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The following di�erential equation

y(n) = α0p(t) exp
(
R
(
| ln |y(n−1)||

)) n−1∏
i=0

φi(y
(i)) (1)

is considered. In (1) α0 ∈ {−1, 1}, p : [a, ω[ 1 → ]0,+∞[ (−∞ < a < ω ≤ +∞), φi : ∆Yi →
]0,+∞[ (i = 0, . . . , n) are continuous functions, R : ]0,+∞[→ ]0,+∞[ is continuously di�erentiable
function, Yi ∈ {0,±∞}, ∆Yi is either the interval [y

0
i , Yi[

2, or the interval ]Yi, y
0
i ]. We suppose also

that R is a regularly varying on in�nity function of index µ, 0 < µ < 1, every φi(z) is a regularly

varying as z → Yi (z ∈ ∆Yi) of index σi and
n−1∑
i=0

σi ̸= 1.

We call the measurable function φ : ∆Y → ]0,+∞[ a regularly varying as z → Y of index σ if
for every λ > 0 we have

lim
z→Y
z∈∆Y

φ(λz)

φ(z)
= λσ,

where Y ∈ {0,±∞}, ∆Y is some one-sided neighbourhood of Y . If σ = 0, such function is called a
slowly varying.

It follows from the results of monograph [5] that regularly varying functions have the following
properties.

M1: Function φ(z) is regularly varying of index σ as z → Y if and only if it admits the represen-
tation

φ(z) = zσθ(z),

where θ(z) is a slowly varying function as z → Y .

M2: If function L : ∆Y 0 → ]0,+∞[ is slowly varying as z → Y0, the function φ : ∆Y → ∆Y 0

is regularly varying as z → Y , then the function L(φ) : ∆Y → ]0,+∞[ is slowly varying as
z → Y .

M3: If function φ : ∆Y → ]0,+∞[ satis�es the condition

lim
z→Y
z∈∆

zφ′(z)

φ(z)
= σ ∈ R,

then φ is regularly varying as z → Y of index σ.

1If ω > 0, we take a > 0.
2If Yi = +∞ (Yi = −∞), we take y0

i > 0 (y0
i < 0).
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We say that a slowly varying as z → Y (z ∈ ∆Y ) function θ : ∆Y → ]0;+∞[ satis�es the
condition S if for any continuous di�erentiable function L : ∆Yi → ]0;+∞[ such that

lim
z→Yi
z∈∆Yi

zL′(z)

L(z)
= 0,

the following condition takes place

θ(zL(z)) = θ(z)(1 + o(1)) as z → Y (z ∈ ∆Y ).

We call de�ned on [t0, ω[⊂ [a, ω[ solution y of the equation (1) the Pω(Y0, Y1, . . . , Yn−1, λ0)-
solution, where −∞ ≤ λ0 ≤ +∞, if the following conditions take place

y(i) : [t0, ω[→ ∆Yi , lim
t↑ω

y(i)(t) = Yi (i = 0, . . . , n− 1), lim
t↑ω

(y(n−1)(t))2

y(n)(t)y(n−2)(t)
= λ0.

In regular cases λ0
n−1 ∈ R\{0, 12 ,

2
3 , . . . ,

n−2
n−1}, the Pω(Y0, Y1, . . . , Yn−1, λ0)-solutions of the equa-

tion (1) have been established in [3]. Such Pω(Y0, Y1, . . . , Yn−1, λ0)-solutions are regularly varying
functions as t ↑ ω of indexes di�erent from {0, 1, . . . , n− 1}.

The cases λ0 ∈ {0, 12 ,
2
3 , . . . ,

n−2
n−1} are singular. Such solutions are regularly varying functions as

t ↑ ω of indexes {0, 1, . . . , n − 1}, so such solutions or some of their derivatives are slowly varying
functions as t ↑ ω. Therefore for investigation of such solutions we must put additional conditions
on functions φ0,. . . , φn−1 and on the function p. The case λ0 = 0 is of the most di�cult ones. It is
presented in this work. The case was investigated before [1,4] only when R(z) ≡ 1 and the function
φn−1(z)|z|−σn−1 satis�es the condition S. For equations of type (1), that contain, for example,
functions like exp(| ln |y||µ) (0 < µ < 1), the asymptotic representations of Pω(Y0, Y1, . . . , Yn−1, 0)-
solutions were not established before. Let us notice that function exp(R(| ln |z||)) does not satisfy
the condition S.

