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The differential equation

/,

y" = aop(t)y|Infyl|” (1)
is considered, where ap € {—1;1}, 0 € R, p: [a,w) — (0,+00) is a continuous function; a < w <
+00.

Asymptotic properties of solutions of equation (1) when o = 0 were investigated in detail in
the work by I. T. Kiguradze [6, § 6]. For second order equations of the form (1) the asymptotic
of solutions of this class was studied in the works by V. M. Evtukhov and Mousa Jaber Abu
Elshour [1,3].

In this work the equation of the third order equation (1) is investigated using the methodology
proposed by V. M. Evtukhov for differential equations of n-th order in [2] and further developed
in the works [4,5,9]. Some results for equation (1) we published in [7,8].

The solution y of equation (1), defined on the interval [t,, w) C [a,w) is called P,(\g) solution
if it satisfies the following conditions:

: 2
S {or + o0, B=012. I iy~

Necessary and sufficient conditions for the existence of P, (Ag) solutions of equation (1) are
stated. The asymptotic representation of such solutions and their derivatives up to second order
when ¢ — w were received.

Let us introduce the necessary notation.

t t
t if w=
Tu(t) = { LT L = / 2 (r)p(r)dr, Ip(t) = / ps (7)dr,
t—w if w< 4o0o,
A B
a if / |7Tw(’7')|2p(7') dr = +o0, a if /pé(T) dr = +o0,
A= ‘o B = @
wif /|7Tw(7')|2p(7') dr < 400, w if /pé(T)dT < 400,

q(t) = p(t)m (1) In s (t)

7 Q(t):/p(T)?Ti(T)‘lnﬂ'i(t)‘adT.

Let us formulate the main theorem on the existence of P, (\g) solutions of equation (1).
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Theorem 1. Let o # 1. Then for the existence of Py, (o) solutions of equation (1), where g €
R\ {0;1; %}, it is necessary, and if the function p : [a,w) — (0,400) is continuous and differentiable
and

—2+0)+/(2+0)2+38 —2-0)x/(24+0)2+38

—1++3

)\0 7& 4 9 A0 7& 2 )\0 # 4 Y
then it is also sufficient that
. p(t)m (1) [ Aol 220 — 1
040/\0(2)\0 — 1)()\0 — 1)7Tw(t) >0, lim >— — Q) (2)
t—w ‘(1*0)2}*)\0)2 NG Ao —1J3

Moreover, for each of such solutions there are asymptotic representation as t — w

_1)2 1
nfy()] = v((1 - ) =V r oy (14 o)),

Ao
y/(t) B (2)\0 — 1) y”(t) B Ao
s~ 0o Dmam Oy = e e T OM)

where v = sign(ag(Ao — 1)(1 — 0)La(t)).

Theorem 2. Let o # 3. Then for the existence of Py(1) solutions of equation (1) it is necessary,
and if p : [a,w) — (0,+00) is continuous and differentiable and such that there is a finite or equal
+oo

lim
t—w

then it is also sufficient that

lim 7, (£)p3 () [I5(£)| 7 = cc.

t—w

Moreover, for each of such solutions the are asymptotic representation ast — w

(o) = |27 po)| * 1+ o))
y(t) _ 113-0 3% y'(t) _ 13-o0 5=
= P ooy, L —p 25 1] 0 o)

where p = sign(33% I5(t)).

Theorem 3. For the existence of P, (+00) solution of equation (1), necessary and sufficient con-
ditions are:
lim ¢(t) =0, lim Q(t) = oco.

t—w t—w

Moreover, for each of such solutions there are asymptotic representation as t — w

aoQ(t)
2

(1+0(1)), Inly"(t)] =

In [y(t)] = w2 (t) +

aoQ(t)
2

(1+0(1)),

apQ(1)
2

In |y (t)] = In|my(£)] + (1+0(1)).

The asymptotic of solutions in Theorems 1-4 is written in implicit form. The conditions for the
existence of solutions of equation (1) of the specified type were obtained in which their asymptotic
performance, as well as derivatives of first and second order can be written in explicit form.
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Theorem 4. Let o(1 — o) # 0 and conditions (2) take place. Let, in addition Ao € R\ {0;1;1},
Xo # —1 + /3 and the functions

p(t)m3(t) ol ol [2A0 — 1 (Ao — 1)? =)
ha(t) = - () = |- o) ]
‘(1*0)%*)\0)2 IA(t)‘ﬁ Ao — 13 Ao
such that ha (1)
. ) _
) =

Then the differential equation (1) has Py(\o) solution, which allows asymptotic representation as
t—w

(Ag—1)2 s
y(t) = (£1 + (1))’ 1= A5 1a0|7

1

2X0 — 1) ,,’(1,0) M[ (t)‘ T—o

"(t) = _@r=1) +1+0(1))e Ao A ,
_ (Ao—1)2 T

S () = o200 — 1) (—10(1) 1=y Lo Lo 7

(Ao — 1)%m5, (1)

Here is a consequence of this theorem, if o = 0, i.e. for the linear differential equation

y" = aop(t)y, (3)
where ag € {—1;1}, 0 € R, p: [a,w) — (0,400) is a continuous function; a < w < +o0.

Corollary. Let for the differential equation (3),

. 3 N p(t)ﬂ'i(t) —Cp
}g{ldp(t)ﬂw(t) =co>0 and / ‘Ww(t) dt < +oo.

Then, if

and

3 2 2 3 2 2 36
32(@) +36(@) 2% 6) - 32<@) —2<@) pyRall (1+ CO) <0,
C Co Co Co )] Co 16&0
the differential equation (3) has a fundamental system of solutions y; (i = 1,2,3), admitting asym-
ptotic representation ast — w

(,\i,1)2
yi(t) = (1+ 0(1))6[6“0 Y IA(t)] ’

/ B 2\ — 1) o (AZ%F a0
yi(t)— WW(1+0(1)>6[ : ]7
J(8) = Ai(2X\ — 1) (14 0(1))6[% Ouc IA(,»]’

(Ai = 1)?m5,(2)
where \; (i = 1,2,3) — the roots of the algebraic equation
X - 2(34220) 4 (34 22) —1=0.
€o €o

The obtained asymptotics are consistent with the already known results for linear differential
equations.
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