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Let m1, . . . ,mn be positive integers. In the n-dimensional box Ω = [0, ω1]× · · · × [0, ωn] for the
linear hyperbolic equation

u(m) =
∑
α<m

pα(x)u
(α) + q(x) (1)

consider the boundary conditions

hik
(
u(m1···i−1)(x1, . . . , xi−1, • , xi+1, . . . , xn)

)
(x̂i)

= φ
(m1,...,i−1)
ik (x̂i) for x̂i ∈ Ωi (k = 1, . . . ,mi; i = 1, . . . , n). (2)

Here x = (x1, . . . , xn), x̂i = (x1, . . . , xi−1, xi+1, . . . , xn), Ωi = [0, ω1]×· · ·×[0, ωi−1]×[0, ωi+1]×· · ·×
[0, ωn], m = (m1, . . . ,mn), α = (α1, . . . , αn), m1···k = (m1, . . . ,mk, 0, . . . , 0) (m1···k = (0, . . . , 0) if
k = 0), m̂i = m−mi and mi = (0, . . . ,mi, . . . , 0) are multi-indices,

u(α)(x) =
∂α1+···+αnu(x)

∂xα1
1 · · · ∂xαn

n
,

pα ∈ C(Ω) (α < m), q ∈ C(Ω), φik ∈ Cm̂i(Ωi) (k = 1, . . . ,mi; i = 1, . . . , n), and hik :
Cmi−1([0, ωi]) → Cm̂i+1···n(Ωi) (k = 1, . . . ,mi; i = 1, . . . , n) are bounded linear operators.

Two-dimensional initial-boundary value problems were studied in [1–3].
By a solution of problem (1), (2) we understand a classical solution, i.e., a function u ∈ Cm(Ω)

satisfying equation (1) and boundary conditions (2).
Along with problem (1), (2) consider its corresponding homogeneous problem

u(m) =
∑
α<m

pα(x)u
(α), (10)

hik
(
u(m1···i−1)(x1, . . . , xi−1, • , xi+1, . . . , xn)

)
(x̂i)

= 0 for x̂i ∈ Ωi (k = 1, . . . ,mi; i = 1, . . . , n). (20)

Remark 1. Even if hik : Cmi−1([0, ωi]) → R are bounded linear functionals, conditions (2) are not
equivalent to the conditions

hik
(
u(x1, . . . , xi−1, • , xi+1, . . . , xn)

)
= φik(x̂i) (k = 1, . . . ,mi; i = 1, . . . , n),

since the latter require the additional consistency conditions

hik(φjl) = hjl(φik) (k = 1, . . . ,mi; l = 1, . . . ,mj ; i, j = 1, . . . , n).

However, the homogeneous conditions (20) are equivalent to the homogeneous conditions

hik
(
u(x1, . . . , xi−1, • , xi+1, . . . , xn)

)
= 0 (k = 1, . . . ,mi; i = 1, . . . , n).



128 International Workshop QUALITDE – 2016, December 24 – 26, 2016, Tbilisi, Georgia

We make use of following notations and definitions.

suppα = {i | αi > 0}, ∥α∥ = |α1|+ · · ·+ |αn|.

α = (α1, . . . , αn) < β = (β1, . . . , βn) ⇐⇒ αi ≤ βi (i = 1, . . . , n) and α ̸= β.

α = (α1, . . . , αn) ≤ β = (β1, . . . , βn) ⇐⇒ α < β, or α = β.

mi1···ik = (α1, . . . , αn), where αij = mij (j = 1, . . . , k) and αj = 0 if j ̸∈ {i1, . . . , ik}.

α̂ = m− α, m̂i1···ik = m−mi1···ik .

xi1···il = (xi1 , . . . , xil), Ωi1···il = [0, ωi1]× · · · × [0, ωil ].

x̂i1···il = (xj1 , . . . , xjn−l
), Ω̂i1···il = [0, ωj1 ] × · · · × [0, ωin−l

], where j1 < j2 < · · · < jn−l, and
{j1, . . . , jn−l} = {1, . . . , n} \ {i1, . . . , il}.

