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Consider the system of functional differential equations

x′(t) = F (x)(t) (1)

where F : Cloc(R;Rn) → Lloc(R;Rn) is a continuous operator satisfying the local Carathéodory
conditions, i.e., there exists a function ψ : R × R+ → R+ nondecreasing in the second argument
such that ψ(·, r) ∈ Lloc(R;R) for r ∈ R+ and for any x ∈ C0(R;Rn) the inequality

∥F (x)(t)∥ ≤ ψ
(
t, ∥x∥

)
for a.e. t ∈ R

is fulfilled.
By a solution to the system (1) we understand a vector-valued function x ∈ ACloc(R;Rn)

satisfying the equality (1) almost everywhere in R. By a bounded solution to the system (1) it is
understood a solution x to the system (1) that satisfies

sup
{
∥x(t)∥ : t ∈ R

}
< +∞.

To formulate our results, we need to introduce the following definition (the complete list of
notation and symbols is given at the end of this text). Let σ ∈ {−1, 1} and put

Iσ(t) =

{
]−∞, t] if σ = 1,

[t,+∞[ if σ = −1
for t ∈ R.

A linear continuous operator ℓ : Cloc(R;R) → Lloc(R;R) is called a σ-Volterra operator if for
arbitrary t ∈ R and v ∈ Cloc(R;R) such that v(s) = 0 for s ∈ Iσ(t), the equality ℓ(v)(s) = 0 for a.e.
s ∈ Iσ(t) is fulfilled.

Theorem 1. Let the inequality

D(σ) Sgn(v(t))
[
F (v)(t)−D(h(t))v(t) + g0(v)(t)

]
≤ p(|v|)(t) + η(t, ∥v∥) for a.e. t ∈ R (2)

be fulfilled for any v ∈ C0(R;Rn), where σ ∈ Rn, σi ∈ {−1, 1} (i = 1, . . . , n), h ∈ Lloc(R;Rn),

g0(v)(t)
def
= (g0i(vi)(t))

n
i=1 for a.e. t ∈ R, v ∈ Cloc(R;Rn)

D(σ)g0 ∈ Pn(R), p ∈ Pn(R), (3)



94 International Workshop QUALITDE – 2016, December 24 – 26, 2016, Tbilisi, Georgia

each g0i is a σi-Volterra operator, and η ∈ Kloc(R× R+;Rn
+) satisfies

lim
r→+∞

1

r

b∫
a

∥η(s, r)∥ ds = 0 (4)

for every interval [a, b]. Let, moreover, there exist functions β, γ ∈ ACloc(R;Rn) such that

β(t) > 0, γ(t) > 0 for t ∈ R, ∥γ∥ < +∞,

D(σ)
[
β′(t)−D(h(t))β(t) + g0(β)(t)

]
≤ 0 for a.e. t ∈ R,

D(σ)
[
γ′(t)−D(h(t))γ(t)−D(σ)p(γ)(t)

]
≥ 0 for a.e. t ∈ R.

Let, in addition, for every i ∈ {1, . . . , n},

Gi(t, r)
def
= lim

τ→−σi∞
σi

t∫
τ

exp

( t∫
s

hi(ξ) dξ

)
ηi(s, r) ds < +∞ for t ∈ R, r ∈ R+, (5)

Hi(t)
def
= lim

τ→−σi∞
γi(τ) exp

( t∫
τ

hi(s) ds

)
> 0 for t ∈ R, (6)

and

lim sup
r→+∞

Gi(t, r)

rHi(t)
<

1

∥γ∥
uniformly for t ∈ R. (7)

Then (1) has at least one bounded solution.

Theorem 2. Let the inequality

D(σ) Sgn(v(t))
[
F (v)(t)−D(h(t))v(t)− ℓ0(v)(t) + g0(v)(t)

]
≤ p(|v|)(t) + η(t, ∥v∥) for a.e. t ∈ R

be fulfilled for any v ∈ C0(R;Rn), where σ ∈ Rn, σi ∈ {−1, 1} (i = 1, . . . , n), h ∈ Lloc(R;Rn), (3)
and

D(σ)ℓ0 ∈ Pn(R), D(σ)
[
ℓ0 − g0

]
∈ Pσ

n (R;h)
hold, and η ∈ Kloc(R × R+;Rn

+) satisfies (4) for every interval [a, b]. Let, moreover, there exist a
function γ ∈ ACloc(R;Rn) such that

γ(t) > 0 for t ∈ R, ∥γ∥ < +∞,

D(σ)
[
γ′(t)−D(h(t))γ(t)− ℓ0(γ)(t)−D(σ)p(γ)(t)

]
≥ 0 for a.e. t ∈ R.

