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Abstract We prove a comparison theorem for the mild solutions (solutions) of Cauchy problems
for two stochastic integro-differential equations of reaction-diffusion type with delay. According to
our result, if f; > fo, then u; > us with probability one.

1 Introduction

We study the following Cauchy problems for two neutral partial stochastic integro-differential equa-
tions of reaction-diffusion type

d<ui(t,$) +R[bi(t,:z:,ui(t—r,£),£) d£> = (Azu(t, @) + fi(t, ui(t — r,x), x)) dt

+o(t,x)dW(t,z), 0<t<T, xeRY iec{l,2}, (1.1)
wi(t, ) = ¢i(t,x), —r<t<0, zeRy r>0, ie{l,2}, (1.1%)

d
where A, = 2 e {1,...,d}, W is Lo(R%)-valued Q-Wiener process, f; : [0,T] x R x R — R,
i=1

axf ’
i€{1,2},0:[0,T] xR > Randb; : [0,T] x RIxRxR? = R, i € {1,2}, are some given functions
to be specified later, and ¢; : [-r,0] x R? = R, i € {1,2}, are initial-datum functions.

A problem of comparison of solutions to stochastic differential equations in finite-dimensional
case has firstly arised in [8]. It has been proved in this work that under certain assumptions the
solution is monotonously non-decreasing function from “drift”-coefficient f. Variations of this result
have been proposed in the works [1-4,6,7]. In [5] the proof of comparison theorem for solutions to
the Cauchy problem for stochastic differential equations with multidimensional Wiener processes
in Hilbert space is given. Our aim was to prove the comparison theorem for solutions of problem
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(1.1), (1.1%*) using the idea from this work. This result plays an important role when studying the
existence of solutions to the Cauchy problem for stochastic differential equations with non-Lipschitz
conditions on “drift”-coefficients.

2 Formulation of the problem

Throughout the article (2, 7, P) will note a complete probability space. Let {e,(x), n € {1,2,...}}

be an orthonormal basis on Lo(R?) such that sup esssup|e,(x)| < 1. We define a Q-Wiener
nef1,2,..} zeRd

Ly(R%)-valued process
W(t,z) =Y/ Anen(@)Ba(t), t>0, xR,
n=1

where {8, (t), n € {1,2,...}} C R are independent standard one-dimensional Brownian motions
e8]

ont>0,{\, n€{l,2,...}}is a sequence of positive numbers such that A = > A, < co. Let
n=1

{Fi, t > 0} be a normal filtration on F. We assume that W (¢, - ), t > 0, is F;-measurable and the

increments W (¢t + h, -) — W(t, - ) are independent of F; for all h > 0 and ¢t > 0. Throughout the

article Lo(R?) will note real Hilbert space with the norm

1l oty = ( [ 7w dx)?
Rd

Let the following seven assumptions be true.

(1) fi:[0,T] xRxRE =R, i€ {1,2}, 0:[0,T] x RT = R, b; : [0,T] x R x xR x R? - R,
i € {1,2}, are measurable with respect to all of their variables functions, b;, i € {1,2}, are
continuous in the first argument;

(2) ¢i(t,z,w) : [=7r,0] x RY x Q = Ly(RY), i € {1,2}, are Fy-measurable random variables with
almost surely continuous paths and such that

51<1§3<0E||¢Z~(t, ')H%Q(Rd) < oo, 1€{1,2};
(3) b, € {1,2}, are uniformly continuous in the first argument and satisfy the Lipshitz condition
in the third argument of the form
it 2,0, €)—bilt, 2,0, )| Ut 2, Olu—v], OZET, {,€}CRY, {w,v}CR, ie{1,2},
where [ : [0,7] x R? x R? — [0, 00) is such that

1
sup / /lz(t,x,é) dédx < oo, sup /</l2(t,:r,£) d£) dr < = ;
ose<TJ A\l 0<t<T 4
R

