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On the Relationships Between Stieltjes Type Integrals
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Integral equations of the form

x(t) = x(t0) +

t∫
t0

d[A]x = f(t)− f(t0)

are natural generalizations of systems of linear differential equations. Their main goal is that they
admit solutions which need not be absolutely continuous. Up to now such equations have been
considered by several authors starting with J. Kurzweil [6] and T. H. Hildebrandt [3]. For further
contributions see e.g. [1,5,8,9,11–14] and the references therein. These papers worked with several
different concepts of the Stieltjes type integral like Young’s (Hildebrandt), Kurzweil’s (Kurzweil,
Schwabik and Tvrdý), Dushnik’s (Hönig) or Lebesgue’s (Ashordia, Meng and Zhang). Thus an
interesting question arises: what are the relationships between all these concepts?

It is known that (cf. [6, Theorem 1.2.1]) the Kurzweil–Stieltjes integral is in finite dimensional
setting equivalent with the Perron–Stieltjes, while the relationship between the Perron–Stieltjes
and the Lebesgue–Stieltjes integrals has been described already in [10, Theorem VI.8.1]. Further-
more, the relationship between the Young–Stieltjes and the Dushnik–Stieltjes integrals (DS) follows
from [7, Theorem B]. Finally, the relationship between the Young–Stieltjes (YS) integral and the
Kurzweil–Stieltjes (KS) one has been described in [11] and [12].

In this paper the symbols like R, N, [a, b], (a, b), varba f and ∥f∥∞ have their usual and traditional
meaning. For more details we refer to the preliminary version of the monograph [9]. In addition,
recall that a finite ordered set α = {α0, . . . , αν(P )} of points from [a, b] is a division of [a, b] if
a = α0 < · · · < αν(P ) = b. The couple of ordered sets P = (α, ξ) is a partition of [a, b] if α is
a division of [a, b] and ξ = {ξ1, . . . , ξν(P )} is such that ξj ∈ [αj−1, αj ] for all j. If P = (α, ξ) is
a division of [a, b], the elements of α and ξ are always denoted respectively as αj and ξj . At the
same time the number of elements of ξ is always denoted by ν(P ). For functions f, g: [a, b]→R and
a partition P = (α, ξ) of [a, b] we set

S(P ) =

ν(P )∑
j=1

f(ξj)
[
g(αj)−g(αj−1)

]
and, if g is regulated,

SY (P ) =

ν(P )∑
j=1

(
f(αj−1)∆

+g(αj−1) + f(ξj)
[
g(αj−)−g(αj−1+)

]
+ f(αj)∆

−g(αj)
)
.
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• YS integral (Y)
b∫
a
f dg

(
DS integral (D)

b∫
a
f dg

)
exists and equals I ∈ R if

for every ε > 0 there is a division αε of [a, b] such that
|SY (P )− I| < ε

(
or |S(P )− I| < ε

)
holds for all partitions P = (α, ξ) of [a, b] such that α ⊃ αε and

αj−1 < ξj < αj for all j ∈ {1, . . . , ν(α)}.

• KS integral (K)
b∫
a
f dg exists and has a value I ∈ R if

for every ε > 0 there exists a function δε : [a, b] → (0, 1) such that
|I − S(P )| < ε

holds for all partitions P = (α, ξ) of [a, b] such that
[αj−1, αj ] ⊂ [ξj − δε(ξj), ξj + δε(ξj)].

It is not difficult to see that for all the three integrals under consideration the estimates

∣∣∣∣
b∫

a

f dg
∣∣∣∣ ≤ ∥f∥∞ varba g and

∣∣∣∣
b∫

a

f dg
∣∣∣∣ ≤ (

|g(a)|+ |g(b)|+ varba g
)
∥f∥∞

are true whenever the corresponding integral exists. Indeed, it is enough to show that analogous
inequalities are satisfied by the sums |S(P )| and |SY (P )| for arbitrary compatible partitions. To
see how to prove the latter inequality for the YS integral, it helps to observe that the relation

f(α)
[
g(α+)−g(α)

]
+ f(ξ)

[
g(β−)−g(α+)

]
+ f(β)

[
g(β)−g(β−)

]
=

[
f(α)−f(ξ)

]
g(α+) +

[
f(ξ)−f(β)

]
g(β−) + f(β)g(β)− f(α)g(α)

is true if f : [a, b] → R, g is regulated on [a, b], and a ≤ α ≤ ξ ≤ β ≤ b.
Next convergence results are also true for all the three integrals under consideration.

Proposition. Let f : [a, b] → R, g ∈ BV([a, b]) and let the sequence {fn} tend uniformly to f on
[a, b]. Then:

• If all the integrals
b∫
a
fn dg, n ∈ N, exist, then the integral

b∫
a
f dg exists, too, and

lim
n→∞

b∫
a

fn dg =

b∫
a

f dg.

• If all the integrals
b∫
a
f dgn, n ∈ N, exist, then the integral

b∫
a
f dg exists, too, and

lim
n→∞

b∫
a

f dgn =

b∫
a

f dg.
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For KS integrals the proofs are available in Section 6.3 of [9]. Their ideas are pretty transparent
and applicable also to YS and DS integrals: First, we notice that in both situations the sequences of
integrals depending on n are Cauchy sequences in R and therefore they have a limit I ∈ R. Further,
uniform convergence and the above estimates implies that the limit integrals exist and equals I.

Now we can formulate and justify our main result.

Theorem. Suppose f and g are regulated on [a, b] and at least one of them has a bounded variation

on [a, b]. Then all the integrals (K)
b∫
a
f dg, (Y)

b∫
a
f dg and (D)

b∫
a
f dg exist and

(K)

b∫
a

f dg = (Y)

b∫
a

f dg = f(b)g(b)− f(a)g(a)− (D)

b∫
a

g df. (1)

Sketch of the proof:

• It is not difficult to verify that the equalities (1) hold for every f : [a, b] → R whenever g is a
finite step function and, similarly, they are also true whenever g is regulated and f is a finite
step function. (For analogous arguments see Examples 6.3.1 in [9].)

• Approximate uniformly regulated functions by sequences of finite step functions.

• Applying convergence results stated in Proposition, it is easy to complete the proof.
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