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Consider the differential equation
m
y' = cipi(t)eily), (1)
i=1

where a; € {—=1,1} (i =1,m), p; : [a,w[—]0,+o0[ (i = 1,m ) are continuous functions, —oo < a <
w < 400, i : Ay, —10,4+00[ (i = 1,m ), where Ay, is some one-sided neighborhood of the point
Yy, Yy is equal either to 0 or to +o00, are continuous functions for ¢ = 1,1 and twice continuously
differentiable for ¢ = [+ 1, m, so that

i i) =\ (i
y= Yo vi(y)

1,1) for any A >0, (2)

YEAQY,
" )
oi(y) #0 as y € Ay,, lim ¢;(y) € {0,400}, lim w =1 (@G=I0l4+1m). (3)
y—=Yo y=Yo '3 (y)

yEAY, yEAY,

It follows from the conditions (2) and (3) that ¢; (i = 1,1) are regularly varying functions,
as y — Yy, of orders o; and ¢; (i = [+ 1,m) are rapidly varying functions, as y — Yy (see [5,
Introduction, pp. 2, 4]).

Definition. A solution y of the differential equation (1) is called P, (Yp, \p)-solution, where —oo <
Ao < 400, if it is defined on some interval [to,w[ C [a,w| and satisfies the following conditions

ither 0 2(t
either 0, lim y'=(t)

= 2=\
or  doo, thwy" Oy 0

. . /
ltlTrgjly(t) =Yo, limy (t) = {

There have been known the results of the asymptotic behavior of P, (Yp, Ag)-solutions of dif-
ferential equation (1) in case when there is only one item with a regularly or rapidly varying
nonlinearity on the right-hand side of the equation (1) (see [1-3]). The case [ = m has been also
investigated when all nonlinearities on the right-hand side of differential equation (1) are regularly
varying functions (see [4]). The general case, when, in addition to items with regularly varying non-
linearities there are items with rapidly varying nonlinearities on the right-hand side of the equation
(1), has not been studied yet.

In this paper, for \g € R\ {0;1} the existence conditions of P, (Yy, Ag)-solutions of the differ-
ential equation (1) and asymptotic representations, as ¢t 1T w, of such solutions and their first-order
derivatives, are established in case when on each such solution the right-hand side of equation is
equivalent, as t T w, to the s-th item, that is when

o PO2i(0)

o pe(Dos(y(0)) =0 forall i€ {1,...,m}\ {s}. (4)
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Let

[b, Yo if Ay, is a left neighborhood of Yy,

Ay, = Ay, (b), where Ay, (b) =
Yo %(), W %(0) {]Yo, bl if Ay, is a right neighborhood of Yp,

and the number b satisfy the inequalities

bl <1 as Yp=0 and b>1 (b<—1) as Yp=+oo (Yp=—00).

1 if Ay (b) = [b, Yo,
—1 if Ay (b) =Y, b,

t
t if w= 400, /
Ji(t) = | wo(m)p;(7)dT,
t—w if w< 400, () J (T)pi{r)

(Pz(s)’ y—Yo
yeAYg(b)
where
4 w ( YO
f/()()d + b1f/dy o0
a i (T T =4+00 = )
/ vi(y)
AZ: w B’L: YO
w if /FW(T)pi(T)dT:COTISt, Yo if/ dy = const
/ / vi(y)

Theorem 1. Let \g € R\ {0;1} and o5 # 1 for some s € {1,...,l}. For the existence of
P, (Yo, \o)-solutions of the equation (1), satisfied the limit relations (4), it is necessary that the
inequalities

aspro > 0, vorido(Ao — D7y(t) >0 as t €la,w| (5)
and conditions
0s(o = D lim /(1) = Z,, lim f]s>(i;( ) _ (1A—0 is)le | "
im pi(t)pi(H, (Oés()\o —1)Js(1))) — or all 7 s
ttw py(t)ps(Hs Has(ho — 1)J5(1))) =0 forall i€ {l,...., 1} \ {s}, (7)

AU 00 — 1101+ 8)
ttw ps(t)ps(Hs (045(/\0—1) s(t))

hold, where 8; are arbitrary numbers of a one-sided neighborhood of zero. Moreover, for each of
such solutions the following asymptotic representations hold

=0 forall ie{l+1,...,m}

y(t) = Hy (s = DIO) 1+ 0(1)] at 170, ®
J(o) = M (@00 = D(0)

Do — Dra(d) [14+0(1)] at t 1 w. (9)
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Theorem 2. Let \g € R\ {0;1} and o5 # 1 for some s € {1,...,1}, the conditions (5)—(7) hold

and
pi(t)pi(Hy (as(Ao — 1)1 + u)))

tho  pe(t)ps(Hs  (as(No — 1) (1))

uniformly with respect to u € [—9,0] for any 0 < § < 1. Let also one of the following two
conditions hold

=0 forall ie{l+1,...,m}

or Mog# —1, or \g=-1 and os < 1.

