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Let −∞ < a < b < +∞, and let J ⊂ [a, b] be the measurable set such that

J ̸= [a, b], mes J = b− a.

Consider the functional differential system with deviating arguments

dui(t)

dt
= fi

(
t, u1(t), . . . , un(t), u1(τ1(t)), . . . , un(τn(t))

)
(i = 1, . . . , n) (1)

with the weighted boundary conditions

lim sup
t→ti

|ui(t)|
φi(t)

< +∞ (i = 1, . . . , n). (2)

Here fi : J × R2n → R (i = 1, . . . , n) are measurable in the first and continuous in the last 2n
arguments function,

ti ∈ [a, b] \ J (i = 1, . . . , n),

while φi : [a, b] → R (i = 1, . . . , n) and τi : J → [a, b] (i = 1, . . . , n) are, respectively, absolutely
continuous and continuous functions such that

φi(t) > 0 for t ̸= ti (i = 1, . . . , n),

φ′
i(t)(t− ti) ≥ 0, τi(t) ̸= ti for t ∈ J (i = 1, . . . , n).

A vector function (ui)
n
i=1 : [a, b] → Rn with absolutely continuous components u1, . . . , un is said

to be a solution of system (1) if it satisfies that system almost everywhere on J . The solution
(ui)

n
i=1 of system (1) is said to be a solution of problem (1), (2) if it satisfies conditions (2).
Note that the boundary conditions

ui(ti) = 0 (i = 1, . . . , n) (3)

are called Cauchy–Nicoletti conditions, and problem (1), (3) is said to be a Cauchy–Nicoletti prob-
lem (see, e.g., [1–3, 5–8], where the Cauchy–Nicoletti problem is investigated both for differential
and functional differential systems). Thus it is natural to call the boundary conditions (2) and prob-
lem (1), (2) the Cauchy–Nicoletti weighted conditions and the Cauchy–Nicoletti weighted problem,
respectively.

We are interested in study of problem (1), (2) in the case where system (1) has non-integrable
singularities in the time variable, i.e., where

b∫
a

( n∑
i=1

∣∣fi(t, x1, . . . , xn, y1, . . . , yn)∣∣) dt = +∞ if

n∑
i=1

(|xi|+ |yi|) > 0.

For singular systems of ordinary differential equations, the unimprovable conditions for the
solvability and unique solvability of the Cauchy–Nicoletti weighted problem are established by
I. Kiguradze [2, 4]. In this paper, analogous results are obtained for the singular problem (1), (2).

Below everywhere we use the following notation.
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• Ik = [a, b] \ {tk} (k = 1, . . . , n).

• χ
k
(t, δ, λ) =

{
0 if t ∈ [tk − δ, tk + δ],

λ if t ̸∈ [tk − δ, tk + δ].

• Lloc(Ik;R) is the set of Lebesgue integrable on each closed interval contained in Ik functions
v : Ik → R.

• X = (xik)
n
i,k=1 is the n× n matrix with the components xik (i, k = 1, . . . , n).

• r(X) is the spectral radius of the matrix X.

Moreover, below everywhere it is assumed that

f∗
ρ,k ∈ Lloc(Ik;R) for every ρ > 0 (k = 1, . . . , n),

where

f∗
ρ,k(t) = max

{∣∣∣∣fk(t, φ1(t)x1, . . . , φn(t)xn, φ1(τ1(t))y1, . . . , φn(τn(t))yn

)∣∣∣∣ : n∑
i=1

(|xi|+ |yi|) ≤ ρ

}
.

Along with (1) we consider the functional differential system

dui(t)

dt
= χi(t, δ, λ)fi

(
t, u1(t), . . . , un(t), u1(τ1(t)), . . . , un(τn(t))

)
(i = 1, . . . , n), (4)

depended on parameters λ ∈ [0, 1] and δ ∈ ]0, 1[ .

Theorem 1 (A principle of a priori boundedness). Let there exist a positive constant ρ such that
for every δ ∈]0, 1[ and λ ∈ [0, 1] any solution (ui)

n
i=1 of problem (4), (2) admits the estimates

|ui(t)| ≤ ρφi(t) for t ∈ [a, b] (i = 1, . . . , n).

Then problem (1), (2) has at least one solution.

