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Let my, ..., my, be positive integers. In the n-dimensional box = [0,w;] X - -+ X [0, w,,] for the
linear hyperbolic equation

W™ = 37 pa(x)u® + g(x) 1)

a<m

consider the boundary conditions

~

hik (u(mlud_l)(:ﬂlv ce s Li—1, O, Tj41,- - xn)) (XZ)

= (&) for %€ (k=1,...,mys i=1,...n). (2)

Here x = (Il,...,iﬂn), ﬁz = ($1,...,l’i,1,$i+1,. . .,l‘n), Ql = [O,wl]x- . 'X[O,wifl] X[O,wi+1] XX
[0,ws], m = (m1,...,myp), @ = (a1,...,0p), my..p = (Mm1,...,my,0,...,0) (my.., = (0,...,0) if
k=0), m; =m—m; and m; = (0,...,m;,...,0) are multi-indices,

w ) = O,
Ox{" -+ - Oxp™

Pa € C(Q) (@ < m), g € C(Q), . € C™(Q) (k = 1,...,my; i = 1,...,n), and hy, :
C™i=1([0, w;]) — C™it1n(Q) (k=1,...,my i=1,...,n) are bounded linear operators.

Two-dimensional initial-boundary value problems were studied in [1-3].

By a solution of problem (1), (2) we understand a classical solution, i.e., a function u € C™ ()
satisfying equation (1) and boundary conditions (2).

Along with problem (1), (2) consider its corresponding homogeneous problem

wm) — Z Pa(x)ul®, (10)

a<m
hik(u(ml“'ifl)($1, ey Li—1, O, L5417, - - ,In))(ﬁz)
=0 for x; € (k:L...,mi; izl,...,n). (20)

Remark 1. Even if hy, : C"™1([0,w;]) — R are bounded linear functionals, conditions (2) are not
equivalent to the conditions

hik(u(xl, RN T TN Y T ,xn)) =pi(Xi) (k=1,....,my; i=1,...,n),
since the latter require the additional consistency conditions
hi(pji) = hji(pi) (k=1,...,m; L=1,...,mj; i,j=1,...,n).
However, the homogeneous conditions (2¢) are equivalent to the homogeneous conditions

hik(u(ml,...,azi_l, O,SUH_l,...,l‘n)) =0 (k=1,....my; i=1,...,n).
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We make use of following notations and definitions.
suppa = {i| a; >0}, |la| = |a1| + - + |an]-
a=(a,...,an) < B=0P1,...,6n) <= a; < B (i=1,...,n) and o # B.
a=(a,...,an) < B=P1,...,6n) <= a< f,or a=p.
m;,..;, = (a1,...,0,), where a;, =m;; (j=1,...,k) and aj = 0if j & {i1,...,ix}.
a=m-—q, M. =M—My ...
Xiyoiy = (Tigs ooy Tiy)y Qigeiy = [0, win] X -+ X [0, wy,].

~

Xiy-ip = ('rj17"’7xjn—l)7 Qiyiy = [Oﬂw]d] X X [vain_z]? where j1 < jo < -+ < jp—i, and

Gtsevvsgnay =41, .03\ {ig, ..., i)

C™(Q) is the Banach space of functions u : Q@ — R, having continuous partial derivatives
u®, o < m, with the norm

ullem @) = Z 14 || o)

a<m

Definition 1. Problem (1), (2) is called well-posed, if it is uniquely solvable for arbitrary ¢, €
C™i(Q) (k=1,...,m;;i=1,...,n) and ¢ € C(), and its solution u admits the estimate

n  m;
lullemey < M( 32D el emo,) + lallew)), 3)
i=1 k=1
where M is a positive constant independent of ¢ and ¢ (k=1,...,m;; 1 =1,...,n).

In the domain €;,..;, consider the homogeneous boundary value problem depending on the
parameter Xj,...;, € i, ...;,

U(milmil) = Z pﬁil...il—&—a(x)v(a)? (1i1-~~i1)
a<mil'“il
hijk(v(mil'“ijfl)(afl, e Ty, @ T ,a;n)) (Xi;)
=0 for ﬁi]’ € Qi]. (k’ =1,... » N5 i=1,.. ,l) (211”)

Definition 2. Problem (1;,..;,), (2;,...4,) is called an associated problem of level 1.

Associated problems of level n — 1 can be written in the relatively simpler form

(M) — Z pmj+a(x)v(a), (1)

a<m;

hik(u(ml‘“i_l)(l‘l, ey Ti—1, O, L5417, - - ,l’n))(il) =0 for ﬁz € QZ (kj = 1, cee, My, ) 75 j) (2])
Associated problems of level n — 1 play a principal role in well-posedness of problem (1), (2).