Now we need the following subsidiary notations.

γ0 = 1−
n−1∑
j=0

σj , C =
1

1− σn−1
, η =

n−3∏
j=0

((n− i− 2)!)σi , γ =

n−3∑
i=0

(i+ 2− n)σi,

θi(z) = φi(z)|z|−σi (i = 0, . . . , n− 1),

Q(t) = −πω(t)
∣∣∣(1− σn−1)

η
|πω(t)|−γI0(t)θn−1

(
y0n−1|I0(t)|

1
1−σn−1

)∣∣∣ 1
1−σn−1 sign y0n−1,

I0(t) =

t∫
A0

ω

p(τ) dτ, I1(t) =

t∫
A1

ω

Q(τ)

πω(τ)
dτ,

A0
ω =



a, if

ω∫
a

p(τ) dτ = +∞,

ω, if

ω∫
a

p(τ) dτ < +∞,

A1
ω =



a, if

ω∫
a

∣∣∣ Q(τ)

πω(τ)
| dτ = +∞,

ω, if

ω∫
a

∣∣∣ Q(τ)

πω(τ)

∣∣∣ dτ < +∞.

The following conclusions take place.

Theorem 1. Let in equation (1) σn−1 ̸= 1, the function θn−1 satisfy the condition S and

lim
t↑ω

R′(| ln |I(t)||)I1(t)I ′0(t)
I0(t)I ′1(t)

= 0.
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We suppose also that there exists the �nite or in�nite limit

lim
t↑ω

πω(t)p(t)

I0(t)
. (2)

Then the following conditions are necessary and su�cient for the existence of Pω(Y0, Y1, . . . , Yn−1, 0)-
solutions of equation (1),

lim
t↑ω

I ′1(t)I0(t)

p(t)I1(t)
= 0, lim

t↑ω
y0n−1|I0(t)|

1
1−σn−1 = Yn−1,

lim
t↑ω

y0n−2|I1(t)|
1−σn−1

γ0 = Yn−2, lim
t↑ω

y0i |πω(t)|n−i−2 = Yi,

α0y
0
n−1(1− σn−1)I0(t) > 0, (1− σn−1)γ0y

0
n−2I1(t) < 0,

y0i y
0
i+1πω(t)(n− i− 2) > 0 as t ∈ [a, ω[ .

Here i = 0, . . . , n− 3.

For any such solution the following asymptotic representations take place as t ↑ ω

y(n−1)(t)

exp(R(| ln |y(n−1)(t)||))
n−1∏
j=0

φj(y(j)(t))

= α0(1− σn−1)I0(t)[1 + o(1)], (3)

y(n−1)(t)

y(n−2)(t)
=

I ′1(t)(1− σn−1)

γ0I1(t)
[1 + o(1)],

y(i)(t)

y(n−2)(t)
=

[πω(t)]
n−i−2

(n− i− 2)!
[1 + o(1)], (4)

i = 0, . . . , n− 3.

Theorem 2. Let in equation (1) σn−1 ̸= 1, the function θn−1 satisfy the condition S and

lim
t↑ω

I0(t)Q
′(t)

R′(| ln |I(t)||)Q(t)I ′0(t)
= 0.

We suppose also that there exists the �nite or in�nite limit (2). Then the following conditions are

necessary and su�cient for the existence of Pω(Y0, Y1, . . . , Yn−1, 0)-solutions of equation (1),

lim
t↑ω

I0(t)

p(t)R′(| ln |I0(t)||)
= 0, lim

t↑ω
y0n−1|I0(t)|

1
1−σn−1 = Yn−1,

lim
t↑ω

y0n−2

∣∣∣ Q(t)

R′(| ln |I0(t)||)
|
1−σn−1

γ0 = Yn−2, lim
t↑ω

y0i |πω(t)|n−i−2 = Yi,

α0y
0
n−1(1− σn−1)I0(t) > 0, (1− σn−1)γ0Q(t)y0n−2y

0
n−1 > 0,

y0i y
0
i+1πω(t)(n− i− 2) > 0 as t ∈ [a, ω[ .

Here i = 0, . . . , n− 3.

For any such solution the representation (3), the second representation in (4) and the following

asymptotic representation

y(n−1)(t)

y(n−2)(t)
=

I ′1(t)

γ0R′(| 1−σn−1

ln |I0(t)| |)
[1 + o(1)]

take place as t ↑ ω.
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