of the dynamical system (1.3) and let M = Tm \W be a
set of all nonwandering points. Since Tm is a compact set, it is known [9] that M ̸= ∅ is invariant
and compact subset of Tm. Moreover, the following theorem holds.
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Theorem 2.1 ( [9]). For any ε > 0, there exists T (ε) > 0 such that for any φ /∈ M , the corre-
sponding trajectory φt(φ) remains outside the ε-neighbourhood of nonwandering set M for a time, not
exceeding T (ε).

Now we are in position to state the main result of the paper.

Theorem 2.2. Let the Lappo–Danilevskii condition (2.1) hold and uniformly with respect to φ ∈ Tm

there exist

lim
t→∞

1

t

t∫
0

P (φs(φ)) ds := A(φ). (2.2)

If for every φ ∈ M
Reλ(A(φ)) < 0 (2.3)

for all eigenvalues λ(A(φ)) of the matrix A(φ), then system (1.1) has an asymptotically stable invariant
toroidal manifold for any f(φ) ∈ C(Tm).

Proof. From condition (2.1) it follows that for t ≥ s ≥ 0,

P (φt(φ))

t∫
s

P (φt1(φ)) dt1 =

t∫
s

P (φt1(φ)) dt1 · P (φt(φ)). (2.4)

After differentiating equality (2.4) by s, we get P (φt(φ))P (φs(φ)) = P (φs(φ))P (φt(φ)). Hence,

t∫
τ

P (φt1(φ)) dt1 ·
1

s

s∫
τ

P (φt2(φ)) dt2 =
1

s

t∫
τ

s∫
τ

P (φt1(φ))P (φt2(φ)) dt2 dt1

=
1

s

t∫
τ

s∫
τ

P (φt2(φ))P (φt1(φ)) dt2 dt1 =
1

s

s∫
τ

P (φt2(φ)) dt2 ·
t∫

τ

P (φt1(φ)) dt1.

Taking the limit s → ∞ in the last equality, we get
t∫

τ

P (φt1(φ)) dt1 ·A(φ) = A(φ) ·
t∫

τ

P (φt1(φ)) dt1. (2.5)

It means that the limit matrix A(φ) commutes with its integral
t∫
τ

P (φt1(φ)) dt1.

Due to (2.2), we may introduce the matrix B such that

1

t

t∫
0

P (φt1(φ)) dt1 = A(φ) +B(t, φ),

where
sup

φ∈Tm

∥B(t, φ)∥ −→ 0, t → ∞.

The next step of the proof is to prove that the matrices A(φ) and B(t, φ) commute. Indeed, from
(2.5) we get

A(φ) ·B(t, φ) = A(φ) ·
[
1

t

t∫
τ

P (φt1(φ)) dt1 −A(φ)

]

=
1

t

t∫
τ

P (φt1(φ)) dt1 ·A(φ)−A2(φ) = B(t, φ)A(φ).
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Then from the equality
t∫

0

P (φs(φ)) ds = A(φ) · t+B(t, φ) · t

we derive that the fundamental matrix of the homogeneous system (1.5) has a representation

Ωt
0(φ) = e

∫ t
0
P (φt1 (φ)) dt1 = etA(φ)+tB(t,φ) = etA(φ) · etB(t,φ). (2.6)

The aim of the further steps of the proof is to prove that condition (2.3) guarantees the following
estimate

∥Ωt
0(φ)∥ ≤ Ke−ηt ∀ t ≥ 0, (2.7)

for any φ ∈ Tm and for some positive constants K, η > 0 which do not depend on φ ∈ Tm.
Due to the uniformity of the limit in (2.2), we find that

mapφ 7−→ A(φ) is continuous on Tm.

Then, from [5], the eigenvalues of A(φ) depend continuously on φ. Hence, from (2.3), it follows that
there exist γ > 0 and ε ∈ (0, γ) such that

∀φ ∈ Oε(M), Reλ(A(φ)) < −2γ,

where Oε(M) is an ε-neighbourhood of M .
By a picked ε > 0, we choose T1 = T1(ε) such that

sup
φ∈Tm

∥B(t, φ∥ < ε ∀ t ≥ T1. (2.8)

Next we prove that there exists K1 > 0 such that for any φ ∈ Oε(M) and for any t ≥ 0 the
inequality

∥eA(φ)t∥ ≤ K1 · e−γt (2.9)
holds.