Then the differential equation (1) has P,,(Yy, Ao)-solutions that admit the asymptotic representations
(8) and (9). Moreover, there is a one-parameter family of such solutions in case \o(1 — o5) < 0
and two-parameter one in case A\o(1 — os) > 0 and 7,(t)(1 — A3) <0 as t €]a,w].

Besides the above-mentioned facts we also need the following auxiliary notations

J()i(t) Z/Fw<7)p0i<7) dT,
A;

(X0 — D2 (8)poi(t)pi(H; " (os(Xo — 1) Joi(t)))
Hi (Ao — 1) Joi(t)) 7

1

Goi(T §d7'
) wO’L /| 0 |
w(T)

y=H; ' (c;(Ao—1)Jos(t))

where pg; : [a,w][—]0, 400 are continuous functions so that po;(t) ~ p;(t) as t T w, to is some
number of [a,w].

Theorem 3. Let \g € R\ {0;1} and for some s € {l+1,...,m} the conditions
/
TR = 0(1) as y— Yo (y € Ay, (b)) forall i € {I+1,...,m} (10)

hold. For the existence of P, (Yy, \o)-solutions of the equation (1) that admit the limit relations (4),
it is necessary that for some continuous function pos : [a,w[—]0,+00] such that pos(t) ~ pi(t) as
t 1 w the conditions

asvoo >0, asps(Ao — 1)Jos(t) <0 at t €la,w|, (11)

. . . Ww(t)‘]/s(t) _ ; _ Ao
as(Ao — 1) hm Jos(t) = Zs, 1#3 T(Ot) = o0, {tlTl})lqoS(t) "1 (12)
pi(t )(pZ(H (Oés()\o — 1)Jos())) =0 forall ie{1,...,m}\ {s} (13)

tlTIg pos(t)ps(Hs H(as(No — 1) Jos(t)))

hold. Moreover, for each of such solutions the following asymptotic representations hold

(1) = o — DD 1+ 200 at 1

Gos(t)
)\()H;l(as()\g — 1>J05(t>)
t

y'(t) = Do = Dma(d) [1+o0(1)] at t1w.
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Theorem 4. Let A\g € R\ {0;1}, for some s € {l+1,...,m} the function ps might be represented
in the form
Ps(t) = pos(t)[1 + rs(t)], where ltle rs(t) =0,

Pos : [a,w[— 10, +00[ is a continuously differentiable function, rs : [a,w[—]—1,+00[ is a continuous
function, the conditions (10)—(13) hold and there exist finite or equal to infinity limits

(&) [y Yos () (t)
vs = Um Pos(t), limm,(t)qps(t), lim —2U ‘ 5 " o os (DU ()
w w S Y (ps(y) 2 s ” 2 t
! " yeyzyo(%b) (sos(y)) #s(y) ai 7/’05( )

Then

1) if asps = 1, the differential equation (1) has a one-parameter family of P, (Yy, Ao)-solutions
with asymptotic representations

y(t) = Hy Y (as(Mo — 1) Jos(2)) [1 + C;OO(:()t)

-1 Qg - s — -3
_ MoH, (;0 _(Af)ml(?t;]o (1)) [Ao)\o 1q08(t) + [Gos(D)] 20(1)} at t 1w

] at t 1T w,

y'(t)

[2) if asps = —1 and

= D)(2-3))
7 I A=)

) a0 + 0] - 2] =0,

Ao —1
im0 [ (522 = a0 ans ) + 52— 01 (0)] = 0

zm: pi(t)pi(Hy  (as(Ao — D) Jos(t)
(t)ps(Hs H(as(Xo — 1) Jos(1))

lim 5, (1)
tTw i=1 bos
1#£s
the differential equation (1) has a P,,(Yy, Ao)-solution with asymptotic at t T w representations

o o(1)
y(t) = H, 1(as(/\o —1)Jos(t)) [1 + m}’

_ MNoHH(as(No — 1) Jos(t)) [AO -1 ) o(1) }
(%o = D () Ao T ()| Gos (D)2

Moreover, there exists a two-parameter family of such solutions in case when

y'(t)

4
BN (57vs +3) + Xo(—4vs —5) +2) <0 as v, = const, =< Ao <1 as 75 = too.
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