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In the rectangle Ω = [0, a]× [0, b] consider the nonlinear hyperbolic equation

u(m,n) = f
(
x, y, u(m,0), . . . , u(m,n−1), u(0,n), . . . , u(m−1,n), u(m−1,n−1), . . . , u

)
, (1)

lj(u( · , y))(y) = φj(y) (j = 1, . . . ,m), hk(u
(m,0)(x, · ))(x) = ψ

(m)
k (x) (k = 1, . . . , n), (2)

where

u(j,k) =
∂j+ku

∂xj∂yk
,

f : Ω×Rn+m+mn → R is a continuous function, φj ∈ Cn([0, b]), ψk ∈ Cm([0, a]), lj : C
m−1([0, a]) →

Cn([0, b]) and hk : Cn−1[0, b] → C([0, a]) are bounded linear operators.
Initial-boundary value problems for linear hyperbolic equations and systems were studied in [1]

and [2]. Initial-periodic problems for nonlinear hyperbolic systems were studied in [3].
Cm,n(Ω) is the Banach space of functions u : Ω → R, having continuous partial derivatives u(j,k)

(j = 0, . . . ,m; k = 0, . . . , n), with the norm

∥u∥Cm,n(Ω) =

m∑
j=0

n∑
k=0

∥u(j,k)∥C(Ω).

C̃m,n(Ω) is the Banach space of functions u : Ω → R, having continuous partial derivatives u(j,k)

(j = 0, . . . ,m; k = 0, . . . , n; j + k < m+ n), with the norm

∥u∥
C̃m,n(Ω)

=
n−1∑
k=0

∥u(m,k)∥C(Ω) +
m−1∑
j=0

n∑
k=0

∥u(j,k)∥C(Ω).

If z ∈ C̃m,n(Ω) and r > 0, then

B̃m,n(z; r) =
{
ζ ∈ C̃m,n(Ω) : ∥ζ − z∥

C̃m,n ≤ r
}
.

Let v = (v0, . . . , vn−1), w = (w0, . . . , wm−1) and z = (zm−1n−1, . . . , z0 0). For a function
f(x, y,v,w, z) that is is continuously differentiable with respect to v, w and z, set:

fmk(x, y,v,w, z) =
∂f(x, y,v,w, z)

∂vk
(k = 0, . . . , n− 1),

fjn(x, y,v,w, z) =
∂f(x, y,v,w, z)

∂wj
(j = 0, . . . ,m− 1),

fjk(x, y,v,w, z) =
∂f(x, y,v,w, z)

∂zj k
(j = 0, . . . ,m− 1; k = 0, . . . , n− 1),

pjk[u](x, y) = fjk

(
x, y, u(m,0)(x, y), . . . , u(m,n−1)(x, y), u(0,n)(x, y), . . . , u(m−1,n)(x, y),

u(m−1,n−1)(x, y), . . . , u(x, y)
)

(j = 0, . . . ,m; k = 0, . . . , n; j + k < m+ n).
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Definition 1. Let the function f(x, y,v,w, z) be continuously differentiable with respect to the
phase variables v, w and z. We say that problem (1), (2) to is strongly (u0, r)-well-posed, if:

(I) it has a solution u0(x, y);

(II) in the neighborhood B̃m,n(u0; r) u0 is the unique solution;

(III) there exists ε0 > 0, δ0 > 0 and M0 > 0 such that for any δ ∈ (0, δ0), φ̃j ∈ Cn([0, b]),

ψ̃k ∈ Cm([0, a]), and f̃(x, y,v,w, z) satisfying the inequalities

∥φj − φ̃j∥Cn([0,b]) < δ (j = 1, . . . ,m), ∥ψk − ψ̃k∥Cm([0,a]) < δ (k = 1, . . . , n),∥∥fv(x, y,v,w, z)− f̃v(x, y,v,w, z)
∥∥+

∥∥fw(x, y,v,w, z)− f̃w(x, y,v,w, z)
∥∥ < ε0,∣∣f(x, y,v,w, z)− f̃(x, y,v,w, z)

∣∣ < δ

in the neighborhood B̃m,n(u0; r) the problem

u(m,n) = f̃
(
x, y, u(m,0), . . . , u(m,n−1), u(0,n), . . . , u(m−1,n), u(m−1,n−1), . . . , u

)
, (1̃)

lj(u( · , y))(y) = φ̃j(y) (j = 1, . . . ,m), hk(u
(m,0)(x, · ))(x) = ψ̃

(m)
k (x) (k = 1, . . . , n) (2̃)

has a unique solution ũ and
∥u− ũ∥Cm,n(Ω) < M0δ.

Following [4] introduce the definition.

Definition 2. Problem (1), (2) is called strongly well-posed if it is strongly (u0, r)-well-posed for
every r > 0.

First consider the linear case, i.e., the equation

u(m,n) =

n−1∑
k=0

pmk(x, y)u
(m,k) +

m−1∑
j=0

pjn(x, y)u
(j,n) +

m−1∑
j=0

n−1∑
k=0

pjk(x, y)u
(j,k) + q(x, y). (3)

Theorem 1. The linear problem (3), (2) is strongly well-posed if and only if:

(i) the problem

ζ(n) =

n−1∑
i=0

pmi(x, y)ζ
(i); hk(ζ)(x) = 0 (k = 1, . . . , n) (4)

has only the trivial solution for every x ∈ [0, a];

(ii)

ξ(m) =
m−1∑
i=0

pin(x, y)ξ
(i); lj(ξ)(x) = 0 (j = 1, . . . ,m) (5)

has only the trivial solution for every y ∈ [0, b];

(iii) the homogeneous problem

u(m,n) =

n−1∑
k=0

pmk(x, y)u
(m,k) +

m−1∑
j=0

pjn(x, y)u
(j,n) +

m−1∑
j=0

n−1∑
k=0

pjk(x, y)u
(j,k), (30)

lj(u( · , y))(y) = 0 (j = 1, . . . ,m), hk(u
(m,0)(x, · ))(x) = 0 (k = 1, . . . , n) (20)

has only the trivial solution.
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Theorem 2. Let the function f be continuously differentiable with respect to the phase variables
v, w and z, and let problem (1), (2) be strongly (u0, r)-well-posed for some r > 0. Then problem
(30), (20) is strongly well-posed, where

pjk(x, y) = pjk[u0](x, y) (j = 0, . . . ,m; k = 0, . . . , n).

