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Abstract We prove a comparison theorem for the mild solutions (solutions) of Cauchy problems
for two stochastic integro-differential equations of reaction-diffusion type with delay. According to
our result, if f1 ≥ f2, then u1 ≥ u2 with probability one.

1 Introduction
We study the following Cauchy problems for two neutral partial stochastic integro-differential equa-
tions of reaction-diffusion type

d

(
ui(t, x) +

∫
Rd

bi(t, x, ui(t− r, ξ), ξ) dξ

)
=

(
∆xui(t, x) + fi(t, ui(t− r, x), x)

)
dt

+σ(t, x) dW (t, x), 0 < t ≤ T, x ∈ Rd, i ∈ {1, 2}, (1.1)
ui(t, x) = ϕi(t, x), −r ≤ t ≤ 0, x ∈ Rd, r > 0, i ∈ {1, 2}, (1.1*)

where ∆x ≡
d∑

i=1

∂2

∂x2
i
, i ∈ {1, . . . , d}, W is L2(Rd)-valued Q-Wiener process, fi : [0, T ]×R×Rd → R,

i ∈ {1, 2}, σ : [0, T ]×Rd → R and bi : [0, T ]×Rd×R×Rd → R, i ∈ {1, 2}, are some given functions
to be specified later, and ϕi : [−r, 0]× Rd → R, i ∈ {1, 2}, are initial-datum functions.

A problem of comparison of solutions to stochastic differential equations in finite-dimensional
case has firstly arised in [8]. It has been proved in this work that under certain assumptions the
solution is monotonously non-decreasing function from “drift”-coefficient f . Variations of this result
have been proposed in the works [1–4,6,7]. In [5] the proof of comparison theorem for solutions to
the Cauchy problem for stochastic differential equations with multidimensional Wiener processes
in Hilbert space is given. Our aim was to prove the comparison theorem for solutions of problem
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(1.1), (1.1*) using the idea from this work. This result plays an important role when studying the
existence of solutions to the Cauchy problem for stochastic differential equations with non-Lipschitz
conditions on “drift”-coefficients.

2 Formulation of the problem
Throughout the article (Ω,F ,P) will note a complete probability space. Let {en(x), n ∈ {1, 2, . . . }}
be an orthonormal basis on L2(Rd) such that sup

n∈{1,2,... }
ess sup
x∈Rd

|en(x)| ≤ 1. We define a Q-Wiener

L2(Rd)-valued process

W (t, x) =

∞∑
n=1

√
λnen(x)βn(t), t ≥ 0, x ∈ Rd,

where {βn(t), n ∈ {1, 2, . . . }} ⊂ R are independent standard one-dimensional Brownian motions
on t ≥ 0, {λn, n ∈ {1, 2, . . . }} is a sequence of positive numbers such that λ =

∞∑
n=1

λn < ∞. Let

{Ft, t ≥ 0} be a normal filtration on F . We assume that W (t, · ), t ≥ 0, is Ft-measurable and the
increments W (t + h, · ) −W (t, · ) are independent of Ft for all h > 0 and t ≥ 0. Throughout the
article L2(Rd) will note real Hilbert space with the norm

∥f∥L2(Rd) =

(∫
Rd

f2(x) dx

) 1
2

.

Let the following seven assumptions be true.
(1) fi : [0, T ] × R × Rd → R, i ∈ {1, 2}, σ : [0, T ] × Rd → R, bi : [0, T ] × Rd × ×R × Rd → R,

i ∈ {1, 2}, are measurable with respect to all of their variables functions, bi, i ∈ {1, 2}, are
continuous in the first argument;

(2) ϕi(t, x, ω) : [−r, 0] × Rd × Ω → L2(Rd), i ∈ {1, 2}, are F0-measurable random variables with
almost surely continuous paths and such that

sup
−r≤t≤0

E∥ϕi(t, · )∥2L2(Rd) <∞, i ∈ {1, 2};

(3) bi, i ∈ {1, 2}, are uniformly continuous in the first argument and satisfy the Lipshitz condition
in the third argument of the form∣∣bi(t, x, u, ξ)−bi(t, x, v, ξ)∣∣≤ l(t, x, ξ)|u−v|, 0≤ t≤T, {x, ξ}⊂Rd, {u, v}⊂R, i∈{1, 2},

where l : [0, T ]× Rd × Rd → [0,∞) is such that

sup
0≤t≤T

∫
Rd

√√√√∫
Rd

l2(t, x, ξ) dξ dx <∞, sup
0≤t≤T

∫
Rd

(∫
Rd

l2(t, x, ξ) dξ

)
dx <

1

4
;

