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Consider the differential equation

y′′ =
m∑
i=1

αipi(t)φi(y), (1)

where αi ∈ {−1, 1} (i = 1,m ), pi : [a, ω[→ ]0,+∞[ (i = 1,m ) are continuous functions, −∞ < a <
ω ≤ +∞, φi : ∆Y0 → ]0,+∞[ (i = 1,m ), where ∆Y0 is some one-sided neighborhood of the point
Y0, Y0 is equal either to 0 or to ±∞, are continuous functions for i = 1, l and twice continuously
differentiable for i = l + 1,m, so that

lim
y→Y0
y∈∆Y0

φi(λy)

φi(y)
= λσi (i = 1, l ) for any λ > 0, (2)

φ′
i(y) ̸= 0 as y ∈ ∆Y0 , lim

y→Y0
y∈∆Y0

φi(y) ∈ {0,+∞}, lim
y→Y0
y∈∆Y0

φ′′
i (y)φi(y)

φ′2
i (y)

= 1 (i = l + 1,m ). (3)

It follows from the conditions (2) and (3) that φi (i = 1, l ) are regularly varying functions,
as y → Y0, of orders σi and φi (i = l + 1,m ) are rapidly varying functions, as y → Y0 (see [5,
Introduction, pp. 2, 4]).

Definition. A solution y of the differential equation (1) is called Pω(Y0, λ0)-solution, where −∞ ≤
λ0 ≤ +∞, if it is defined on some interval [t0, ω[⊂ [a, ω[ and satisfies the following conditions

lim
t↑ω

y(t) = Y0, lim
t↑ω

y′(t) =

{
either 0,

or ±∞,
lim
t↑ω

y′2(t)

y′′(t)y(t)
= λ0.

There have been known the results of the asymptotic behavior of Pω(Y0, λ0)-solutions of dif-
ferential equation (1) in case when there is only one item with a regularly or rapidly varying
nonlinearity on the right-hand side of the equation (1) (see [1–3]). The case l = m has been also
investigated when all nonlinearities on the right-hand side of differential equation (1) are regularly
varying functions (see [4]). The general case, when, in addition to items with regularly varying non-
linearities there are items with rapidly varying nonlinearities on the right-hand side of the equation
(1), has not been studied yet.

In this paper, for λ0 ∈ R \ {0; 1} the existence conditions of Pω(Y0, λ0)-solutions of the differ-
ential equation (1) and asymptotic representations, as t ↑ ω, of such solutions and their first-order
derivatives, are established in case when on each such solution the right-hand side of equation is
equivalent, as t ↑ ω, to the s-th item, that is when

lim
t↑ω

pi(t)φi(y(t))

ps(t)φs(y(t))
= 0 for all i ∈ {1, . . . ,m} \ {s}. (4)
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Let

∆Y0 = ∆Y0(b), where ∆Y0(b) =

{
[b, Y0[ if ∆Y0 is a left neighborhood of Y0,
]Y0, b] if ∆Y0 is a right neighborhood of Y0,

and the number b satisfy the inequalities

|b| < 1 as Y0 = 0 and b > 1 (b < −1) as Y0 = +∞ (Y0 = −∞).

We set

ν0 = sign b, ν1 =

{
1 if ∆Y0(b) = [b, Y0[ ,

−1 if ∆Y0(b) = ]Y0, b],
µi = signφ′

i(y) (i = l + 1,m ),

πω(t) =

{
t if ω = +∞,

t− ω if ω < +∞,
Ji(t) =

t∫
Ai

πω(τ)pi(τ) dτ,

Hi(y) =

y∫
Bi

ds

φi(s)
, Zi = lim

y→Y0

y∈∆Y0
(b)

Hi(y) (i = 1,m ),

where

Ai =


a if

ω∫
a

πω(τ)pi(τ) dτ = ±∞,

ω if
ω∫

a

πω(τ)pi(τ) dτ = const,

Bi =



b if
Y0∫
b

dy

φi(y)
= ±∞,

Y0 if
Y0∫
b

dy

φi(y)
= const.