Theorem 3. Let the function f be continuously differentiable with respect to the phase variables
v, w and z, and let there exist functions Pijk ∈ C(Ω) such that:

(A0)

P1jk(x, y) ≤ fjk(x, y,v,w, z) ≤ P2jk(x, y) for (x, y,v,w, z) ∈ Ω× Rn+m+mn

(j = 0, . . . ,m; k = 0, . . . , n; j + k < m+ n);

(A1) for every x ∈ [0, a] and arbitrary measurable functions pmk : Ω → R satisfying the inequalities

P1mk(x, y) ≤ pmk(x, y) ≤ P2mk(x, y) for (x, y) ∈ Ω (k = 0, . . . , n− 1), (6)

problem (4) has only the trivial solution;

(A2) for every y ∈ [0, b] and arbitrary measurable functions pjn : Ω → R satisfying the inequalities

P1jn(x, y) ≤ pjn(x, y) ≤ P2jn(x, y) for (x, y) ∈ Ω (j = 0, . . . ,m− 1), (7)

problem (5) has only the trivial solution;

(A3) for arbitrary measurable functions pjk : Ω → R satisfying the inequalities

P1jk(x, y)≤pjk(x, y)≤P2jk(x, y) for (x, y)∈Ω (j=0, . . . ,m, k=0, . . . , n; j+k<m+n), (8)

problem (30), (20) has only the trivial solution.

Then problem (1), (2) is strongly well-posed.

Consider the “perturbed” equation

u(m,n) = f
(
x, y, u(m,0), . . . , u(m,n−1), u(0,n), . . . , u(m−1,n), u(m−1,n−1), . . . , u

)
+ q(x, y, u(m−1,n−1), . . . , u). (1q)

Theorem 4. Let the function f satisfy all of the conditions of Theorem 3, and q(x, y, z) be an
arbitrary continuous function such that

lim
∥z∥→+∞

|q(x, y, z)|
∥z∥

= 0 (9)

uniformly on Ω. Then problem (1q), (2) has at least one solution.

Corollary 1. Let problem (30), (20) be well-posed, and q(x, y, z) be an arbitrary continuous function
satisfying condition (9) uniformly on Ω. Then the equation

u(m,n) =

n−1∑
k=0

pmk(x, y)u
(m,k) +

m−1∑
j=0

pjn(x, y)u
(j,n) +

m−1∑
j=0

n−1∑
k=0

pjk(x, y)u
(j,k)

+ q(x, y, u(m−1,n−1), . . . , u)

has at least one solution satisfying conditions (2).
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The initial-boundary conditions

u(j−1,0)(0, y) = φj(y) (j = 1, . . . ,m), hk(u
(m,0)(x, · ))(x) = ψ

(m)
k (x) (k = 1, . . . , n) (10)

are the particular case of (2).

Theorem 5. Let the function f be continuously differentiable with respect to the phase variables
v and w, and let there exist a constant M and functions P1mk, P2mk ∈ C(Ω) satisfying conditions
(A1) of Theorem 3, such that

P1mk(x, y) ≤ fmk(x, y,v,w, z) ≤ P2mk(x, y)

for (x, y,v,w, z) ∈ Ω× Rn+m+mn (k = 0, . . . , n− 1),∣∣f(x, y,0,w, z)∣∣ ≤M
(
1 + ∥w∥+ ∥z∥

)
.

Then problem (1), (10) is solvable. Moreover, if f is locally Lipschitz continuous with respect to z,
then problem is uniquely solvable.

Remark 1. In Theorems 3–5 continuous differentiability of the function f(x, y,v,w, z) with respect
to v and w can be replaced by Lipschitz continuity, although that will make the formulation of the
theorems more cumbersome. However, without Lipschitz continuity problem (1), (2) may not have
a classical solution at all.

Indeed, in the rectangle [0, 1]× [0, 2] consider the characteristic value problem

uxy =
3

2
u

1
3
y ,

u(0, y) =
1

2
(y − 1)2 for y ∈ [0, 2], ux(x, 0) = 0 for x ∈ [0, 1].

It has a unique absolutely continuous solution

u(x, y) =
1

2
+

y∫
0

sgn(t− 1)(x+ |t− 1|)
3
2 dt,

which is not a classical solution because uy(x, y) = sgn(y − 1)(x+ |y − 1|)
3
2 is discontinuous along

the line y = 1.

Remark 2. In Theorem 5 condition (A1) cannot be weakened. Indeed, in the rectangle [0, 2π]×[0, 1]
consider the initial-periodic problem

uxy = 3p(u2)ux − cosx, (11)

u(0, y) = 0 for y ∈ [0, 1], ux(x, 0) = ux(x, 1) for x ∈ [0, 2π], (12)

where p ∈ C∞(R), p(z)z > 0 for z ̸= 0 and

p(z) =

{
z if |z| < 2,

3 sgn z if |z| > 3.

Although the righthand side of the equation is smooth, problem (11), (12) has a unique absolutely

continuous but not continuously differentiable solution u(x) = sin
1
3 x.
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