Choose some φ0 ∈ Oε(M). Due to the properties of the exponent, there exists C(φ0) > 0 such
that for any t ≥ 0,

∥eA(φ0)t∥ ≤ C(φ0)e
− 3γ

2 t. (2.10)
Due to the continuity of A(φ), there exists δ = δ(φ0) > 0 such that for any φ ∈ Oδ(φ0),

∥A(φ)−A(φ0)∥ <
γ

2C(φ0)
. (2.11)

The matrix X(t) = eA(φ)t is a solution to the Cauchy problem{
Ẋ = A(φ0)X + (A(φ)−A(φ0))X,

X(0) = E.

Using the variation of the constant method, we obtain

X(t) = eA(φ0)t +

t∫
0

e(t−s)A(φ0) · (A(φ)−A(φ0))X(s) ds.

Then from (2.10), (2.11) we get

∥X(t)∥ ≤ C(φ0)e
− 3γ

2 t +

t∫
0

e−
3γ
2 (t−s) · γ

2
· ∥X(s)∥ ds,

∥X(t)∥ · e
3γ
2 t ≤ C(φ0) +

t∫
0

γ

2
· e

3γ
2 s∥X(s)∥ ds.
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Applying the Gronwall inequality to the last inequality, we finally get

∀ t ≥ 0, ∀φ ∈ Oδ(φ0) ∥eA(φ)t∥ ≤ C(φ0)e
−γt.

From a cover {Oδ(φ0)(φ0)}φ0∈Oε(M)
of the compact set Oε(M) let us pick a finite subcover

{Oδ(φi)(φi)}Ni=1. Letting K1 = max
1≤i≤N

C(φi), we get (2.9).

Finally, for φ ∈ Oε(M), due to equality (2.6) and inequalities (2.8), (2.9), we get: for all t ≥ T1,∥∥e∫ t
0
P (φs(φ)) ds

∥∥ = ∥eA(φ)t+B(t,φ)t∥ ≤ K1e
(−γ+ε)t. (2.12)

In the case for φ /∈ Oε(M), we use Theorem 2.1, which says that there exists τ = τ(φ, ε) < T (ε) such
that φτ (φ) ∈ Oε(M). Hence, for t > T (ε) + T1,

∥∥e∫ t
0
P (φs(φ)) ds

∥∥ =
∥∥e∫ τ

0
P (φs(φ)) ds · e

∫ t
τ
P (φs(φ)) ds

∥∥ ≤ ed·T (ε) ·
∥∥e∫ t−τ

0
P (φs(φτ (φ))) ds

∥∥
≤ ed·T (ε)K1e

(−γ+ε)(t−τ) ≤ e(d+γ)·T (ε)K1e
(−γ+ε)t, (2.13)

where d = max
φ∈Tm

∥P (φ)∥.
From estimates (2.12), (2.13) we derive the desired inequality (2.7).

From (2.7) it directly follows that the function G0(τ, φ) =

{
Ω0

τ (φ), τ ≤ 0,

0, τ > 0
satisfies the estimate

∥G0(τ, φ)∥ ≤ Ke−η|τ |, τ ∈ R, and it is a Green–Samoilenko function of the invariant tori problem.
Moreover, estimate (2.7) is sufficient for the existence of an asymptotically stable invariant toroidal
manifold of system (1.1) of the form

x = u(φ) =

0∫
−∞

Ω0
τ (φ)f(φτ (φ)) dτ, φ ∈ Tm.

This completes the proof.

Remark 2.1. From the proof of Theorem 2.2 it follows that the constant η > 0 in (2.7) can be
chosen as

η = −max
φ∈M

max
j=1,...,n

Reλj(A(φ))− ε,

where ε > 0 is arbitrarily small.

Remark 2.2. Since ∀ t ≥ τ , ∀ θ ∈ R Ωt
τ (φθ(φ)) = Ωt+θ

τ+θ(φ), from (2.7) it follows that

∀ t ≥ τ, ∀φ ∈ Tm ∥ Ωt
τ (φ) ∥≤ Ke−η(t−τ).

