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Let myq, ..., m, be positive integers. In the n-dimensional box 2 = [0, w;] X - -+ X [0, wy,] for the
linear hyperbolic equation
ul™ = 3" pa(x)ul® + q(x) (1)
a<m

consider the boundary conditions

hik(u(@1, .z, @ 21, .., o)) = @in(Xi) for XieQ (k=1,...,m;; i=1,...,n). (2)

Here x = (wl,...,xn), ﬁl = ($1,...,l‘i,1,$i+1,...,:L'n), Qz = [0,0Jl] X oo X [O,wifl] X [O,wiﬂ] X
X [0,wp], m = (m,...,my), @ = (ag,...,ap), m; = m—m; and m; = (0,...,m,,...,0) are
multi-indices,
o]+t
u(® (x) = g u(x)
Ozt - dxp

Pa €C(Q) (e <m), g€ C(Q), hip : O™ 1([0,w;]) =R (k=1,...,my;i=1,...,n) are bounded
linear functionals, and ¢, € C™i(;) (k= 1,...,my; i = 1,...,n). Furthermore, it is assumed
that the functions ;) satisfy the following consistency conditions:

hzk(@]l)(ﬁz]) = h]l(()@zk)(ﬁm) (k = 1,. <y TNy l = 1, e ,m]'; i,j = 1, e ,n),

where ﬁz‘j =X — ﬁl — ij.

By a solution of problem (1), (2) we understand a classical solution, i.e., a function u € C™(2)
satisfying equation (1) and boundary conditions (2).

Along with problem (1), (2) consider its corresponding homogeneous problem

W = 57 pa(x)ul®), (Lo)

a<m

hik(u(xl,...,xi_l,o,xi“,...,azn)) =0 for X, €Q; (k=1,....,my; i=1,...,n). (20)
We make use of following notations and definitions.
- suppar={i| a; > 0}, fla] = Jen + - + [a].
-a=(a,...,an) < B=P1,.-,0n) = ;< B (i=1,...,n) and a # (3.
-a=(a1,...,0n) <B=(L1,...,0n) = a< B, ora=0.
~0=(0,...,0),1=(1,...,1), 1; = (0,...,0,1,0,...,0).
-E={o| 0<o<1}.

-a=m-a. IfoecE thenod=1-o0.
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- my = (o1my,...,0nmy). It is clear that my, = m — m, = mg.

- Xg = (0121,...,00Tp). X will be identified with (z;,,...,2;), as well as the set Qp =
[0, 01w1] X - - %[0, opwy] will be identified with the set [0, w;, |- - - %[0, w;, |, where {i1,...,4} =
suppo.

- C™(Q) is the Banach space of functions u : Q — R, having continuous partial derivatives
@ o < m, with the norm

lullem@ = D 4 ).

a<m

- ém(ﬂ) is the Banach space of functions u : 2 — R, having continuous partial derivatives
uw® | o < m, with the norm

lullomey = Y- 14 le@)-

a<m

Let o0 € E. In the domain €2, consider the homogeneous boundary value problem depending
on the parameter X4, € Q5

vime) — Z DPatms (X)U(a)7 (35)
a<meq
hik(v(asl,...,xil,o,xi+1,...,xn)):O (k=1,...,my; i €suppo). (45)

Problem (34), (4¢) is called an associated problem of level [ = ||o||.

Theorem 1. Let all of the coefficients of equation (1) be constants, and let for some o € B
associated problem (34), (4¢) be ill-posed. Furthermore, let

PatB + PatimgPmo+8 =0 for 0 <a<mg, 0 <8< m,.

Then for solvability of problem (1), (2) it is necessary that for everyl € suppe and j € {1,...,m;}
the problem

V™) = N paimg 0 + Qi(R), (515)
a<meq
hik(v(xl,...,mi_l, o,xi_,_l,...,xn)) = \I/i‘ljc(ill) (kz 1,...,mi; 7 Gsuppa), (61j>
where R
Qui(1) = (po + Pring P 0L (%0) + hij () (1)
and ' R
W (%) = hij () &) = . Pmorpely) (%)

B<my

s solvable.

Remark 1. Solvability of ill-posed nonhomogenous associated problem (5;;), (6;;) is in fact ad-
ditional consistency condition between the boundary values ¢;1, the coefficients p, and the free
term g. These are necessary conditions of solvability and they do not guarantee solvability of
problem (1), (2) even if the homogeneous problem (1p), (29) has only the trivial solution.
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Indeed, consider the periodic problem

w1 — oog2 1w — q(z1), )

U(W,CCQ,(E?)) - U(O,IEQ, 'T?))v U(SU]_,?T,I‘,?,) — U(.’E]_, 05 l‘3)7 U($1,$27ﬂ') — U(I]_, X2, 0)7 (8)

where ¢ is a continuous function such that ¢(7) = ¢(0). Problem (7),(8) is ill-posed, and its
corresponding homogeneous problem has only the trivial solution. Furthermore, for problem (7), (8)
all consistency conditions hold, Therefore, due to uniqueness, the only possible solution of problem
(7), (8) should be

q(z1)
cos?2xy

u(zy) =
On the other hand, it is clear that problem (7), (8) has a solution if and only if

q(x1) = cos® z1q(z1),

where ¢ € C1([0,7]). In particular, if g(x1) = 1, then problem (7), (8) has no solution despite the
fact that all coefficients of equation (7) and boundary data are analytic functions.