Re R

(4) there exists a function y : R? x R? — [0, 00), satisfying the conditions

[ [ 1) dedo <, /(/X(w,ﬁ)dﬁ)Qd:n<oo,
S

Rd Rd
such that

sup |bi(t,z,0,)| < x(x,€), 0<t<T, zeR? £eR ie{1,2}
0<t<T
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there exists a function 7 : [0, 7] x R? — [0, 00) with

sup [ (6,6 dé < oc,
0<t<T g
R

such that the following linear-growth and Lipschitz conditions are valid
|fi(t,u, )| < n(t,z) + Lul, 0<t<T, ueR, z¢€ R? e {1,2},
filt,u,2) — fi(t,v,2)| < Llu—v|, 0<t<T, {u,0} CR, xR, ie{1,2};
the following condition is valid for o

sup [lo(t, )2, ) < o0
0<t<T

for any = € R? there exist 9,b, D2b, and for Vb and D2b the following linear-growth condition
with respect to the third argument is true

\be(t,x,u,ﬁ)] + “ng(t,l',u,é-)”d < ¢(t7$7§) (1 + ‘UD, 0 <t < T7 {xag} C Rdv (S R7
for D2b — the following Lipschitz condition
HD2 (t,x,u,&) — D2b(t, x,v, ) Hd<1/1tx§]u—v] 0<t<T, {z,} CRY {u,v} CR,

where v : [0,T] x R x RY — [0, 00) is such that

OiltlgT/</1/1tx§d§> dz < oo, 0;%// (t,z,€) d¢ dz < oo,

and besides for any point o € R there is its neighborhood Bj(xg) and a nonnegative function
 such that

sup Qp(ta : 71.075) € LQ(Rd) N Ll(Rd)7 6> 07
0<t<T

‘w(t,.ﬁ,g)—w(t,iUo,g)‘S@(t,f,$0,6)|$—$0|, 0<t<T, |x—x0|<5, geRd'

Our main result is the following comparison theorem.

Theorem. Suppose assumptions (1)—(7) are satisfied and

(1)

(2)

the initial-datum functions ¢;, i € {1,2}, satisfy the condition

p1(t,x) > go(t,z), 0<t<T, zeR%

the functions b;, i € {1,2}, satisfy the conditions

b1(0,x, ¢o(—7,€),€) = ba(0, 2, ¢o(—1,6),€), {z,£} CRY,

b1(0, 2, 1 (—r,€),€) = by(0, z, 1 (=7, ), &), {x, &} CRY,

b1(0, 2, ¢1(=7,€),€) = b1(0, 2, ¢2(—7,),€), {x,&} CRY,
byt u, &) < bo(t,z,u, &), 0<t<T, {z,6} CRY wekR;
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(3) for the “drift”-functions fi(t,u,z) > fo(t,u,z), 0 <t <T,ucR, z € R?
Let one of the following conditions be true:
(M1) by is monotonously non-increasing, fi is monotonously non-decreasing with respect to u;
(M2) by is monotonously non-increasing, fo is monotonously non-decreasing with respect to u.

Then with probability one the solutions of (1.1), (1.1%) satisfy

ui(t,x) > uo(t,z) z€RY 0<t<T.

References

[1] R.F. Curtain and A. J. Pritchard, Infinite Dimensional Linear Systems Theory. Lecture Notes
in Control and Information Sciences, 8. Springer-Verlag, Berlin—-New York, 1978.

[2] L.I. Gal’chuk and M. H. A. Davis, A note on a comparison theorem for equations with different
diffusions. Stochastics 6 (1981/82), no. 2, 147-149.

[3] Z. Y. Huang, A comparison theorem for solutions of stochastic differential equations and its
applications. Proc. Amer. Math. Soc. 91 (1984), no. 4, 611-617.

[4] P. Kotelenez, Comparison methods for a class of function valued stochastic partial differential
equations. Probab. Theory Relat. Fields 93 (1992), no. 1, 1-19.

[5] R. Manthey and T. Zausinger, Stochastic evolution equations in Lf)”. Stochastics Stochastics
Rep. 66 (1999), no. 1-2, 37-85.

[6] G. L. O’Brien, A new comparison theorem for solutions of stochastic differential equations.
Stochastics 3 (1980), no. 4, 245-249.

[7] Y. Ouknine, Comparaison et non-confluence des solutions d’équations différentielles stochas-
tiques unidimensionnelles. (French) Probab. Math. Statist. 11 (1990), no. 1, 37—46.

[8] A. V. Skorohod, Studies in the Theory of Random Processes Stochastic Differential Equations
and Limit Theorems for Markov Processes. (Russian) Izdat. Kiev. Univ., Kiev, 1961.



