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Let —0co < a < b < 400, and let J C [a,b] be the measurable set such that
J # la,b], mesJ =b—a.

Consider the functional differential system with deviating arguments

du;(t .
(;E ) :fi(t,ul(t),...,un(t),ul(ﬁ(t)),...,un(Tn(t))) (i=1,...,n) (1)
with the weighted boundary conditions
: |ui(t)| :
lim su <400 (i=1,...,n). 2
t—>tip ©;(t) ( ) (2)
Here f; : J x R? — R (i = 1,...,n) are measurable in the first and continuous in the last 2n

arguments function,
t; € la,b]\J (i=1,...,n),

while ¢; : [a,b] = R (i =1,...,n) and 7, : J — [a,b] (i = 1,...,n) are, respectively, absolutely
continuous and continuous functions such that

wi(t) >0 for t#t; (i=1,...,n),
et —t;) >0, m(t)#t; for tedJ (i=1,...,n).

A vector function (u;); : [a,b] — R™ with absolutely continuous components u1, .. ., u, is said
to be a solution of system (1) if it satisfies that system almost everywhere on J. The solution
(u;)?_, of system (1) is said to be a solution of problem (1), (2) if it satisfies conditions (2).

Note that the boundary conditions

ui(ti)zo (i:1,...,n) (3)

are called Cauchy—Nicoletti conditions, and problem (1), (3) is said to be a Cauchy—Nicoletti prob-
lem (see, e.g., [1-3,5-8], where the Cauchy—Nicoletti problem is investigated both for differential
and functional differential systems). Thus it is natural to call the boundary conditions (2) and prob-
lem (1), (2) the Cauchy—Nicoletti weighted conditions and the Cauchy—Nicoletti weighted problem,
respectively.

We are interested in study of problem (1), (2) in the case where system (1) has non-integrable
singularities in the time variable, i.e., where

i=1

b n n
/<Z‘f,-(t,acl,...,xmyl,...,yn)D dt = 400 if Z(\x2]+|yz|)>0
S Nim

For singular systems of ordinary differential equations, the unimprovable conditions for the
solvability and unique solvability of the Cauchy—-Nicoletti weighted problem are established by
I. Kiguradze [2,4]. In this paper, analogous results are obtained for the singular problem (1), (2).

Below everywhere we use the following notation.
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o I =[a,b)\ {ts} (k=1,...,n).

0 if ¢ €[ty —0,t,+0],

£,6,\) =
* xu(04) {A it [ty — 6t + 3.

e Ljo.(Ix; R) is the set of Lebesgue integrable on each closed interval contained in I} functions
v: I — R
o X = (@ik){}—y is the n x n matrix with the components z;; (i,k =1,...,n).
e 7(X) is the spectral radius of the matrix X.
Moreover, below everywhere it is assumed that
fok € Lioc(Ig;R) - for every p>0 (k=1,...,n),

where

Fia(0) = max{

)

z @] + i) _p}.

B (b 11, pnOans o1 (O Pl )|

Along with (1) we consider the functional differential system

du;ft) =X (6,0 N fi(tua (1), - un(t), ua (1a(1)), - un(a(t))) (i=1,...,n), (4)

depended on parameters A € [0,1] and § €]0, 1].

Theorem 1 (A principle of a priori boundedness). Let there exist a positive constant p such that
for every 6§ €]0,1[ and X € [0,1] any solution (u;)!"_, of problem (4),(2) admits the estimates

ui(t)] < ppi(t)  for t€a,b] (i=1,...,n).
Then problem (1), (2) has at least one solution.

Theorem 2. Let on the set J x R?" the inequalities

fi(tvxlv e 737717917 e 7y71) Sgn[(t - tl)xz]

n
Yk .
< |t [ plk + p2ik— v +q} i=1,...,n
O] 2 o ontm@) T )
be fulfilled, where pyik, poir (i,k = 1,...,n) and q are nonnegative constants, at that the matriz
P = (prir + pgik)zkzl satisfies the inequality
r(P) < 1. (5)

Then problem (1), (2) has at least one solution.

Remark 1. Under the conditions of Theorem 2, each function f; may have the singularity of
arbitrary order at the point ¢;. Indeed, if ;(t) = |t —t;| (i = 1,...,n), then the conditions of the
above-mentioned theorem are satisfied, for example, by the functions

L+ |z1| 4+ -+ |zl + |ya] + - + |y
fi(tav’Ula'--ﬂfm?/lw'-,?/n):eXP< | | ‘ n’ | | | nl)(tl_t)ml

It—t'l

%] :
—l—Z(puk + glkﬁ>+q(z:1,...,n).
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Condition (5) in Theorem 2 is unimprovable and it cannot be replaced by the condition

r(P) < 1.

What is more, the following theorem is valid.

Theorem 3. Let on the set J x R?™ the inequalities

filt,x1, .o Tny Y1y - -, Yn) sg0(t — ;)

n

2|<P§(t)|{ <p1ik 2 + P2 |yk|t))>+q] (i=1,...

pet () (i

)

be fulfilled, where pii; > 0, poir >0 (i,k =1,...,n), ¢ >0, and the matriz P = (p1ix + D2ik) 1y

satisfies the inequality
r(P) > 1.

Then problem (1), (2) has no solution.

Along with (1), (2) let us consider the perturbed problem

d’UZ' (t)
dt

= fi(t,vl(t), ey U (D), v1 (11 (2)), - - ,vn(Tn(t))) +hi(t) i=1,...,n),

(t
lim sup [vi(2)]
t—t; i(t)

<400 (i=1,...,n),

and introduce
Definition. Problem (1), (2) is said to be well-posed if:
(i) it has a unique solution (u;)! ;;

(ii) there exists a positive constant p such that for arbitrary integrable functions hy
(k=1,...,n), satisfying the conditions

. ¢
vi(hg) = SuP{gok(t) ‘t/ |hi(s)| ds

problem (6), (7) is solvable and its every solution satisfies the inequalities

: teIk}<+oo (k=1,...,n),

o (t) — wi ()] gp[zyk(hk)}%(t) for ¢t € [a,b] (i=1,...,n).
k=1

Theorem 4. Let on the set J x R?™ the inequalities

fi(tvxlv e 7$n7y17 e 7y7l) Sgn[(t - tl)x’i]

- |

:J — R

Tk Yk .
< |@i(t)] (Pliki’-i-p%k ’|t))> (i=1,...,n)

pet oi(t) i (7 (

be fulfilled, where p1ik, pair (i,k =1,...,n) are nonnegative constants, and the matriz P = (p14 +

Paik)i k=1 Satisfies inequality (5). Then problem (1), (2) is well-posed.
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Theorems 3 and 4 yield the following result.

Corollary 1. Let on the set J x R?" the equalities

|| |y :
fi t7I15"-7xn7y17"‘7yn :90;t (plzk +p21k7> ’L:].,...,TZ
( )=l 2 (e oy 4w ) ¢ )

n

hold, where p1, pair (i,k = 1,...,n) are nonnegative constants. Then for problem (1), (2) to be
well-posed it is necessary and sufficient that the matriz P = (p1ik —i—pgik);fk:l to satisfy inequality

(5).
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