Theorem 1. Let λ0 ∈ R \ {0; 1} and σs ̸= 1 for some s ∈ {1, . . . , l}. For the existence of
Pω(Y0, λ0)-solutions of the equation (1), satisfied the limit relations (4), it is necessary that the
inequalities

αsν0λ0 > 0, ν0ν1λ0(λ0 − 1)πω(t) > 0 as t ∈ ]a, ω[ (5)

and conditions

αs(λ0 − 1) lim
t↑ω

Js(t) = Zs, lim
t↑ω

πω(t)J
′
s(t)

Js(t)
=

(1− σs)λ0
λ0 − 1

, (6)

lim
t↑ω

pi(t)φi(H
−1
s (αs(λ0 − 1)Js(t)))

ps(t)φs(H
−1
s (αs(λ0 − 1)Js(t)))

= 0 for all i ∈ {1, . . . , l} \ {s}, (7)

lim
t↑ω

pi(t)φi(H
−1
s (αs(λ0 − 1)Js(t)(1 + δi)))

ps(t)φs(H
−1
s (αs(λ0 − 1)Js(t)))

= 0 for all i ∈ {l + 1, . . . ,m}

hold, where δi are arbitrary numbers of a one-sided neighborhood of zero. Moreover, for each of
such solutions the following asymptotic representations hold

y(t) = H−1
s

(
αs(λ0 − 1)Js(t)

)
[1 + o(1)] at t ↑ ω, (8)

y′(t) =
λ0H

−1
s (αs(λ0 − 1)Js(t))

(λ0 − 1)πω(t)
[1 + o(1)] at t ↑ ω. (9)
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Theorem 2. Let λ0 ∈ R \ {0; 1} and σs ̸= 1 for some s ∈ {1, . . . , l}, the conditions (5)–(7) hold
and

lim
t↑ω

pi(t)φi(H
−1
s (αs(λ0 − 1)Js(t)(1 + u)))

ps(t)φs(H
−1
s (αs(λ0 − 1)Js(t)))

= 0 for all i ∈ {l + 1, . . . ,m}

uniformly with respect to u ∈ [−δ, δ] for any 0 < δ < 1. Let also one of the following two
conditions hold

or λ0 ̸= −1, or λ0 = −1 and σs < 1.

Then the differential equation (1) has Pω(Y0, λ0)-solutions that admit the asymptotic representations
(8) and (9). Moreover, there is a one-parameter family of such solutions in case λ0(1 − σs) < 0
and two-parameter one in case λ0(1− σs) > 0 and πω(t)(1− λ20) < 0 as t ∈ ]a, ω[ .

Besides the above-mentioned facts we also need the following auxiliary notations

J0i(t) =

t∫
Ai

πω(τ)p0i(τ) dτ,

q0i(t) =
αi(λ0 − 1)π2ω(t)p0i(t)φi(H

−1
i (αi(λ0 − 1)J0i(t)))

H−1
i (αi(λ0 − 1)J0i(t))

,

G0i(t) =
yφ′

i(y)

φi(y)

∣∣∣∣∣
y=H−1

i (αi(λ0−1)J0i(t))

, ψ0i(t) =

t∫
t0

|G0i(τ)|
1
2 dτ

πω(τ)
,

Φ0i(t) =
y
(φ′

i(y)
φi(y)

)′
φ′
i(y)

φi(y)

∣∣∣∣∣
y=H−1

i (αi(λ0−1)J0i(t))

(i = l + 1,m ),

where p0i : [a, ω[→ ]0,+∞[ are continuous functions so that p0i(t) ∼ pi(t) as t ↑ ω, t0 is some
number of [a, ω[ .

