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The paper is devoted to the Cauchy problem for one equation of reaction-diffusion type —
for a neutral stochastic integro-differential equation in Hilbert space H = L5(R?) (the space
with an inner product (f,9)rggae) = | f(z)g(z)p(x) dz and a corresponding norm 1o ey =

R4

f | f(x)]|2p(x) dx) of the form
Rd

d<u(t, x) —I—/b(t,x,f)u(a(t))dé) =
Rd
= (Agu(t,z) + f(t,u(a(t)), z)) dt + o (t, u(a(t),z) dW (t,z), 0<t<T, z€ RY, @
u(t,z) = ¢(t,x), —r<t<0, zeRY r>0,

namely, to the investigation of existence and uniqueness of its solution. Here, d € {1,2,...} —

d

an arbitrary positive integer, 7' > 0 — a fixed real, A, = > 8§j, d € {1,2,...}, — d-measurable
j=1

Laplacian, 02, = 25, j € {1,...,d}, W(t,x) — L5(R?)-valued Wiener process, {f,o}: [0,T] x R x

Zj 8;3? ’
R?Y — R and b: [0,7] x R? x R? — R? — some given functions, ¢: [—r,0] x R? x Q@ — R — an initial
data and a: [0,7] — [—r,00) — a delay function to be specified later. It is known [5, p. 242-244]
that A, is an (infinitesimal) generator of an analytic (Cp-)semigroup of operators {S(t), t > 0}
that generates the solution u(t,z) = (S(t)g(-))(z) = [ A (t,x—&)g(-) d§ of a homogenous Cauchy
Rd

problem for a heat-equation

ou(t,x) = Agu(t,z), t>0, =€ R,

2
u(0,z) = g(z), =€ R 2)

Throughout the paper we assume the following:

1) (Q,F,P) — a complete probability space, equipped with a normal filtration {F;, t > 0}
o0

that generates L5 (R?)-valued nuclear Q-Wiener process W (t,x) = Y /A, €,(2)Bn(t), where
n=1

{Bn(t), n € {1,2,...}} — one-dimensional independent Brownian_motions, An > 0, n €
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o0
{1,2,...}, and Y A, < oo, {en(x), n € {1,2,...}} — a complete orthonormal system in
n=1

L5(RY) such that  sup  esssup |e, ()] < 1;
ne{1,2,..} zeRd

2) a:[0,T] — [—r,00) — an increasing continuously differentiable function such that a(t*) = 0,
<

0<d(t) 1anda%(t)§c,c>0;

3) {f,0}:[0,T] x RxR? - R, b: [0,7] x R x R* — R? — measurable in all their arguments
functions;

4) an initial data function ¢: [-r,0] x RY x @ — R is Fp-measurable and such that
E sup H(b(t)H%p Ry < 00
—r<t<0 2(RY)

5) for p € Li(RY) there exists C,(T) > 0 such that [ 2 (t,x—&)p(&) dé < Cp(T)p(x),0 <t < T,
R4
r € R

Our result-theorem is devoted to the existence and uniqueness for 0 <t < T of so-called mzld
solution of (1), defined below, in the space B 1 ,. Here By 1, is the Banach space of all L§(R?)-
valued JF;-measurable for almost all 0 < ¢ < T stochastic random processes ®: [0,7] x Q — L5(R?)

that are continuous in ¢ for almost all w € Q, with the norm [|®||s, ., = \/E sup H<I>(t)H%p(Rd).
o 0<t<T 2

Definition. A continuous stochastic random process u: [—r,T] x R x Q — R is called a mild
solution of (1) if it

1) is Fy-measurable for almost all —r <t < T,

2) satisfies an integral equation of the form

umxﬁi/%ﬁw—®<dm+/M&&OM—HM>%—/¢@x£WWGD%—
J

Rd 2
_ O/(AzR[Ji/(t —s,x—&) (}R[ b(Saﬁ,C)U(a(s))dg) d§> ds+
b [ [ s 01 ua(s).) dedss
0 Ra
- /til \/E(/ H(t— 5,2 —&)o(s,u(a(s)), §)en(§) d{) dBn(s), (3)
0 . 0<t<T, z€RY
u(t,z) = ¢(t,x), —r<t<0, xERd, r> 0 "

T
3) satisfies the condition E [ [ju(t)||  dt < oo.
0

2
L (2
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Theorem (existence and uniqueness of a mild solution in the space By 7 ,). Let there exist L > 0
such that for {f,o} the following conditions of linear-growth and Lipschitz by the second argument
are fulfilled:

