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Let θi2 > θi1 > 0, i = 1, s, be given numbers and O ⊂ Rn be an open set. Let Ef be the set of
functions f : I×O1+s → Rn, I = [a, b], satisfying the following conditions: for almost all fixed t ∈ I
the function f(t, · ) : O1+s → Rn is continuously differentiable; for each fixed (x, x1, . . . , xs) ∈ O1+s

the functions f(t, x, x1, . . . , xs), fx(t, · ) and fxi(t, · ), i = 1, s, are measurable on I; for any f ∈ Ef

and compact set K ⊂ O there exists a function mf,K(t) ∈ L1(I,R+), R+ = [0,∞), such that

∣∣f(t, x, x1, . . . , xs)∣∣+ |fx(t, · )|+
s∑

i=1

∣∣fxi(t, · )
∣∣ ≤ mf,K(t)

for all (x, x1, . . . , xs) ∈ K1+s and for almost all t ∈ I.
Let Φ be the set of continuous initial functions φ : I1 = [τ̂ , b] → O, where τ̂ = a −

max{θ12, . . . , θs2}. To each element µ = (t0, τ1, . . . , τs, x0, φ, f) ∈ Λ = [a, b) × [θ11, θ12] × · · · ×
[θs1, θs2]×O × Φ× Ef we set in correspondence the delay functional differential equation

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs)

)
(1)

with the discontinuous initial condition

x(t) = φ(t), t ∈ [τ̂ , t0), x(t0) = x0. (2)

The condition (2) is said to be the discontinuous initial condition since, in general, x(t0) ̸= φ(t0).

Definition. Let µ = (t0, τ1, . . . , τs, x0, φ, f) ∈ Λ. A function x(t) = x(t;µ) ∈ O, t ∈ [τ̂ , t1], t1 ∈
(t0, b], is called a solution of equation (1) with the initial condition (2) or a solution corresponding
to the element µ and defined on the interval [τ̂ , t1] if it satisfies condition (2) and is absolutely
continuous on the interval [t0, t1] and satisfies equation (1) almost everywhere on [t0, t1].

Let us introduce the set of variation:

V =

{
δµ = (δt0, δτ1, . . . , δτs, δx0, δφ, δf) : |δt0| ≤ α, |δτi| ≤ α, i = 1, s,

|δx0| ≤ α, δφ =
k∑

i=1

λiδφi, δf =
k∑

i=1

λiδfi, |λi| ≤ α, i = 1, k

}
,

where δφi ∈ Φ − φ0, δfi ∈ Ef − f0, i = 1, k, φ0 ∈ Φ, f0 ∈ Ef are fixed functions; α > 0 is a fixed
number.
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Let

µ0 = (t00, τ10, . . . , τs0, x0, φ0, f0) ∈ Λ (3)

be a fixed element, where t00, t10 ∈ (a, b), t00 < t10 and τi0 ∈ (θi1, θi2), i = 1, s. Let x0(t) be
the solution corresponding to µ0. There exist numbers δ1 > 0 and ε1 > 0 such that for arbitrary
(ε, δµ) ∈ (0, ε1)× V , we have µ0 + εδµ ∈ Λ, and the solution x(t;µ0 + εδµ) defined on the interval
[τ̂ , t10 + δ1] ⊂ I1 corresponds to it (see [4, Theorem 1.2]). By the uniqueness, the solution x(t;µ0)
is a continuation of the solution x0(t) to the interval [τ̂ , t10 + δ1]. Therefore, we can assume that
the solution x0(t) is defined on the whole interval [τ̂ , t10 + δ1]. Now we introduce the increment of
the solution x0(t) = x(t;µ0):

∆x(t; εδµ) = x(t;µ0 + εδµ)− x0(t), (t, ε, δµ) ∈ [τ̂ , t10 + δ1]× (0, ε1)× V.

Theorem 1. Let the following conditions hold:

1) τ10 < · · · < τs0 (see (3)) and t00 + τs0 < t10;

2) the function φ0(t) is absolutely continuous and φ̇0(t), t ∈ I1, is bounded;

3) the function f0(w), w = (t, x, x1, . . . , xs) ∈ I ×O1+s, is bounded;

4) there exists the finite limit

lim
w→w0

f0(w) = f−
0 , w ∈ (a, t00]×O1+s,

where w0 = (t00, x00, φ0(t00 − τ10), . . . , φ0(t00 − τs0));

5) there exist the finite limits

lim
(w1i,w2i)→(w0

1i,w
0
2i)

[
f0(w1i)− f0(w2i)

]
= f0i, w1i, w2i ∈ (a, b)×O1+s, i = 1, s,

where

w0
1i =

(
t00 + τi0, x0(t00 + τi0), x0(t00 + τi0 − τ10), . . . , x0(t00 + τi0 − τi−10),

x00, x0(t00 + τi0 − τi+10), . . . , x0(t00 + τi0 − τs0)
)
,

w0
2i =

(
t00 + τi0, x0(t00 + τi0), x0(t00 + τi0 − τ10), . . . , x0(t00 + τi0 − τi−10),

φ0(t00), x0(t00 + τi0 − τi+10), . . . , x0(t00 + τi0 − τs0)
)
.