Cm(Ω) is the Banach space of functions u : Ω → R, having continuous partial derivatives
u(α), α ≤ m, with the norm

∥u∥Cm(Ω) =
∑
α≤m

∥u(α)∥C(Ω).

Definition 1. Problem (1), (2) is called well-posed, if it is uniquely solvable for arbitrary φik ∈
Cm̂i(Ωi) (k = 1, . . . ,mi; i = 1, . . . , n) and q ∈ C(Ω), and its solution u admits the estimate

∥u∥Cm(Ω) ≤ M
( n∑

i=1

mi∑
k=1

∥φik∥Cm̂i (Ωi)
+ ∥q∥C(Ω)

)
, (3)

where M is a positive constant independent of q and φik (k = 1, . . . ,mi; i = 1, . . . , n).

In the domain Ωi1···il consider the homogeneous boundary value problem depending on the
parameter x̂i1···il ∈ Ωi1···il

v(mi1···il ) =
∑

α<mi1···il

pm̂i1···il+α(x)v
(α), (1i1···il)

hijk
(
v(mi1···ij−1

)(x1, . . . , xij−1 , • , xij+1 , . . . , xn)
)
(x̂ij )

= 0 for x̂ij ∈ Ωij (k = 1, . . . ,mij ; j = 1, . . . , l). (2i1···il)

Definition 2. Problem (1i1···il), (2i1···il) is called an associated problem of level l.

Associated problems of level n− 1 can be written in the relatively simpler form

v(m̂j) =
∑

α<m̂j

pmj+α(x)v
(α), (1j)

hik
(
u(m1···i−1)(x1, . . . , xi−1, • , xi+1, . . . , xn)

)
(x̂i) = 0 for x̂i ∈ Ωi (k = 1, . . . ,mi, i ̸= j). (2j)

Associated problems of level n− 1 play a principal role in well-posedness of problem (1), (2).

Theorem 1. Problem (1), (2) has Fredholm property if and only if each associated homogeneous
problem (1i1···il), (2i1···il) has only the trivial solution for every x̂i1···il ∈ Ωi1···il.
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Theorem 2. Problem (1), (2) is well-posed if and only if problem (10), (20) has only a trivial
solution, and each associated homogeneous problem (1i1···il), (2i1···il) has only the trivial solution
for every x̂i1···il ∈ Ωi1···il.

Theorem 2′. Problem (1), (2) is well-posed if and only if problem (10), (20) has only a trivial
solution, and each associated homogeneous problem (1j), (2j) of the level n − 1 is well-posed for
every xj ∈ [0, ωj ] (j = 1, . . . , n).

In case where the coefficients pα are smooth functions, estimate (3) is not the most precise
estimate for a solution of problem (1), (2). Consider the equation

u(m) =
∑
α<m

pα(x)u
(α) + q(β)(x). (1β)

Theorem 3. Let problem (1), (2) be well posed, pα ∈ Cm(Ω) (α < m), β ≤ m and q ∈ Cβ(Ω).
Then the solution u of the problem (1β), (2) admits the estimate

∥u∥C(Ω) ≤ M
( n∑

i=1

mi∑
k=1

∥φik∥C(Ωi) + ∥q∥C(Ω)

)
, (4)

where M is a positive constant independent of q and φik (k = 1, . . . ,mi; i = 1, . . . , n).

Now consider the following particular cases of conditions (2):

(I) Characteristic value problem:

u(m1,...,mi−1,k,0,...,0)(x1, . . . , xi−1, 0, xi+1, . . . , xn)(x̂i)

= φ
(m1,...,i−1)
ik (x̂i) (k = 1, . . . ,mi; i = 1, . . . , n). (5)

(II) Initial-Boundary value problems with n− 1 initial conditions:

h1k
(
u( • , x2, . . . , xn)

)
(x̂1) = φ1k(x̂1),

u(m1,...,mi−1,k,0,...,0)(x1, . . . , xi−1, 0, xi+1, . . . , xn)(x̂i)

= φ
(m1,...,i−1)
ik (x̂i) (k = 1, . . . ,mi; 2 = 1, . . . , n).