Example 2.1. Consider the following system:

dφ

dt
= − sin2

(φ
2

)
,

dx1

dt

dx2

dt

 =

(
− cosφ sinφ
sinφ − cosφ

)
x+

(
f1(φ)
f2(φ)

)
,

(2.14)

where φ ∈ T1, x = (x1, x2) ∈ R2, f(φ) = (f1(φ), f2(φ)) ∈ C(T1).

Note that the symmetric matrix P (φ) =

(
− cosφ sinφ
sinφ − cosφ

)
satisfies the Lappo–Danilevskii con-

dition (2.1).
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For the dynamical system dφ
dt = − sin2(φ2 ) on the torus T1, the set M of nonwandering points

consists of a single point φ = 0. The point φ = 0 is a fixed point, and all other trajectories tend to 0
as t → +∞. Hence, uniformly with respect to φ ∈ T1,

lim
t→∞

P (φt(φ)) = lim
t→∞

(
− cos(φt(φ)) sin(φt(φ))
sin(φt(φ)) − cos(φt(φ))

)
=

(
−1 0
0 −1

)
and

A = lim
t→∞

1

t

t∫
τ

P (φt1(φ)) dt1 =

(
−1 0
0 −1

)
.

Since

ReλjA = Reλj

(
−1 0
0 −1

)
= −1 < 0, j = 1, 2,

system (2.14) satisfies the conditions of Theorem 2.2 and has an asymptotically stable invariant
toroidal manifold.

3 Application to discontinuous dynamical systems
Let us apply the proposed approach to a certain class of discontinuous dynamical systems [6,7,12,14]

dφ

dt
= a(φ), φ ∈ Tm,

dx

dt
= P (φ)x+ f(φ), φ ̸∈ Γ,

∆x
∣∣
φ∈Γ

= I(φ)x+ g(φ),

(3.1)

where Γ ⊂ Tm, a(φ) ∈ C(Tm) satisfies (1.2), P (φ), f(φ) ∈ C(Tm), I(φ), g(φ) ∈ C(Γ).
We assume that the set Γ is a smooth submanifold of a torus Tm of dimension m−1 and is defined

by the equation Φ(φ) = 0, where Φ(φ) is a continuous scalar 2π-periodic with respect to each of the
components φv, v = 1, . . . ,m, function.

Denote by ti(φ), i ∈ Z, the solutions of the equation Φ(φt(φ)) = 0, which are the moments of
impulsive perturbations in system (3.1). We assume that for every φ ∈ Tm the corresponding solutions
t = ti(φ) exist, lim

i→±∞
ti(φ) = ±∞, and uniformly with respect to t ∈ R and φ ∈ Tm,

lim
T→±∞

i(t, t+ T )

T
= p < ∞, (3.2)

where i(a, b) is the number of points ti(φ) in the interval (a, b).
Along with system (3.1), we consider a linear system

dx

dt
= P (φt(φ))x+ f(φt(φ)), t ̸= ti(φ),

∆x
∣∣
t=ti(φ)

= I(φti(φ)(φ))x+ g(φti(φ)(φ)),
(3.3)

that depends on φ ∈ Tm as a parameter.
Let CΓ(Tm) be a space of piecewise continuous 2π-periodic with respect to each of the components

φv, v = 1, . . . ,m, functions that are defined on the m-dimensional torus Tm.

Definition 3.1. A set M is called an invariant set of system (3.1) if M is defined by x = u(φ), φ ∈ Tm,
where a piecewise continuous function u(φ) ∈ CΓ(Tm) is such that x(t, φ) = u(φt(φ)) is a solution to
(3.3) for any φ ∈ Tm.
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The problems of the existence and stability of invariant toroidal sets of (3.1) have been studied
in [10,11]. Consider the homogeneous system of equations

dx

dt
= P (φt(φ))x, t ̸= ti(φ),

∆x
∣∣
t=ti(φ)

= I(φti(φ)(φ))x.
(3.4)

Let Xt
τ (φ) be a fundamental matrix of (3.4) with Xτ

τ (φ) ≡ E.
Let C(φ) be some matrix from the space CΓ(Tm). Denote

G0(τ, φ) =

{
X0

τ (φ)C(φτ (φ)), τ ≤ 0,

−X0
τ (φ)(E − C(φτ (φ))), τ > 0.

