224  International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia

Effects of Several Delays Perturbations in the Variation Formulas of
Solution for a Functional Differential Equation
with the Discontinuous Initial Condition

Tamaz Tadumadze

Department of Mathematics, 1. Javakhishvili Tbilisi State University;
1. Vekua Institute of Applied Mathematics of 1. Javakhishvili Tbilisi State University,
Thilisi, Georgia
E-mail: tamaz.tadumadze@tsu.ge

Let 6,2 > 0;1 > 0, i = 1, s, be given numbers and O C R" be an open set. Let E; be the set of
functions f : I x O — R™ I = [a, b], satisfying the following conditions: for almost all fixed t € T
the function f(¢, -) : O'** — R™ is continuously differentiable; for each fixed (z,x1,...,zs) € O*F*
the functions f(t,z,1,...,xs), fo(t, -) and fy, (¢, -), i = 1, s, are measurable on I; for any f € E
and compact set K C O there exists a function my g (t) € L1(I,Ry), Ry = [0,00), such that

ft )|+ 1l )+ D | fas (s )] < myp ()
=1

for all (x,z1,...,2s) € K'** and for almost all ¢ € I.

Let ® be the set of continuous initial functions ¢ : I} = [7,b] — O, where T = a —
max{0i2,...,0s2}. To each element u = (to,71,...,7s, 20,0, f) € A = [a,b) X [011,012] X -+ X
[0s1,052] X O x ® x Ey we set in correspondence the delay functional differential equation

i(t) = f(t,x(t), st —71),...,2(t — 75)) (1)

with the discontinuous initial condition
z(t) = o(t), te€[T,to), x(to) = xo. (2)
The condition (2) is said to be the discontinuous initial condition since, in general, x(tg) # (o).

Definition. Let p = (to,71,...,7s,Z0, ¢, f) € A. A function z(t) = z(t;u) € O,t € [T,t1], t1 €
(to, b], is called a solution of equation (1) with the initial condition (2) or a solution corresponding
to the element p and defined on the interval [7,¢1] if it satisfies condition (2) and is absolutely
continuous on the interval [to, 1] and satisfies equation (1) almost everywhere on [to, t1].

Let us introduce the set of variation:

V= {5,u = (0to, 071, ...,07Ts,020,0p,0f) = |0to| < a |07 <, i =1, 5,
k k

6ol < a, 6o =D Nidps, 6 =D Nidfi, [Nl < a, izl,kz},
=1 =1

where dp; € ® — o, 6fi € Ef — fo, i = 1,k, ¢o € ®, fo € Ey are fixed functions; o > 0 is a fixed
number.
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Let
to = (too, T10, - - - » Ts0, Z0, 0, fo) € A (3)

be a fixed element, where tgo,t10 € (a,b), top < ti0 and 79 € (0;1,0:2), i = 1,5. Let zo(t) be
the solution corresponding to pg. There exist numbers d; > 0 and €1 > 0 such that for arbitrary
(e,6p) € (0,e1) x V, we have pg +edu € A, and the solution z(t; o + €dp) defined on the interval
[T,t10 + 01] C I corresponds to it (see [4, Theorem 1.2]). By the uniqueness, the solution x(¢; uo)
is a continuation of the solution z(t) to the interval [T,t10 + 01]. Therefore, we can assume that
the solution z¢(t) is defined on the whole interval [7,t19 + 01]. Now we introduce the increment of
the solution z(t) = z(t; po):

Ax(tiedp) = x(t; po +6p) — xo(t), (t,€,6p) € [7,t10 + 1] x (0,€1) x V.
Theorem 1. Let the following conditions hold:
Ti0 < + -+ < Tso (see (3)) and top + Ts0 < t1o;
the function po(t) is absolutely continuous and ¢o(t), t € 11, is bounded;

)
)

3) the function fo(w), w = (t,xz,71,...,75) € [ x O, is bounded;
)

4) there exists the finite limit
lim fo(w) = fo_, w € (a,too] X Ol+s,
w—rwWo
where wo = (too, Too, Po(too — T10); - - -, Yo(too — Ts0));

5) there exist the finite limits

lim [fo(wis) — fo(wai)] = foi, wii,we € (a,b) x O, i =15,
(wu,wzi)—>(w‘1’i,w8i)
where
w?i = (too + Tio, o (too + Tio), Zo(too + Tio — T10), - - - » To(too + Tio — Ti—10),
%00, o(too + Tio — Tit10)s - - - » Zo(too + Tio — Tso)>,
wS,» = (7500 + 70, 2o(too + Tio), zo(too + Tio — T10), - - - » Zo(too + Tio — Ti—10),
wo(too), zo(too + Tio — Ti+10)s - - -, o(too + Tio — Tso)>-