Let, in addition, (6)–(7) be fulfilled for every i ∈ {1, . . . , n}. Then (1) has at least one bounded
solution.

Consider the nonlinear differential system with argument deviation

x′i(t) = hi(t)xi(t) +

n∑
j=1

pij(t)xj(τij(t))−
n∑

j=1

gij(t)xj(µij(t))

+ fi(t, x(t), x(ν1(t)), . . . , x(νm(t))) (i = 1, . . . , n), (8)

where h = (hi)
n
i=1 ∈ Lloc(R;Rn), P = (pij)

n
i,j=1 ∈ Lloc(R;Rn×n), G = (gij)

n
i,j=1 ∈ Lloc(R;Rn×n),

f = (fi)
n
i=1 ∈ Kloc(R × R(m+1)n;Rn), tij , µij , νk : R → R (i, j = 1, . . . , n; k = 1, . . . ,m) are locally

essentially bounded functions, and x = (xi)
n
i=1. Then Theorems 1 and 2 imply in particular the

following corollaries.
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Corollary 1. Let the inequality

Sgn(v(t))f(t, v(t), v(ν1(t)), . . . , v(νm(t))) ≤ q(t) for a.e. t ∈ R (9)

be fulfilled for any v ∈ C0(R;Rn), q ∈ Lloc(R;Rn
+). Let, moreover,

P (t) ≥ Θ, G(t) ≥ Θ for a.e. t ∈ R, (10)

gij(t) = 0 for a.e. t ∈ R (i ̸= j; i, j = 1, . . . , n), (11)

gii(t)
[
µii(t)− t

]
≤ 0 for a.e. t ∈ R (i = 1, . . . , n), (12)

and

t∫
µii(t)

gii(s) exp

(
−

s∫
µii(s)

hi(ξ) dξ

)
ds ≤ 1

e
for a.e. t ∈ R, (i = 1, . . . , n),

τij(t)∫
t

p̃(s) ds ≤ 1

e
for a.e. t ∈ R (i, j = 1, . . . , n), (13)

where

p̃(t)
def
= max

{
n∑

k=1

pik(t) exp

( τik(t)∫
t

h̃(s) ds

)
: i = 1, . . . , n

}
for a.e. t ∈ R, (14)

h̃(t)
def
= max

{
hi(t) : i = 1, . . . , n

}
for a.e. t ∈ R. (15)

Let, in addition,

sup

{ t∫
0

[
h̃(s) + ep̃(s)

]
ds : t ∈ R

}
< +∞,

0∫
−∞

p̃(s) ds < +∞, (16)

+∞∫
−∞

q(s) exp

(
−

s∫
0

hi(ξ) dξ

)
ds < +∞ (i = 1, . . . , n). (17)

Then (8) has at least one bounded solution.

Corollary 2. Let the inequality (9) be fulfilled for any v ∈ C0(R;Rn), q ∈ Lloc(R;Rn
+). Let,

moreover, (10) hold,

pik(t) exp

( τik(t)∫
µik(t)

hk(s) ds

)
≥gik(t), gik(t)

[
τik(t)−µik(t)

]
≥0 for a.e. t∈R (i, k=1, . . . , n),

and let (13) be fulfilled, where p̃ is given by (14) and (15). Let, in addition, (16) and (17) hold.
Then (8) has at least one bounded solution.

Corollary 3. Let the inequality

D(σ) Sgn(v(t))f
(
t, v(t), v(ν1(t)), . . . , v(νm(t))

)
≤ q(t) for a.e. t ∈ R (18)
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be fulfilled for any v ∈ C0(R;Rn), q ∈ Lloc(R;Rn
+), where σ ∈ Rn, σi ∈ {−1, 1} (i = 1, . . . , n). Let,

moreover,
D(σ)P (t) ≥ Θ, D(σ)G(t) ≥ Θ for a.e. t ∈ R, (19)

(11) and (12) hold, and

∞∫
−∞

|gii(s)| exp
(
−

s∫
µii(s)

hi(ξ) dξ

)
ds < 1 (i = 1, . . . , n).