Then there exist numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1), t00 + τs0 < t10 − δ2, such that for arbitrary
(t, ε, δµ) ∈ [t10 − δ2, t10 + δ2]× (0, ε2)× V −, where V − = {δµ ∈ V : δt0 ≤ 0}, we have

∆x(t; εδµ) = εδx(t; δµ) + o(t; εδµ). (4)

Here

δx(t; δµ) = −Y (t00; t)f
−
0 δt0 + β(t; δµ), (5)

β(t; δµ) = Y (t00; t)δx0 −
[ s∑

i=1

Y (t00 + τi0; t)f0i

]
δt0
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−
s∑

i=1

[
Y (t00 + τi0; t)f0i +

t00+τi0∫
t00

Y (ξ; t)f0xi [ξ]φ̇0(ξ − τi0) dξ

+

t∫
t00+τi0

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi

+

s∑
i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ +

t∫
t00

Y (ξ; t)δf [ξ] dξ,

where Y (ξ; t) is the n× n-matrix function satisfying the equation

Yξ(ξ; t) = −Y (ξ; t)f0x[ξ]−
s∑

i=1

Y (ξ + τi0; t)f0xi [ξ + τi0], ξ ∈ [t00, t]

and the condition:
Y (ξ; t) = H for ξ = t, Y (ξ; t) = Θ for ξ > t;

H is the identity matrix and Θ is the zero matrix;

f0xi [ξ] = f0xi

(
ξ, x0(ξ), x0(ξ − τ10), . . . , x0(ξ − τs0)

)
,

δf [ξ] = δf
(
ξ, x0(ξ), x0(ξ − τ10), . . . , x0(ξ − τs0)

)
.

The expression (5) is called the variation formula of solution. The addend

−
s∑

i=1

[
Y (t00 + τi0; t)f0i +

t∫
t00

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi

in the formula (5) is the effects of perturbations of the delays τi0, i = 1, s. For the ordinary differ-
ential equation the variation formula of solution has been proved in the monograph R. V. Gamkre-
lidze [1]. In [3] variation formulas of solution were proved for the equation ẋ(t) = f(t, x(t), x(t−τ))
with the condition (2) in the case when the initial moment and delay variations have the same signs.
In the present paper, the equation with several delays is considered and variation formulas of solu-
tion are obtained with respect to wide classes of variations (see V − and V +). Variation formulas
of solution for various classes of delay functional differential equations, without perturbations of
delays, are proved in [2].

Theorem 2. Let the conditions 1)–3) and 5) of the Theorem 1 hold. Moreover, there exists the
finite limit

lim
w→w0

f0(w) = f+
0 , w ∈ [t00, b)×O1+s. (6)

Then there exist numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1) such that for arbitrary (t, ε, δµ) ∈ [t10 −
δ2, t10 + δ2]× (0, ε2)× V +, where V + = {δµ ∈ V : δt0 ≤ 0}, the formula (4) holds. Here

δx(t; δµ) = −Y (t00; t)f
+
0 δt0 + β(t; δµ).

Theorem 3. Let the conditions 1)–4) of the Theorem 1 hold. Moreover, there exists the finite
limits:

lim
(w1i,w2i)→(w0

1i,w
0
2i)

[
f0(w1i)− f0(w2i)

]
= f−

0i , w1i, w2i ∈ (a, t00 + τi0]×O1+s, i = 1, s,
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Then there exist numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1) such that for arbitrary (t, ε, δµ) ∈ [t10 −
δ2, t10 + δ2]× (0, ε2)×V −

1 , where V −
1 = {δµ ∈ V : δt0 ≤ 0, δτi ≤ 0, i = 1, s} the formula (4) holds.

Here

δx(t; δµ) = −
[
Y (t00; t)f

−
0 +

s∑
i=1

Y (t00 + τi0; t)f
−
0i

]
δt0 −

s∑
i=1

[
Y (t00 + τi0; t)f

−
0i

]
δτi + β1(t; δµ),

where

β1(t; δµ) = Y (t00; t)δx0

+

s∑
i=1

[ t00+τi0∫
t00

Y (ξ; t)f0xi [ξ]φ̇0(ξ − τi0) dξ +

t∫
t00+τi0

Y (ξ; t)f0xi [ξ]ẋ0(ξ − τi0) dξ

]
δτi

+
s∑

i=1

t00∫
t00−τi0

Y (ξ + τi0; t)f0xi [ξ + τi0]δφ(ξ) dξ +

t∫
t00

Y (ξ; t)δf [ξ] dξ.

Theorem 4. Let the conditions 1)–3) of the Theorem 1 and the condition (6) hold. Moreover,
there exists the finite limits:

lim
(w1i,w2i)→(w0

1i,w
0
2i)

[
f0(w1i)− f0(w2i)

]
= f+

0i , w1i, w2i ∈ [t00 + τi0, b)×O1+s, i = 1, s,

Then there exist numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1) such that for arbitrary (t, ε, δµ) ∈ [t10 −
δ2, t10+ δ2]× (0, ε2)×V +

1 , where V +
1 = {δµ ∈ V : δt0 ≥ 0, δτi ≥ 0, i = 1, s} the formula (4) holds.

Here

δx(t; δµ) = −
[
Y (t00; t)f

+
0 +

s∑
i=1

Y (t00 + τi0; t)f
+
0i

]
δt0 −

s∑
i=1

[
Y (t00 + τi0; t)f

+
0i

]
δτi + β1(t; δµ).
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