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Consider the di�erential equation
y′′ = f(t, y, y′), (1)

where f : [a, ω[×∆Y0 ×∆Y1 → R is continuous function, −∞ < a < ω ≤ +∞, ∆Yi (i ∈ {0, 1}) is a
one-side neighborhood of Yi and Yi (i ∈ {0, 1}) is either 0 or ±∞. We assume that the numbers µi

(i = 0, 1) given by the formula

µi =

{
1 if either Yi = +∞, or Yi = 0 and ∆Yi is right neighborhood of the point 0,

−1 if either Yi = −∞, or Yi = 0 and ∆Yi is left neighborhood of the point 0,

satisfy the relations

µ0µ1 > 0 for Y0 = ±∞ and µ0µ1 < 0 for Y0 = 0. (2)

Conditions (2) are necessary for the existence of solutions of Eq. (1) de�ned in a left neighborhood
of ω and satisfying the conditions

y(i)(t) ∈ ∆Yi for t ∈ [t0, ω[ , lim
t↑ω

y(i)(t) = Yi (i = 0, 1).

In monograph [1] de�nitions of singular solutions of �rst and second kinds are introduced. Here
we study Eq. (1) on class singular Pt∗(Y0, Y1, λ0)-solutions, that are de�ned as follows.

De�nition 1. Let t∗ < ω. A solution y of Eq. (1) on interval [t0, t∗[⊂ [a, ω[ is called singular
Pt∗(Y0, Y1, λ0)-solution, where −∞ ≤ λ0 ≤ +∞, if it satis�es the conditions

y(i)(t) ∈ ∆Yi for t ∈ [t0, t∗[ , lim
t↑t∗

y(i)(t) = Yi (i = 0, 1), lim
t↑t∗

[y′(t)]2

y(t)y′′(t)
= λ0.

Note that the singular Pt∗(Y0, Y1, λ0)-solution of Eq. (1) is noncontinuable to the right solution.
Depending on the values of λ0 the set of all such solutions of Eq.(1) is disconnected into 4 disjoint
subsets respective to the values of λ0: λ0 ∈ R \ {0, 1}, λ0 = 0, λ0 = 1, λ0 = ±∞. Here we'll
formulate the properties of singular Pt∗(Y0, Y1, λ0)-solutions that correspond to the value λ0 = ±∞.
With this aim, we impose a restriction on the function f .

De�nition 2. We say that a function f satis�es condition (RN)∗∞ if there exists a number α0 ∈
{−1, 1}, a positive number A∗ and continuous functions φi : ∆Yi → ]0,+∞[ (i = 0, 1) of orders σi
(i = 0, 1) regular varying 1 as z → Yi (i = 0, 1) such that for arbitrary continuously di�erentiable
functions zi : [a, ω[ ∆Yi (i = 0, 1) satisfying the conditions

lim
t↑t∗

zi(t) = Yi (i = 0, 1),

lim
t↑t∗

(t− t∗)z
′
0(t)

z0(t)
= 1, lim

t↑t∗

(t− t∗)z
′
1(t)

z1(t)
= 0,

1De�nition of regular varying function see in [2].
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one has representation

f(t, z0(t), z1(t)) = α0A∗φ0(z0(t))φ1(z1(t))[1 + o(1)] as t ↑ t∗.

For each singular Pt∗(Y0, Y1, λ0)-solution assuming that the function f satis�es condition (RN)∗∞
with condition (2) we have

α0µ1 > 0 for Y1 = ±∞ and α0µ1 < 0 for Y1 = 0. (3)

De�nition 3. We say that a slowly varying as z → Yi (z ∈ ∆Yi) (i ∈ {0, 1}) function L : ∆Yi →
]0;+∞[ satis�es the condition S if for any continuous di�erentiable function l : ∆Yi → ]0; +∞[ ,
such that

lim
z→Yi
z∈∆Yi

zl′(z)

l(z)
= 0,

the following condition takes place

L(zl(z)) = L(z)(1 + o(1)) as z → Yi (z ∈ ∆Yi).

We introduce an auxiliary function I∞ by the formula

I∞(t) =

t∫
A∞

(t∗ − τ)−1L0(µ0(t∗ − τ)) dτ,

where the integration limit A∞ ∈ {a∞; t∗} (a∞ > a) is chosen so as the integrals I∞ tends either
to zero or to ±∞ as t ↑ t∗, L0(z) = φ0(z)|z|−σ0 .

