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The following differential equation is considered in the work

y" = aop(t)eo(y)er1(y') exp (R(|In [yy'l])). (1)

Here ap € {—1,1}, p: [a;w[—]0;4+00] (—00 < a < w < +00), p; : Ay, —]0;400[ are continuous
functions, Y; € {0,+00} (i = 0,1), Ay, is a one-sided neighborhood of Y;, every function ¢;(z)
(i = 0,1) is a regularly varying function as z — Y; (2 € Ay;) of order o4, 09 + 01 # 1, 01 # 0,
the function R :]0;4o00[— ]0; 4o00[ is continuously differentiable and regularly varying on infinity
of the order p, 0 < p < 1, the derivative function of the function R is monotone.

Definition. A solution y of equation (1) is called P, (Yp, Y1, A\g)-solution if it is defined on [ty, w] C
[a,w] and ,
/
limy@(6) = v, (i=0,1), lim- L
thw ttw y(t)y" ()

A lot of works (see, for example, [2,3]) have been devoted to the establishing asymptotic
representations of P, (Yp, Y1, Ag)-solutions of equations of the form (1), in which R = 0. The
P,(Yp, Y1, \g)-solutions of equation (1) are regularly varying functions as ¢ T w of index /\8\31 if
Ao € R\ {0,1t}. The asymptotic properties and necessary and sufficient conditions of existence of
such solutions of equation (1) have been obtained in [1].

The cases Ao € {0,1} and Ao = oo are special. B, (Yp, Y1, 1)-solutions of equation (1) are rapidly
varying functions as ¢ 1 w. The cases A\g = 0 and A9 = oo are cases of the most difficulty because
in this cases such solutions or their derivatives are slowly varying functions as ¢t T w. Some results
about asymptotic properties and existence of P, (Yp, Y7, \g)-solutions of equation (1) in these special
cases are presented in the work.

We say that a slowly varying as z — Y (2 € Ay) function § : Ay —]0;+oo[ satisfies the
condition S if for any continuous differentiable function L : Ay, —]0; 4+o00[ such that

the following equality
O(zL(z)) =O(2)(1 +0(1)) istrueas z =Y (z € Ay).

Let us introduce the following notations.

t if w= 400, o
wt: @Z = @i 7i :0517
) {t_w foT T el — el (=0
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¢ a if /p( ) dT = 400
I(t) = ag /p(T) dr, A, = a,
Auw w if /p()d7'<—i—oo
In case 1tlTrUIJl ‘S;Tgwn(f)(li =Y, we put
t _ Lol
signyg\ | T-or
t) = I d
By,
L
nyo —o1
by if /‘ dr = 400,
)|>
B, = e
w if /‘ @1 81gny0> d7'<+oo,
|7 (8)]
1
(1—01)1(75)!(1—01) ()@1(W )7t
Ni(t) = 7 (8)]

()R (| In |y (8)]]) ’

and in case ltle |17, (7)| sign y§ = Yo, we put
w

t

Io(t) = ag / P(7) (7)) (| (7)] sign o) i,
Ay

b it [ p(Olm(B] €0 (1) signs8) di =+
b

AQ = 3
o it [ pOm (Ol Oo(nOls8) di < -+,
\ b

Na(t) = aop(t)|m, (1) 7" 00 (|m (1) sign y)
3 1
Here by, by € [a;w| are chosen in such a way that T;gwn(i")o‘ € Ay, ast € [b;w] and |7, (7)| signy) € Ay,
as t € [ba;w].
The first two theorems are devoted to the existence P, (Yp, Y1, 0)-solutions of equation (1). Such
solutions are slowly varying functions as ¢t T w, that makes difficulties in their investigations.

Theorem 1. Let in equation (1) the function v1 satisfy the condition S and the following condition

take place
(R GIDAG
ttw T () In |7y, (€)' (t)

Then for the existence of P,(Yy,Y1,0)-solutions of equation (1) the following conditions are neces-
sary and sufficient

=0. (2)

: e : Ul(t) : ‘w(t)l,(t)
lim yQ|.J (t)| T-e0—o1 =Yy, lim =Y, lm——= =01 —1,
o Yol J (2)] 0 o y?|J(t)| 1 X [(1) 1
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10 =o)J

—_ >0 telb,w|.
y?(l—al) 1—0g—0y a5 (b,

For such solutions the following asymptotic representations take place as t T w
y(t) o 1-— g — 01
1~ _
|exp(R(| In]y(t)y' (1) |D))po(y(t))| = 1=
y'(t) (1—01)J'(t)

o) ~ T—og—onaq L+ oWl

Theorem 2. Let condition (2) of Theorem 1 be not satisfied, p be a twice continuously differentiable
function, function p1 satisfy the condition S and the following condition take place

oy TN ()
to R/ ([ In [m, ()[]) N1.()

1= oy [T J(B)[1+ o(1)],

=0.

For the existence of such P, (Yo, Y1,0)-solutions of equation (1), that finite or infinite limit

lim %(Z{)/(t) exists, the following conditions are necessary and sufficient

tTw

) o=l . —Qp - mu(t)I'(t)  o1—1
1 0( R(|In |7y (¢ Hw):Y lim ——t = vy, 1 =
tlTIol;lyO exp (R(|In |y, (8)]])) =0 0; ;{2 T (t) ! tlTrg I(t) ap

ayiTw(t) <0, ag(l —o1)(l — a0 — o)y R (|In|mu(®)]]) > 0 as t € [a,w].

For such solutions the following asymptotic representations take place as t T w
y(t)

1

|20 (y(t)) exp(R(|In [y (t)y' ()] 1) | =

y'(t) 'R (| In | (4)]])

00~ (0 —oo— o —oni@ L 7oLk

The next two theorems are devoted to the existence of B, (Yp, Y1, £00)-solutions of equation
(1). The first derivatives of such solutions are slowly varying functions as t 1 w, the fact creates
difficulties in the investigation of such solutions.

= (1 =00 —o1)N1(t)[1 + o(1)],

Theorem 3. For the existence of P,,(Yy, Y1, £00)-solutions of equation (1) the following conditions
are necessary

+oo, if w= o0,
Yo = { / Tw()yoy) > 0 as t € [a,w].

0, if w< 400,
If the function @q satisfies the condition S and

o R (DD 1o (1)
tw 7w () I5(t)

=0, (3)

then (3) together with the following conditions are necessary and sufficient for the existence of
P, (Y, Y1, 00)-solutions of equation (1)

. S . me() I (t)
lim g Lo(t)| =071 =Yy, lim —-00=
tlTruIlely o(®)[ =0 b tlTruI} In(t)

For such solutions the following asymptotic representations take place as t T w

YOy ()]~ =(1—0p—0 0 _ 1 )
PO exp(R( Ty — 70T @l gy = el

=0, (1 —00—01)l(t)>0 as t € [by,w.
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Theorem 4. If in (1) the function p is a continuously differentiable, the function o satisfies the
condition S and N

L BN

thw RI(|In |y, () |[) N (2)
then with (3) the following conditions are necessary and sufficient for the existence of
P,(Yy, Y1, £00)-solutions of equation (1)

:()7

1

17R(|1n|7rw(t)||)> =Y1, aod(1—o00—o1)ln|m(t)] >0 as t€ |a,w|.
—0p — 01

lim ¥ ex <
%y Yy €Xp
For such solutions the following asymptotic representations take place as t T w

W (1) oV B )
) e R(my@7 @)~ Fmmmn oW = oWl
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