Definition 3.2. A function G0(τ, φ) is called a Green–Samoilenko function of the impulsive system

dφ

dt
= a(φ), φ ∈ Tm,

dx

dt
= P (φ)x, φ ̸∈ Γ,

∆x
∣∣
φ∈Γ

= I(φ)x,

if
∥Xt

τ (φ)∥ ≤ Ke−η|t−τ |, t, τ ∈ R, (3.5)

for some K ≥ 1, η > 0, not depending on φ ∈ Tm.

Then the invariant toroidal set of system (3.1) can be presented as

x = u(φ) =

+∞∫
−∞

G0(τ, φ)f(φτ (φ)) dτ +
∑

−∞<ti(φ)<∞

G0(ti(φ) + 0, φ)g(φti(φ)(φ)), φ ∈ Tm.

Conditions (3.2), (3.5) guarantee the convergence of the integral and sum. Hence, the existence of the
Green–Samoilenko function G0(τ, φ) is a sufficient condition for the existence of invariant toroidal set
of system (3.1).

Theorem 3.1. Let for system (3.1) conditions (3.2) hold, the matrix P (φ) satisfy conditions (2.1)
and (2.2), the matrices A(φ) and I(φ) commute ∀φ ∈ Tm and, additionally,

γ + p lnα < 0,

where
γ = max

φ∈M
max

j=1,...,n
Reλj(A(φ)), α = sup

φ∈Γ
∥E + I(φ)∥.

Then system (3.1) has an asymptotically stable invariant toroidal set.

Proof. Choose ε > 0 such that γ + p lnα+ 3ε < 0. The fundamental matrix of the impulsive system
(3.4) can be presented in the form [14]

Xt
0(φ) = Ωt

ti(φ)(φ)
∏

0<tj(φ)<ti(φ)

(
E + I(φtj(φ)(φ))

)
Ω

tj(φ)

tj−1(φ)(φ), (3.6)

where t0(φ) = 0, ti(φ) < t ≤ ti+1(φ), Ωt
τ (φ) is the fundamental matrix of unperturbed system for

which the estimate
sup

φ∈Tm

∥Ωt
τ (φ)∥ ≤ K1e

(γ+ε)(t−τ) for t ≥ τ (3.7)
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holds with an arbitrarily small ε and some constant K1 = K1(ε) > 0 (see Remark 2.1). Due to (2.6),
we have

Ωt
τ (φ) = e

t∫
τ

P (φt1
(φ)) dt1

= e(t−τ)A(φτ (φ)) · e(t−τ)B(t−τ,φτ (φ)).

From a commutativity of the matrices A(φ) and I(φ) it follows that matrices E+ I(φtj−1
(φ)) and

Ω
tj(φ)

tj−1(φ)(φ) commute. Then from representation (3.6) and estimates (3.7), (2.8) we get the estimate

∥Xt
0(φ)∥ ≤ K2e

(γ+2ε)tαi(0,t) for t ≥ 0,

where K2 = K2(ε) > 0 does not depend on φ.
From the existence of the uniform limit (3.2) it follows that there exists some K3 = K3(ε) ≥ 1,

not depending on φ, such that αi(0,t) ≤ K3e
(ε+p ln α)t. Then for the fundamental matrix we get the

estimate
∥Xt

0(φ)∥ ≤ K · e(3ε+γ+p ln α)t for t ≥ 0,

where K = K(ε) > 0 does not depend on φ. This means that the function G0(τ, φ) =

{
X0

τ (φ), τ ≤ 0,

0, τ > 0

is a Green–Samoilenko function of the invariant tori problem. Hence, system (3.1) has an asymptoti-
cally stable invariant toroidal set defined by

x = u(φ) =

0∫
−∞

X0
τ (φ)f(φτ (φ)) dτ +

∑
−∞<ti(φ)<0

X0
ti(φ)+0(φ)g(φti(φ)(φ)), φ ∈ Tm.

This completes the proof.
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