Theorem 2. Let on the set J × R2n the inequalities

fi(t, x1, . . . , xn, y1, . . . , yn) sgn[(t− ti)xi]

≤ |φ′
i(t)|

[ n∑
k=1

(
p1ik

|xk|
φk(t)

+ p2ik
|yk|

φk(τk(t))

)
+ q

]
(i = 1, . . . , n)

be fulfilled, where p1ik, p2ik (i, k = 1, . . . , n) and q are nonnegative constants, at that the matrix
P = (p1ik + p2ik)

n
i,k=1 satisfies the inequality

r(P) < 1. (5)

Then problem (1), (2) has at least one solution.

Remark 1. Under the conditions of Theorem 2, each function fi may have the singularity of
arbitrary order at the point ti. Indeed, if φi(t) = |t− ti| (i = 1, . . . , n), then the conditions of the
above-mentioned theorem are satisfied, for example, by the functions

fi(t, x1, . . . , xn, y1, . . . , yn) = exp
(1 + |x1|+ · · ·+ |xn|+ |y1|+ · · ·+ |yn|

|t− ti|

)
(ti − t)xi

+
n∑

k=1

(
p1ik

|xk|
|t− tk|

+ p2ik
|yk|

|τk(t)− tk|

)
+ q (i = 1, . . . , n).
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Condition (5) in Theorem 2 is unimprovable and it cannot be replaced by the condition

r(P) ≤ 1.

What is more, the following theorem is valid.

Theorem 3. Let on the set J × R2n the inequalities

fi(t, x1, . . . , xn, y1, . . . , yn) sgn(t− ti)

≥ |φ′
i(t)|

[ n∑
k=1

(
p1ik

|xk|
φk(t)

+ p2ik
|yk|

φk(τk(t))

)
+ q

]
(i = 1, . . . , n)

be fulfilled, where p1ik ≥ 0, p2ik ≥ 0 (i, k = 1, . . . , n), q > 0, and the matrix P = (p1ik + p2ik)
n
i,k=1

satisfies the inequality

r(P) ≥ 1.

Then problem (1), (2) has no solution.

Along with (1), (2) let us consider the perturbed problem

dvi(t)

dt
= fi

(
t, v1(t), . . . , vn(t), v1(τ1(t)), . . . , vn(τn(t))

)
+ hi(t) (i = 1, . . . , n), (6)

lim sup
t→ti

|vi(t)|
φi(t)

< +∞ (i = 1, . . . , n), (7)

and introduce

Definition. Problem (1), (2) is said to be well-posed if:

(i) it has a unique solution (ui)
n
i=1;

(ii) there exists a positive constant ρ such that for arbitrary integrable functions hk : J → R
(k = 1, . . . , n), satisfying the conditions

νk(hk) = sup

{
1

φk(t)

∣∣∣∣
t∫

tk

|hk(s)| ds
∣∣∣∣ : t ∈ Ik

}
< +∞ (k = 1, . . . , n),

problem (6), (7) is solvable and its every solution satisfies the inequalities

|vi(t)− ui(t)| ≤ ρ
[ n∑
k=1

νk(hk)
]
φi(t) for t ∈ [a, b] (i = 1, . . . , n).

Theorem 4. Let on the set J × R2n the inequalities

fi(t, x1, . . . , xn, y1, . . . , yn) sgn[(t− ti)xi]

≤ |φ′
i(t)|

n∑
k=1

(
p1ik

|xk|
φk(t)

+ p2ik
|yk|

φk(τk(t))

)
(i = 1, . . . , n)

be fulfilled, where p1ik, p2ik (i, k = 1, . . . , n) are nonnegative constants, and the matrix P = (p1ik +
p2ik)

n
i,k=1 satisfies inequality (5). Then problem (1), (2) is well-posed.
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Theorems 3 and 4 yield the following result.

Corollary 1. Let on the set J × R2n the equalities

fi(t, x1, . . . , xn, y1, . . . , yn) = φ′
i(t)

n∑
k=1

(
p1ik

|xk|
φk(t)

+ p2ik
|yk|

φk(τk(t))

)
(i = 1, . . . , n)

hold, where p1ik, p2ik (i, k = 1, . . . , n) are nonnegative constants. Then for problem (1), (2) to be
well-posed it is necessary and sufficient that the matrix P = (p1ik + p2ik)

n
i,k=1 to satisfy inequality

(5).
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