Theorem 1.
1 Let the function f satisfy condition (RN)λ0 , the function φ0 satisfy condition S.

Moreover, let the orders σi (i = 0, 1) of the functions φi (i = 0, 1) regularly varying as y(i) → Yi
(i = 0, 1) satisfy the condition σ0 + σ1 ̸= 1. Then, for the existence of singular Pt∗(Y0, Y1, λ0)-
solutions of the di�erential equation (1), it is necessary and su�cient that together with conditions

(2), (3) the conditions

σ0 = −1, σ1 ̸= 2, Y0 = 0, Y1 = µ1 lim
t↑t∗

|I∞(t)|
1

2−σ1 ,

µ0µ1 < 0, α0µ1(2− σ1)I∞(t) > 0 as t ∈ ]a∞, t∗[

hold. Moreover, each solution of this kind admits the asymptotic representations

y′(t)2

φ1(y′(t))
= α0µ1(2− σ1)A∗I∞(t)[1 + o(1)],

y′(t)

y(t)
=

(1 + o(1))

(t− t∗)
as t ↑ ω

and such solutions form a one-parameter family if α0µ1(2− σ1) > 0.

Theorem 2. Let the function f satisfy condition (RN)λ0 , the functions φ0, φ1 satisfy condition S,
σ0+σ1 ̸= 1. Then each singular Pt∗(Y0, Y1, λ0)-solutions (in case of the existence) of the di�erential

equation (1) admits the asymptotic representations

y(t) = µ0(t∗ − t)
(
|2− σ1|A∗|I∞(t)|L1

(
µ1A∗| |I∞(t)|

1
2−σ1

)) 1
2−σ1 (1 + o(1)),

y′(t) = µ1

(
|2− σ1|A∗|I∞(t)|L1

(
µ1A∗||I∞(t)|

1
2−σ1

)) 1
2−σ1 (1 + o(1)) as t ↑ t∗.

1Theorem 1, Theorem 2 are obtained as corollaries from theorems of [3].
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To illustrate Theorem 1, we give the result of Eq. (1) of special form

y′′ =

m∑
k=1

αkA∗kφk0(y)φk1(y
′)

m+n∑
k=m+1

αkA∗kφk0(y)φk1(y′)

, (4)

where αk ∈ {−1, 1} (k = 1, . . . ,m+n), A∗k = const > 0 (k = 1, . . . ,m+n) and φki : ∆Yi → ]0,+∞[
(k = 1, . . . , n+m; i = 0, 1) are regular varying as z → Yi continuous functions of σki-th orders.

Theorem 3. Let for any i ∈ {1, . . . ,m}, j ∈ {m+ 1, . . . ,m+ n} inequalities

σi0 − σj0 + σi1 − σj1 ̸= 1, σi0 − σk0 < 0 for k ∈ {1, . . . ,m} \ {i},
σj0 − σk0 < 0 for k ∈ {m+ 1, . . . ,m+ n} \ {j}

hold and function φi0

φj0
satisfy condition S. Then, for the existence of singular Pt∗(Y0, Y1, λ0)-soluti-

ons of the di�erential equation (4), it is necessary and su�cient that together with conditions (2),
(3) the conditions

µ0µ1 < 0, αiαjµ1(2− σi1 − σj1)I∞ij(t) > 0 as t ∈ ]a∞, t∗[ ,

σi0 − σj0 = −1, σi1 − σj1 ̸= 2, Y0 = 0, Y1 = µ1 lim
t↑t∗

|I∞ij(t)|
1

2−σi1−σj1 ,

where

I∞ij(t) =

t∫
A∞

(t∗ − τ)−1 L0i(µ0(t∗ − τ))

L0j(µ0(t∗ − τ))
dτ, L0kz = φ0k(z)|z|σ0k , k = i, j,

hold. Moreover, each solution of this kind admits the asymptotic representations

y′(t)2φj1(y
′(t))

φi1(y′(t))
= αiαjµ1(2− σi1 + σj1)

A∗i
A∗j

I∞ij(t)[1 + o(1)],
y′(t)

y(t)
=

(1 + o(1))

(t− t∗)
as t ↑ ω

and such solutions form a one-parameter family if αiαjµ1(2− σi1 + σj1) > 0.
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