Theorem 1. Problem (1),(2) has Fredholm property if and only if each associated homogeneous
problem (1;,...i,), (2i,..4,) has only the trivial solution for every X;, ..., € Qi,..i, .
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Theorem 2. Problem (1), (2) is well-posed if and only if problem (1o),(20) has only a trivial
solution, and each associated homogeneous problem (1;,..i,), (2i,..;,) has only the trivial solution
for every X ...i, € Qi .-

Theorem 2'. Problem (1), (2) is well-posed if and only if problem (1), (29) has only a trivial
solution, and each associated homogeneous problem (1;),(2;) of the level n — 1 is well-posed for
every zj € [0,w;] (7 =1,...,n).

In case where the coefficients p, are smooth functions, estimate (3) is not the most precise
estimate for a solution of problem (1), (2). Consider the equation

u™ = 37 paou® + ¢ x). (15)
a<m

Theorem 3. Let problem (1),(2) be well posed, po, € C™(Q) (a < m), f < m and g € CA(Q).
Then the solution u of the problem (1), (2) admits the estimate

n m;
[ullc@) < M(ZZ likllcw@:) + ||QHC(Q)>7 (4)
i=1 k=1
where M is a positive constant independent of ¢ and g (k=1,...,mi;i=1,...,n).

Now consider the following particular cases of conditions (2):
(I) Characteristic value problem:

u(mmiz1,k,0,...,0) (1 oy Tim1, 0,415« oy T ) (X5)

(I1) Initial-Boundary value problems with n — 1 initial conditions:

hlk (u( ®.,29,..., l‘n))(ﬁl) = @1k(§1)7

mi,...,mi—1,k,0,...,0) (21, i1, 0, Tig1s - - s ) (Ri) (6)

u

(my

:<p1k AAAAA 271)(§l) (k‘:l,,m“ 2:]_’77"/)

(IIl) Initial-Boundary value problems with n — [ initial conditions:

u(m1, m;—1,k,0,..., O)($1, , Ti—1,0, 441, 7xn)(xz)
— (’Dl(;nl ..... L*l)(X,L) (]{I =1,...,Mm;; 1 l—|— 17 ’n)

Corollary 1. Then problem (1), (5) is well-posed.
Corollary 2. Problem (1), (6) is well-posed if and only if the problem

mi1—1

Z(ml) = Z p(k,mg,...,mn)(x)z(k)a
k=0

hi(z)(xe,...,xn) =0

has only the trivial solution for every (xa,...,xy) € [0,ws] X « -+ X [0, wy].
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Corollary 3. Problem (1), (7) is well-posed if and only if the problem

U(m17---7ml) — Z pa+(ml+1’“.7mn)(x)w(o‘)’

a<(mi,...,my)

h1 (w( e Io, ... ,56[))(21) =0,...,h (w(ml’""ml*l’o)(xh ceesLp—1, ® )) (il) =0
is well-posed for every (zi41,...,xn) € [0,wiy1] X -+ X [0, wy].

Consider the particular case of equation (1)

w292 Zpa(xa)u(a) + q(x), (8)
ael
where
£= {(al,...,an) <(2...,2)] ap=0, or aj=2 (k;:1,...,n)},
and

Xo = (Tiy, .- %iy), {i1,...,1x} =suppa.

For equation (8) consider the Dirichlet and periodic boundary conditions:

u(07x27"-7xn)207 u(w17x27,,,7aj‘n):07
(9)
w(xy, .oy Xp-1,0) =0, wu(x1,...,Tpn_1,wn) =0,
and 4 '
u(7’707"'70) (07 To,. .. 73:-”) — u(l,o,...,o) (wl7 To, ... 71‘77,) (Z - 0, 1)
(10)
w00 (g1 a1, 0) = w@ 09 (2, L a1, wn) =0 (i = 0,1).
Corollary 4. Let
(_1)n+Hnga(XQ) <0 for a€€. (11)
Then problem (8), (9) is well-posed.
Corollary 5. Let
lle
(—1)n+%pa(xa) <0 for a€é. (12)

Then problem (8), (10) is well-posed.

Remark 2. In Corollary 5 strict inequality (12) cannot be replaced by the non-strict inequality
(11). Indeed, consider the equation

w2 = (—1)"! Z Ups; + (—1)"u~+q(x1, ..., 2n_1). (13)
i=1

Equation (13) satisfies conditions (11) but does not satisfy (12). For problem (13), (10), all associate
problems of level n — 1 have only trivial solutions. However, none of them is well-posed, because all
associate problems of level less than n — 1 have nontrivial solutions. Let us show ill-posedness of
problem (13), (10) directly, without applying Theorem 2 (ill-posedness of problem (13), (10) follows
immediately from Theorem 2).
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Indeed, assume that problem (13), (10) has a solution u. One can easily verify that u is a unique
solution of problem (13), (10), and thus is independent of z,,. Therefore, u satisfies the equation

n—1
Zu:pixi _u:q(a”l?""wn*l)‘ (14)
=1

~

From the theory of elliptic equations it is well-known, that if ¢ € C(€2,), then, generally speaking,

-~

u is not a classical solution, i.e., it does not belong C?(€2,,), and thus does not belong to C%+2(,,).
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