In the rectangle 2 = [0,w1] X [0, ws] consider the problem

u(2m172m2)

= p(:nl, mg) U+ q(:rh $2)a (9)
w910 (w1, m9) — w100, 29) = @j(x2) (G =1,...,2m1),

(10)
u(o’kfl) (-’L‘],WQ) — u(o’kil) (:p17 0) = 1/}k(x1) (l{} = ]., ey 2m2)

Theorem 2. Letp, ¢ € C2m1:2m2(Q), 0j € C?™2([0,ws]) (j = 1,...,2m1—1), pam, € C™2([0,ws]),
wk € 02m1([07w1]) (k = 17 cee 2mg — 1)7 w2m2 € C4m1([07w1])7

p(j_l’o) (wla $2) - p(j_LO) (Oa 1'2) =0 (] =1,..., 2m1)7 (11>
pOF D (2 wa) — pOF D (2,0) =0 (k=1,...,2my),
and let
w1 w2
(—1)m1+m2/p(s,a:2)ds <0, (—1)m1+m2/ (w1,t)dt <O for (x1,22) € L. (12)
0 0
Then problem (9), (10) is solvable if and only if
w1 k k'
/ [Z mp(o P (5, 0)¢i41(5) + 4O (5,w0) — PP (s, 0)} ds
0 Li=
= oo (w2) = i) (k=0 2me 1), (13)

g 1 - A .
[Z i S pUT0(0, )11 (2) + g0 (i, ) - q(J’O)(Ovt)] a
i—0 . .

= v ) — gy ) (=0 2m - (1)
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Moreover, if the equalities (13) and (14) hold, problem (9), (10) has a unique solution u admitting
the estimate

2mi1—1

[ull gami2ms () < M( > l@sllozms(owa)y + I02ms lcama (0,ua))
=1

2mo—1
+ Y kllczn qown) T 1¥2mslloams 0wy + Hq”azmmm(g))v (15)
k=1
where M is a positive constant independent of q.

Remark 2. Estimate (15) for a solution of problem (9), (10) is sharp, and regularity requirements
on functions ¢y, 1j, p and ¢ cannot be relaxed. For the sake of comparison, for equation (9)
consider the Dirichlet boundary conditions

u(j_l,O)(()?xQ) =0 (.7 = 17 s 7m1)7

w10 (wy, @) = 0,
0, uw@*V(z,00=0 (k=1,...,my).

(16)
u(O,kfl) (xh O.)Q)

Unlike to problem (9), (10), by Theorem 2 from [1], problem (9), (16) is well-posed and its solution
u admits the estimate
[ull czma2ms ) < Mgl
where M is a positive constant independent of q.
This clearly demonstrates that ill-posedness of associated problems (3 ), (45) not only creates
additional consistency conditions, but also increases regularity requirements on coefficients of the
equation and the boundary data.

In order to better illustrate the affect of ill-posedness of associated problems on the regularity
of solutions to problem (1), (2), consider the following examples.

Example 1. Let £ = {m, | o € E}, po be constants (o € &), and let py and ¢ be continuous
functions such that

po(T1, . T+ Wiy ooy @y) =po(T1,e .y Tiyo ooy xp) (1=1,...,n0), (17)
q(z1, . it wiy ) =g, Xy ) (E=1,.00,0). (18)
For the equation
ul = 3" po u®® + po(x)u + g(x) (19)
acl

consider the periodic problem
u(kli)(azl,...,o,...,xn) = u(kli)(zl,...,wi,...,xn) (k=0,....2m; —1; i=1,...,n). (20)
Assume that (—1)ImlI+lelp, < 0 for o # m,,, pm, = 0, and
(=DlImlpy(x) <0, xeq. (21)

Then for o = 1,, the associated problem (34), (4¢) (problem of level n — 1) has a nontrivial
solution. As a result, problem (19), (20) is ill-posed. It is solvable if pg, ¢ € C™n(£2) and its unique
solution u admits the estimates

lll gy < Ml

and
[ullc2m@) < Mgl c2mn -
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Example 2. Let my =mg =--- =m, =m, pg and ¢ satisfy (17), (18) and (21). The problem
ulm) = (1) Ty g (x)u + g (x), (22)
i=1

u(kli)(xl,...70,...,xn):u(kli)(m,...,wi,...,xn) (k=0,....2m—1; i=1,...,n). (23)

is ill-posed because all of its associated problems are ill-posed. As a result, problem (22), (23) is
solvable if pg,q € C?*™(2) and its unique solution u admits the estimates

[ull g2m 0y < Mlgl|czm,

and
ullcma @)y < Mllgllev @),

where v € (0,1), and C*7(Q) is the space of k times continuously differentiable functions whose
kth derivative is Holder continuous with the exponent ~.
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