2t u, ) + o (tu, ) < LA(1+u?),
(f(t,u,z) — f(t,v,2))° + (o(t,u,2) — o(t,0,2))? < L2 (u —v)?,
0<t<T, {u,v}CR, z € RY,

the function b is such that sup bt DIl Ly(RY), 0<t<T, z €R?, and
0<t<T o)

[b(t, 2, )|
O;E)TR[ (ﬂgmd£>0(x) dx < oo,

and for O;b there exists a magorizing function ¢: [0,T] x R — [0,00) such that ||0:b(t,z,€)|| <

(t,€),0<t < T, {x,&} C R, with sup ot ’(')) € Ly(R?). Then the problem (1) has a unique for
0<t<T

0 <t < T mild solution u € Ba 1, if

bt 2, )1 ) 1
g f (J55 afoerse <5

Proof. The method of the proof is taken from [2], where authors have proved uniqueness of a
fixed point for a certain operator with the help of the classical theorem of Banach on a contractive
mapping. Our goal is to check execution of conditions of this theorem for the operator ¥: By 1, —
B2, Whose action is given by the rule

(W)l ) (x) = / Atz — ) (¢<o> T / b(0,€.O)(—r) d<) dé / b(t, 2, €)u(a(t)) dé—
R4 Rd

Rd

_0/ Awﬂj\)[e%/(t—s,x—ﬁ) gb(sv&@)u(a(s))dC) d£> st

(
+/t/%(t_ s, 2 = &) f(s,u(a(s)), §) dE ds+
0 Rd

/Zf</f (t =8,z = &ols, u<a(s>),£)en(£)d5> dfn(s) =

4
= L(t)(x), 0<t<T, zeR”
1=0
Due to it, we need to prove that ¥(u) € Bo 1, for all u € Ba T, and to find out a condition of con-

traction. In order to prove the first item, we need to show that Hlj(s)H%Q’t’p = Eoiulit 12 (s )HLP (R4)>
<s

j €40,...,4}: indeed, a chain of computations, involving application of the inequz;hty of Cauchy-
Schwartz and the theorem of Fubini, yields

0<s<t

2
Io(3)li3,,, =B sup / ( / H(sr (¢(0,£> n R/ (0, €, O)p(—r, ) dc) d§> o) di <
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< 2E sup /(/ VH (5,2 —€) VA (5,2~ €)6(0,€) d§>20($) dzr+

0<s<t
Rd

+2E sup /(/ A (s, —E)\/ H (5,0 — € (/ (0,&,0)é(—r,0) d() d£>2p(x) de <

O§5<t
< 2E sup /(/% (s,x—¢& d£)¢2(0 x) dr+
0<s<t S

R4

+28 sup [ ( / (5. p(6) ) ( / 150, 2, ) é(—r, )| dc)Qd:c <

Rd

<2C,( /¢201‘ z) dx + 2C,( /</Hb0:r(|]||¢ (—r, O)||\/p(¢ d() r)de <

< 20,z + 20 | [FEEE I 0 o dc) @) Bl < (5

N, =B s / (/ o, ua(5), )€ ) ) d <
gEOiggt/Ullbsstllu )Hd€> plz) dz =

B ||bsx§

-e g, [ (7R e oA 6)4¢) plo)do <

- (oizat/ (/ W‘W . ) B g, IeleMNigm =
(e /(] ”“””2‘15) (1)

><<E sup [lu(a(s))l|7s gy + B sup Ilu(a(s))llig<Rd)> <
0<s<t* t*<s<t

< (o, [ (/570 0o )

><<E sup |l¢(s )HLp ®y +E sup [u(s )||2L5(Rd)> <

—r<s<0 0<s<a(t)
[[b(s, f ) > >
< (e, f (5 o))

<(B sup 1006 g + B sup (o) e ) <, (6)
0<s<t

—r<s<0
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2
12(3) 11, =
d

_ Eoiggt/ (z;o/(ag /yaf s— T </ b(r, &, Oulal(r), ) dg) dg) dr)2p(z) do <
<d[>msw ( / (& [0 ra -0 [ 6 0utaln.o ac) ) dT)Zp(:o dr =
RE *T -0 R4