(6)

(III) Initial-Boundary value problems with n− l initial conditions:

hik
(
u(m1···i−1)(x1, . . . , xi−1, • , xi+1, . . . , xn)

)
(x̂i)

= φ
(m1,...,i−1)
ik (x̂i) (k = 1, . . . ,mi; i = 1, . . . , l),

u(m1,...,mi−1,k,0,...,0)(x1, . . . , xi−1, 0, xi+1, . . . , xn)(x̂i)

= φ
(m1,...,i−1)
ik (x̂i) (k = 1, . . . ,mi; i = l + 1, . . . , n).

(7)

Corollary 1. Then problem (1), (5) is well-posed.

Corollary 2. Problem (1), (6) is well-posed if and only if the problem

z(m1) =

m1−1∑
k=0

p(k,m2,...,mn)(x)z
(k),

h1(z)(x2, . . . , xn) = 0

has only the trivial solution for every (x2, . . . , xn) ∈ [0, ω2]× · · · × [0, ωn].
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Corollary 3. Problem (1), (7) is well-posed if and only if the problem

v(m1,...,ml) =
∑

α<(m1,...,ml)

pα+(ml+1,...,mn)(x)w
(α),

h1
(
w( • , x2, . . . , xl)

)
(x̂1) = 0, . . . , hl

(
w(m1,...,ml−1,0)(x1, . . . , xl−1, • )

)
(x̂l) = 0

is well-posed for every (xl+1, . . . , xn) ∈ [0, ωl+1]× · · · × [0, ωn].

Consider the particular case of equation (1)

u(2,. . . ,2) =
∑
α∈E

pα(xα)u
(α) + q(x), (8)

where

E =
{
(α1, . . . , αn) < (2, . . . , 2) | αk = 0, or αk = 2 (k = 1, . . . , n)

}
,

and

xα = (xi1 , . . . , xik), {i1, . . . , ik} = supp α̂.

For equation (8) consider the Dirichlet and periodic boundary conditions:

u(0, x2, . . . , xn) = 0, u(ω1, x2, . . . , xn) = 0,

...

u(x1, . . . , xn−1, 0) = 0, u(x1, . . . , xn−1, ωn) = 0,

(9)

and
u(i,0,...,0)(0, x2, . . . , xn) = u(i,0,...,0)(ω1, x2, . . . , xn) (i = 0, 1)

...

u(0,...,0,i)(x1, . . . , xn−1, 0) = u(0,...,0,i)(x1, . . . , xn−1, ωn) = 0 (i = 0, 1).

(10)

Corollary 4. Let

(−1)n+
∥α∥
2 pα(xα) ≤ 0 for α ∈ E . (11)

Then problem (8), (9) is well-posed.

Corollary 5. Let

(−1)n+
∥α∥
2 pα(xα) < 0 for α ∈ E . (12)

Then problem (8), (10) is well-posed.

Remark 2. In Corollary 5 strict inequality (12) cannot be replaced by the non-strict inequality
(11). Indeed, consider the equation

u(2,...,2) = (−1)n−1
n∑

i=1

uxixi + (−1)nu+ q(x1, . . . , xn−1). (13)

Equation (13) satisfies conditions (11) but does not satisfy (12). For problem (13), (10), all associate
problems of level n−1 have only trivial solutions. However, none of them is well-posed, because all
associate problems of level less than n − 1 have nontrivial solutions. Let us show ill-posedness of
problem (13), (10) directly, without applying Theorem 2 (ill-posedness of problem (13), (10) follows
immediately from Theorem 2).
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Indeed, assume that problem (13), (10) has a solution u. One can easily verify that u is a unique
solution of problem (13), (10), and thus is independent of xn. Therefore, u satisfies the equation

n−1∑
i=1

uxixi − u = q(x1, . . . , xn−1). (14)

From the theory of elliptic equations it is well-known, that if q ∈ C(Ω̂n), then, generally speaking,
u is not a classical solution, i.e., it does not belong C2(Ω̂n), and thus does not belong to C2,...,2(Ω̂n).
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