Furthermore, let there exist A = (aij)
n
i,j=1 ∈ Rn×n

+ such that r(A) < 1 and

+∞∫
−∞

|pij(s)| exp
( τij(s)∫

0

hj(ξ) dξ −
s∫

0

hi(ξ) dξ

)
ds ≤ aij (i, j = 1, . . . , n). (20)

Let, in addition,

sup

{ t∫
0

hi(s) ds : t ∈ R
}
< +∞ (i = 1, . . . , n) (21)

and (17) hold. Then (8) has at least one bounded solution.

Corollary 4. Let (18) be fulfilled for any v ∈ C0(R;Rn), q ∈ Lloc(R;Rn
+), where σ ∈ Rn, σi ∈

{−1, 1} (i = 1, . . . , n). Let (19) hold and, moreover,

σipik(t) exp

( τik(t)∫
µik(t)

hk(s) ds

)
≥ σigik(t), σiσkgik(t)

[
τik(t)− µik(t)

]
≥ 0 (i, k = 1, . . . , n)

for a.e. t ∈ R. Furthermore, let there exist A = (aij)
n
i,j=1 ∈ Rn×n

+ such that r(A) < 1 and (20)
hold. Let, in addition, (21) and (17) hold. Then (8) has at least one bounded solution.

Notation

If x = (xi)
n
i=1 ∈ Rn, then

D(x) =


x1 0 · · · 0
0 x2 · · · 0
...

...
. . .

...
0 0 · · · xn

 , Sgn(x) = D(sgnx), where sgnx = (sgnxi)
n
i=1.

Θ is a zero matrix, r(X) is a spectral radius of the matrix X.
Cloc(R;Rn) is a space of continuous functions x : R → Rn with a topology of uniform convergence

on every compact interval.
C0(R;Rn) is a Banach space of bounded continuous functions x : R → Rn endowed with a norm

∥x∥ = sup
{
∥x(t)∥ : t ∈ R

}
.

ACloc(R;Rn) is a set of locally absolutely continuous functions x : R → Rn.
Lloc(R;Rn) is a space of locally Lebesgue integrable vector-valued functions p : R → Rn with a

topology of convergence in mean on every compact interval.
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Lloc(R;Rn×n) is a space of locally Lebesgue integrable matrix-valued functions P : R → Rn×n.
Pn(R) is a set of linear continuous operators ℓ : Cloc(R;Rn) → Lloc(R;Rn) that transforms

non-negative functions into the set of non-negative functions.
Pσ
n (R;h), where h ∈ Lloc(R;Rn) and σ = (σi)

n
i=1 ∈ Rn, σi ∈ {−1, 1} (i = 1, . . . , n), is a set of

linear continuous operators ℓ : Cloc(R;Rn) → Lloc(R;Rn) such that

ℓ(x)(t) ≥ 0 for a.e. t ∈ R,

whenever x ∈ ACloc(R;Rn) satisfies

x(t) ≥ 0 for t ∈ R, D(σ)
[
x′(t)−D(h(t))x(t)

]
≥ 0 for a.e. t ∈ R.

K([a, b]×A;B), where A ⊆ Rm and B ⊆ Rn, is a set of functions f : [a, b]×A→ B satisfying
the Carathéodory conditions, i.e.,

(i) f(·, x) : [a, b] → B is a measurable function for every x ∈ A,

(ii) f(t, ·) : A→ B is a continuous function for almost all t ∈ [a, b],

(iii) for every r > 0 there exists a function qr ∈ L([a, b];R+) such that

∥f(t, x)∥ ≤ qr(t) for a.e. t ∈ [a, b], x ∈ A, ∥x∥ ≤ r.

Kloc(R × A;B), where A ⊆ Rm and B ⊆ Rn, is a set of functions f : R × A → B such that
f ∈ K([a, b]×A;B) for every compact interval [a, b].