(4) there exists a function χ : Rd × Rd → [0,∞), satisfying the conditions∫
Rd

∫
Rd

χ(x, ξ) dξ dx <∞,

∫
Rd

(∫
Rd

χ(x, ξ) dξ

)2

dx <∞,

such that

sup
0≤t≤T

|bi(t, x, 0, ξ)| ≤ χ(x, ξ), 0 ≤ t ≤ T, x ∈ Rd, ξ ∈ Rd, i ∈ {1, 2};
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(5) there exists a function η : [0, T ]× Rd → [0,∞) with

sup
0≤t≤T

∫
Rd

η2(t, ξ) dξ <∞,

such that the following linear-growth and Lipschitz conditions are valid

|fi(t, u, x)| ≤ η(t, x) + L|u|, 0 ≤ t ≤ T, u ∈ R, x ∈ Rd i ∈ {1, 2},
|fi(t, u, x)− fi(t, v, x)| ≤ L|u− v|, 0 ≤ t ≤ T, {u, v} ⊂ R, x ∈ Rd, i ∈ {1, 2};

(6) the following condition is valid for σ

sup
0≤t≤T

∥σ(t, · )∥2L2(Rd) <∞;

(7) for any x ∈ Rd there exist ∂xb, D2
xb, and for∇xb andD2

xb the following linear-growth condition
with respect to the third argument is true

|∇xb(t, x, u, ξ)|+ ∥D2
xb(t, x, u, ξ)∥d ≤ ψ(t, x, ξ)

(
1 + |u|

)
, 0 ≤ t ≤ T, {x, ξ} ⊂ Rd, u ∈ R,

for D2
xb – the following Lipschitz condition∥∥D2

xb(t, x, u, ξ)−D2
xb(t, x, v, ξ)

∥∥
d
≤ ψ(t, x, ξ)|u− v|, 0 ≤ t ≤ T, {x, ξ} ⊂ Rd, {u, v} ⊂ R,

where ψ : [0, T ]× Rd × Rd → [0,∞) is such that

sup
0≤t≤T

∫
Rd

(∫
Rd

ψ(t, x, ξ) dξ

)2

dx <∞, sup
0≤t≤T

∫
Rd

∫
Rd

ψ2(t, x, ξ) dξ dx <∞,

and besides for any point x0 ∈ Rd there is its neighborhood Bδ(x0) and a nonnegative function
φ such that

sup
0≤t≤T

φ(t, · , x0, δ) ∈ L2(Rd) ∩ L1(Rd), δ > 0,∣∣ψ(t, x, ξ)− ψ(t, x0, ξ)
∣∣ ≤ φ(t, ξ, x0, δ)|x− x0|, 0 ≤ t ≤ T, |x− x0| < δ, ξ ∈ Rd.

Our main result is the following comparison theorem.

Theorem. Suppose assumptions (1)–(7) are satisfied and

(1) the initial-datum functions ϕi, i ∈ {1, 2}, satisfy the condition

ϕ1(t, x) ≥ ϕ2(t, x), 0 ≤ t ≤ T, x ∈ Rd;

(2) the functions bi, i ∈ {1, 2}, satisfy the conditions

b1(0, x, ϕ2(−r, ξ), ξ) = b2(0, x, ϕ2(−r, ξ), ξ), {x, ξ} ⊂ Rd,

b1(0, x, ϕ1(−r, ξ), ξ) = b2(0, x, ϕ1(−r, ξ), ξ), {x, ξ} ⊂ Rd,

b1(0, x, ϕ1(−r, ξ), ξ) = b1(0, x, ϕ2(−r, ξ), ξ), {x, ξ} ⊂ Rd,

b1(t, x, u, ξ) ≤ b2(t, x, u, ξ), 0 ≤ t ≤ T, {x, ξ} ⊂ Rd, u ∈ R;
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(3) for the “drift”-functions f1(t, u, x) ≥ f2(t, u, x), 0 ≤ t ≤ T , u ∈ R, x ∈ Rd.

Let one of the following conditions be true:

(M1) b1 is monotonously non-increasing, f1 is monotonously non-decreasing with respect to u;

(M2) b2 is monotonously non-increasing, f2 is monotonously non-decreasing with respect to u.

Then with probability one the solutions of (1.1), (1.1*) satisfy

u1(t, x) ≥ u2(t, x) x ∈ Rd, 0 ≤ t ≤ T.
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