Then there exist numbers o € (0,e1) and 02 € (0,01),t00 + Tso < t10 — 92, such that for arbitrary
(t,e,0p) € [tio — 02, t10 + 2] X (0,2) X V=, where V=~ ={du € V : 6ty < 0}, we have

Ax(t;edp) = edx(t; o) + o(t; edu). (4)
Here
6z (t;0p) = —Y (oo t) fo 0to + B(t;0p), (5)

B(t;0p) =Y (too; t)dzo — [Z Y (too + Tio; t)fOz‘] dto

i=1
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too+r;0

- Z I:Y(tOO + Tio; t>f0i + / Y(f, t)f(]zi [5]()00(6 - TiO) dé‘

=1 too

t
/ Y (&t) fox, [€]Z0(€§ — Tio) di} o
too+Tio
too

iy | Y€+ i) fonlé + raldiele) de + /Y &:0)5 f[€] de,

=l —Ti0

where Y (§;t) is the n X n-matriz function satisfying the equation

Ye(&51) = =Y (&t) fou €] ZY €+ 703 t) fou, [€ + Tiol, € € [too, ]

=1

and the condition:
Y(&t) =H for E=t, Y(&1)=0 for &>t

H is the identity matriz and © is the zero matriz;

foL‘z[g] = fOxi (57‘730(5)7370(5 - 7—10)7 ce 71'0(5 - 7—80))’
6f[§] = 6]0(57370(5)7560(5 - 7—10)7 s 7x0(§ - Tso))'

The expression (5) is called the variation formula of solution. The addend
s t

-3 [Y(too + Tio; t) foi + /Y(f;t)fom [€]20(§ — Tio) dE | 0T;
i=1 £

in the formula (5) is the effects of perturbations of the delays 7,9, i = 1, s. For the ordinary differ-
ential equation the variation formula of solution has been proved in the monograph R. V. Gamkre-
lidze [1]. In [3] variation formulas of solution were proved for the equation @(t) = f(t, z(t), z(t — 7))
with the condition (2) in the case when the initial moment and delay variations have the same signs.
In the present paper, the equation with several delays is considered and variation formulas of solu-
tion are obtained with respect to wide classes of variations (see V~ and V). Variation formulas
of solution for various classes of delay functional differential equations, without perturbations of
delays, are proved in [2].

Theorem 2. Let the conditions 1)-3) and 5) of the Theorem 1 hold. Moreover, there exists the
finite limit
lim fo(w) = f, w € [to,b) x O, (6)

w—rwo

Then there exist numbers 2 € (0,e1) and d3 € (0,01) such that for arbitrary (t,e,dp) € [ti0 —
82,10 + 02] X (0,69) x V', where VT = {du € V : 6ty < 0}, the formula (4) holds. Here

Sz (t; 6p) = =Y (too; t) fo 0to + B(t; Op).
Theorem 3. Let the conditions 1)-4) of the Theorem 1 hold. Moreover, there exists the finite
limits:
lim [folwis) — fo(wa)] = foi, wis,wa; € (a,too + Ti0) x OS5, i =13,

(w1i,weq)—(w?, wl,)
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Then there exist numbers 2 € (0,e1) and dy € (0,01) such that for arbitrary (t,e,dp) € [ti0 —
82,10+ 02] x (0,22) x Vi, where Vi” = {dpu € V : 5ty < 0,071, <0, i =1, s} the formula (4) holds.
Here

S

dx(t; op) = — [Y(too; t)fy + Zy(too + Ti0; t)f&}&o — Z [Y (too + Tio; t) fo; | 673 + Ba(t; 6p),

i=1 i=1
where
Bi(t;0p) = Y (too; t)dxo
too+Ti0
+ Z |: / 5, )fO:Jcl [5]900(5 — Ti0 d£ + / Y 5 t)fOxl [5]1’0(5 - 7_zO) dg|oT;
t00+Tzo
too
iy | Y€+ i) o+ maldete d§+/Y§t5f£] de.
=lgo— —Ti0

Theorem 4. Let the conditions 1)-3) of the Theorem 1 and the condition (6) hold. Moreover,
there exists the finite limits:

lim [fo(wis) — folwa)] = fif, wisswai € [too + 70, b) x OS5, i =15,

(’wlz w21)_>(w11 wzz)

Then there exist numbers €3 € (0,e1) and 62 € (0,61) such that for arbitrary (t,e,dp) € [tio —
S2,t10 +02] X (0,e2) x V|7, where Vi" = {0 € V' : 6ty >0, 67, > 0, i = 1,8} the formula (4) holds.
Here

S

dx(t; op) = — [Y(too; t o+ Zy(too + Tio;t)fag}&o — Z [Y (too + Tio; t) fo; | 673 + Ba(t; 6p).

=1 =1
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