Rd

= d/Z}EOgEt <j<</b(7’,a:,{)u(oz(7),§) dC) /8xi</“£/(s—7,$—§) cos(v, &) dSe+
Rd *T -0 R4 OB
4 ( / b(r,z, Oulalr), O) dg) / 02 H (s — 7,0 — €) dE+
B

Rd

2
" / O H (s — 7,3 — ) ( R/ (b(r,,¢) — b(r, 2, ) u(a(r), ) dc) dg) dr) p() do =

/ 1Eoi‘if<’t< / /a? (572 5( /( mc)—bm,c))u(a(ﬂ,odc) dng)medmg
<d/ ZE&%&(/ / (S_T)M”f_ﬂw_%x
)

=1

«(sup, [ 0,007, - €llta(r), 0 dc) dé‘d7> p(w) do <

y€ERd
R
d
C
<d/ E sup </><
; o<s<t \J [z = gJjart—2e
R "7 R4

s [ 22 u(a(r), O)llv/p(Q) d¢

X(/Rd \/@W:(_)T) . _17)5 dT) d£>2p($)dx§
/ i(/ II:vffHd“ )(o“po/ (id>>

«(B s 0/ — < / T a6 lutar) B g e 7 ) o) i <
<d/ Z(/ fo- sudﬂ 2#) (&‘i&o/ <i‘l>>

2 2—2
2 2 temok
=4 (/ ux—sndﬂ ) 0 < )(&‘iﬂt d<>><

(N
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1
<(B swp 16(lEgn + B sup u(r)lfyen) <00 5<p<l O>0. (1)

—r<r<

1Es(s) 13, = Eoiggt/</s/l/(s e — O f(rulal(r),6),€) dE dT)Q,o(x) do <
<) \J J

gtEsm>/(/(/v%7sTx SNEZarE=r= @fﬁu<<>®5wgfdﬁpmmxg

0<s<t
R4

< tE sup //(/Ji/s—m— £)d£>f2(7-u( (1), 2),z) dvdr <

0<s<t
0 Rd R4

108 [ [ (. ulatr).).2)pt@) drdr <

0 R4

< 12C,(T )</ dx+E/||u HLPRd)dT>:
— [2C,(T )(/ dx—l—E/Hu ] e i

—|—E/Hu [ T)afmdf) <
a(t)

§L2C’p(T)t<t/p(x) da:—f—cE/HqS HLg(Rd) dT+CE/ [|u( 7’)”%5(1@) d7'> <
-r 0

<L2C,T)E( [ o) dr+ B swp_[16(7) g0 + B sup [0y ) <00 ()
AR L(RY)

—r<r<

Ha(s)I13s,., , =
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<4L*C, E An x)dx + cE sup_ ||d>(7')\|%p gy + B sup [[u(7)[3pgay | < o00. (9)
—r<r< 2(B 0<r<t 2(BY)
Rd o

4
Thus estimates (5)—(9) imply that for v € Bo 1, ||\I'(u)H2%2 r, <O > HIi(t)HQ%Tp < 00, — that is
T, = T,

U is well defined. The second step is to prove that the operator under consideration has a unique
fixed point. Indeed, taking into account estimates (6)—(9), for any {u,v} C Bo; , we conclude

4 4
1w - ¥, = | X Hew - a6, -
i=1 i=1 P
4
= | X s ) - 15 ) \; <4ZHI LW, <
i=1 i=1

§4(023t/(/ Hb 52,8) ’2d§> (z) dz-+
+d202</ FEs 2u>2<1t2—2:>2 (R/ ”(”“”)dx> (oili%ﬂ! wi)(@f) dc)*

+ L2C,(T)et? + AL2C, (Z A )ct> lu—vl3,, = 7Ol - ol .

Because of the assumption of the theorem, the first term of ~ is less than one. Therefore, by
choosing small 0 < ¢t; < T', we conclude that 0 < (1) < 1. It means that ¥, defined in the Banach
space Bay, p, is contractive, and therefore, by the theorem of Banach on a contractive mapping,
has a unique fixed point — the solution u € Bay, , of the equation ¥(u) = v that can be obviously
presented in the form (3) and satisfies (4), that is a mild solution in Ba;, , of (1) on the interval
[0,¢1]. This procedure can be repeated finitely many steps on other sufficiently small intervals

[t1,ta], [t2, ts], - .., [tn—2, tn—1], [tn—1,T] — components of the entire interval [0, T] — and, as a result,
we get the solution as a union of the solutions on these intervals. O
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