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The following differential equation

y"™ = agp(t) exp (R(| In [y~ V) H% @) (1)

is considered. In (1) ap € {—1,1}, p : [a,w[! —]0,+00] (—00 < a < w < +00), ; : Ay, —
10,4+00[ (i =0,...,n) are continuous functions, R :]0, +oo[ 10, +00[ is continuously differentiable
function, Y; € {0 :l:oo} Ay, is either the interval [y?, Y;[2, or the interval |Y;,4?]. We suppose also
that R is a regularly varying on infinity function of index p, 0 < p < 1, every ¢;(2) is a regularly
n—1
varying as z — Y; (2 € Ay;) of index o; and ) o; # 1.
i=0
We call the measurable function ¢ : Ay —]0, 400 a regularly varying as z — Y of index o if

for every A > 0 we have
lim p(\2) =\,

zzezl; SD ( Z)

where Y € {0, +00}, Ay is some one-sided neighbourhood of Y. If o = 0, such function is called a
slowly varying.

It follows from the results of monograph [5] that regularly varying functions have the following
properties.

M;: Function ¢(z) is regularly varying of index o as z — Y if and only if it admits the represen-
tation

p(z) = 270(z),
where 6(z) is a slowly varying function as z — Y.
My: If function L : Ayo —]0,+o0[ is slowly varying as z — Yj, the function ¢ : Ay — Ayo
is regularly varying as z — Y, then the function L(y) : Ay —]0, 00| is slowly varying as
z—=Y.

Ms: If function ¢ : Ay —]0, +oo[ satisfies the condition

/
lim 22 )

=0 eR,
=Y o(2)

then ¢ is regularly varying as z — Yof index o.

f w > 0, we take a > 0.
T Y; = 400 (Vi = —o0), we take 30 > 0 (3 < 0).
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We say that a slowly varying as z — Y (2 € Ay) function 6 : Ay —]0; 400 satisfies the
condition S if for any continuous differentiable function L : Ay, —]0;4o00[ such that

2L (2)
li =0
zini}z L(z) ’
ZEAY,L-

the following condition takes place
0(zL(z)) =0(z)(1+0(1)) as z =Y (z € Ay).

We call defined on [tg,w[C [a,w][ solution y of the equation (1) the P,(Yy,Y1,...,Yn_1,No)-
solution, where —oo < A\g < 400, if the following conditions take place

M) . 1y A i (i)(t) — YV (i=0 1), 1 (y(n_l)(t))Z .
Y : [ ij[—) Y;s tITILIy — Iy (2— ey — ) tlTIul:)l y(n)(t)y(n—Q)(t) — \O-

In regular cases \0_; € R\ {0, %, %, ., 222 the Py (Y, Y1, ..., Y, 1, Ag)-solutions of the equa-

tion (1) have been established in [3]. Such nP:(Yo,Yl, ..., Y1, Ao)-solutions are regularly varying
functions as ¢t T w of indexes different from {0,1,...,n — 1}.

The cases A\ € {0, %, %, ceey Z—:%} are singular. Such solutions are regularly varying functions as
t T w of indexes {0,1,...,n — 1}, so such solutions or some of their derivatives are slowly varying
functions as t T w. Therefore for investigation of such solutions we must put additional conditions
on functions ¢y,. .., ¢n—1 and on the function p. The case A\g = 0 is of the most difficult ones. It is

presented in this work. The case was investigated before [1,4] only when R(z) = 1 and the function
©n—1(2)|2| 71 satisfies the condition S. For equations of type (1), that contain, for example,
functions like exp(|In |y||*) (0 < p < 1), the asymptotic representations of P, (Yp, Y1,...,Y,_1,0)-
solutions were not established before. Let us notice that function exp(R(|1n |z||)) does not satisfy
the condition S.

Now we need the following subsidiary notations.

n—1 1 n—3 n—3
70:1—203'7 021—701’ UZH((”_Z'_%!)WH VZZ(i‘{‘Q_”)Uia
j=0 n— j=0 =0

0i(2) = pi(2)|2|7% (i=0,...,n—1),

1—o0,— _ —l T .
Q1) = )| =2 (O 0101 (o) 7 ) [T sl

t

t
_ _ [ Q1)
Iy(t) = /p(T) dr, ILi(t) = / ) dr,
A9, AL
a, if /p(T) dr = 400, a, if /’f((:_))’dr = +0o0,
A% = ‘ AL = -
w, if/p(T) dr < +o0, w, if /’7?((72) ‘ dr < +o0.

The following conclusions take place.

Theorem 1. Let in equation (1) 0,1 # 1, the function 0,1 satisfy the condition S and

1 B (I LGN () (1)

ey L) =0
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We suppose also that there exists the finite or infinite limat

T (t)p(t)

lim ————. 2

te  Io(t) 2)
Then the following conditions are necessary and sufficient for the existence of P,(Yo, Y1,...,Yn-1,0)-

solutions of equation (1),

. ( )Io(t) . 0 1
0 1 I t 1—0n71 = Y _
tlTIB p( )Il(t) ) tlTISyn—ﬂ 0( )| n—1,
1-opn_1 .
fmy ol = Yas, Tmyflm (Ol =¥,

aoyy_1(1 = on-1)Io(t) >0, (1= on_1)70yn—2L1(t) <O,
Yyl me(t)(n —i—2) >0 as t € [a,w].

Here1=20,...,n— 3.

For any such solution the following asymptotic representations take place ast T w
y"D(t)

exp(R(| In [y~ D (®)]])) HO iy (1))

= ag(1 = on-1)lo(t)[1 + o(1)], (3)

YD) B0 = o) YO0 )
T BT A () B R Y 17y R |
1=0,....,n—3.

[1+o(1)]; (4)

Theorem 2. Let in equation (1) 0,1 # 1, the function 0,1 satisfy the condition S and

N 0140
A R IORO L)

We suppose also that there exists the finite or infinite limit (2). Then the following conditions are
necessary and sufficient for the existence of P,(Yo,Y1,...,Y,_1,0)-solutions of equation (1),

=0.

lim Lo(t) —0, TimyO | lo(t)| T = Yoy
tho p() R (I [Lo(t)]]) — 7 e "7
Q1) Ind c 0 —i—2
lim ————| 0 =Y, 9, limy/|m,(t)]""°=Y],
1w yn 2 RI(|1H|10(7§)H)‘ 2 tTwy | ()|

aoyo_1(1—on_1)Io(t) >0, (1 —0n1)10Q)Y5_oyo_1 > 0,
y?y?+17rw(t)(n —i—2)>0 as t € [a,w].
Here+1=20,...,n— 3.

For any such solution the representation (3), the second representation in (4) and the following
asymptotic representation

y" Ve - [ )
V0 (| W)

take place as t 1 w.
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