Theorem 3. Let λ0 ∈ R \ {0; 1} and for some s ∈ {l + 1, . . . ,m} the conditions

φs(y)φ
′
i(y)

φ′
s(y)φi(y)

= O(1) as y → Y0 (y ∈ ∆Y0(b)) for all i ∈ {l + 1, . . . ,m} (10)

hold. For the existence of Pω(Y0, λ0)-solutions of the equation (1) that admit the limit relations (4),
it is necessary that for some continuous function p0s : [a, ω[→ ]0,+∞[ such that p0s(t) ∼ pi(t) as
t ↑ ω the conditions

αsν0λ0 > 0, αsµs(λ0 − 1)J0s(t) < 0 at t ∈ ]a, ω[ , (11)

αs(λ0 − 1) lim
t↑ω

J0s(t) = Zs, lim
t↑ω

πω(t)J
′
0s(t)

J0s(t)
= ±∞, lim

t↑ω
q0s(t) =

λ0
λ0 − 1

, (12)

lim
t↑ω

pi(t)φi(H
−1
s (αs(λ0 − 1)J0s(t)))

p0s(t)φs(H
−1
s (αs(λ0 − 1)J0s(t)))

= 0 for all i ∈ {1, . . . ,m} \ {s} (13)

hold. Moreover, for each of such solutions the following asymptotic representations hold

y(t) = H−1
s (αs(λ0 − 1)J0s(t))

[
1 +

o(1)

G0s(t)

]
at t ↑ ω,

y′(t) =
λ0H

−1
s (αs(λ0 − 1)J0s(t))

(λ0 − 1)πω(t)
[1 + o(1)] at t ↑ ω.
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Theorem 4. Let λ0 ∈ R \ {0; 1}, for some s ∈ {l+ 1, . . . ,m} the function ps might be represented
in the form

ps(t) = p0s(t)[1 + rs(t)], where lim
t↑ω

rs(t) = 0,

p0s : [a, ω[→ ]0,+∞[ is a continuously differentiable function, rs : [a, ω[→ ]−1,+∞[ is a continuous
function, the conditions (10)–(13) hold and there exist finite or equal to infinity limits

γs = lim
t↑ω

Φ0s(t), lim
t↑ω

πω(t)q
′
0s(t), lim

y→Y0

y∈∆Y0
(b)

(φ′
s(y)

φs(y)

)′(φ′
s(y)

φs(y)

)2
√∣∣∣yφ′

s(y)

φs(y)

∣∣∣, lim
t↑ω

ψ0s(t)ψ
′′
0s(t)

ψ′2
0s(t)

.

Then

1) if αsµs = 1, the differential equation (1) has a one-parameter family of Pω(Y0, λ0)-solutions
with asymptotic representations

y(t) = H−1
s (αs(λ0 − 1)J0s(t))

[
1 +

o(1)

G0s(t)

]
at t ↑ ω,

y′(t) =
λ0H

−1
s (αs(λ0 − 1)J0s(t))

(λ0 − 1)πω(t)

[λ0 − 1

λ0
q0s(t) + |G0s(t)|−

1
2 o(1)

]
at t ↑ ω;

[2) if αsµs = −1 and

γs ̸= lim
λ→λ0

(λ− 1)(2− 3λ)

λ(5λ− 4)
, lim

t↑ω
ψ0s(t)

[
q0s(t)[1 + rs(t)]−

λ0
λ0 − 1

]
= 0,

lim
t↑ω

ψ2
0s(t)

[( λ0
λ0 − 1

− q0s(t)
)
q0s(t) +

q0s(t)rs(t)

λ0 − 1
− πω(t)q

′
0s(t)

]
= 0,

lim
t↑ω

ψ2
0s(t)

m∑
i=1
i ̸=s

pi(t)φi(H
−1
s (αs(λ0 − 1)J0s(t)))

p0s(t)φs(H
−1
s (αs(λ0 − 1)J0s(t)))

= 0,

the differential equation (1) has a Pω(Y0, λ0)-solution with asymptotic at t ↑ ω representations

y(t) = H−1
s (αs(λ0 − 1)J0s(t))

[
1 +

o(1)

ψ0s(t)G0s(t)

]
,

y′(t) =
λ0H

−1
s (αs(λ0 − 1)J0s(t))

(λ0 − 1)πω(t)

[λ0 − 1

λ0
q0s(t) +

o(1)

ψ0s(t)|G0s(t)|
1
2

]
.

Moreover, there exists a two-parameter family of such solutions in case when

β
(
λ20(5γs + 3) + λ0(−4γs − 5) + 2

)
< 0 as γs = const,

4

5
< λ0 < 1 as γs = ±∞.
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