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We denote by CP a class of piecewise continuous functions a(-) : [0,400) — R, and by

m(a; s,t) we denote an integral mean of a function a(-) € CP on a segment [s,?], i.e. a quantity

m(a; s, t) &f (t—s)7t fst a(&)dé. We also denote by C'PB a subclass of C'P, consisting of bounded

on the semiaxis functions. B
In paper [1], in particular, some formulae for computation of lower a and upper a integral means
of a function a(-) € CP, i.e. of quantities

o
Hh

a=  lim m(a;s,t) and 7 %< Tim m(a; s, t) (1)
- t—s—+00 t—s—+00

are obtained. As well as a function a( ) belongs to C'P, the values of a and @ may be infinite (—oo
or +00). All these values are obviously finite for functions a(-) € CPB. The general result of the
paper [1] concerning computation of the quantities (1) for a function a(-) € C'P is that in case of
their finiteness the same formulae, known for functions a(-) € CPB ([2, p. 117] and [3, p. 66]), are
valid. The assumption of a finite value of the quantities (1) is significant [1].

In this paper, in addition to the formulae of [1], one more formula for computation of the
quantities (1) for functions of the class C'P, the validity of which for functions of the class CPB
was established earlier in [4] and [5], is obtained.

The properties of the quantities (1) are important in connection with the study of the lower 3[z]

and upper S[z] Bohl exponents [6, . 171-172; 7] of nonzero solutions z( - ) of the linear differential
system

t=A(t)z, xeR", t>0, (2)
which are defined by formulae:
, 1 Jlz@)ll = T ()]l
] = lim In and Slr] = lim In , 3
Bl = I S M el = L S M ) ®)

and used in the Lyapunov exponent theory. In particular, choosing the function in (1) as a(7) =
(In [|z(7)||)’, we obtain the quantities (3).
Following [1], for the fuction a(-) € C'P we denote by T'(a) a set of all two-dimensional sequences

((Sk, tk))ken such that tp — s — +o0o when k — 400 and there exists klim m(a; sg, tr), and we
—+00

denote by S(a) a subset of all sequences ((sg,tx)),en of T'(a), for which the additional condition
s — +oo holds. By the definitions of the lower and the upper limits, the definitions (1) of the
uniform integral means a(-) may be written as follows

= inf lim m(a;sg,t;) and @ = sup lim  m(a; sg, t). 4
((skotr))ET (a) k—-+oo (as sk, i) (ot koo (as sk, i) (4)

e

It is, in particular, shown in [1], that the following equalities are valid

= inf lim m(a; sk, t,) and @ = sup lim m(a; s, ty). 5
((s,tr))€S(a) k—+o0 (a; sk, tk) (e sy kb (a; sk, tr) (5)

e
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Definitions (5), in comparison with definitions (4), constrict the class of two-dimensional se-
quences, which could be taken for evaluation of the limit of integral averages. The class of such
sequences may be even more essentially constricted [4, 5], as it is shown below.

We fix a sequence 6 = (0x)ken such that dgy1 — 0p — +00 when k — 400 (every such sequence
0 we will hereinafter call the rapidly increasing). We denote A; = [d;,0;+1], @ € N, and will write
s~ t (mod J), or shorter s ~ t, if s and t belong for some i to the same segment A;. It is shown
in [4, 5], that for the function a(-) € CPB (and this condition is essentially used in the proof) its
lower and upper uniform integral means may be evaluated under the conditions ¢t — s — +o00 and
st (mod J). This statement in the theorem stated below, is transferred to the class of functions
C'P. We denote by S(a; ) for fixed rapidly increasing sequence ¢ and a function a(-) € C'P a subset
of those sequences ((sg,tx))en Of S(a), for which the condition sy ~ ¢}, (mod delta) holds.

Theorem. For every function a(-) € CP and every fixed rapidly increasing sequence § the follow-
ing equalities hold: if a > —oo, then

a= lim m(a; s, t) = inf lim m(a; sk, tr), 6
= t—S—)-f—OO ( ) ((sk,tk))eS(a;é) k—>+00 ( k k) ( )
st (mod 9)

and if @ < +oo, then

a= lim m(a;s,t) = sup lim m(a; s, tg). (7)
sigsajgzo(g) ((skstr))ES(as0) k—+o00

Let us emphasize the importance of restrictions a > —oo and @ < +oo for the validity of the
formulae (6) and (7), respectively. Indeed, for example, the equality (7) does not hold for the
sequence 0 = (0 )ren, Where 6, = k%, k € N, and the function a(-), given by the equalities:
a(t) = —k? when t € [(2k —1)2, (2k)? — 1), a(t) = k? when t € [(2k)? — 1, (2k)?) and a(t) = 1 when
t € [(2k)?%, (2k +1)?), k € N.

In fact, for the so-defined function a(-) we have: @ = 400, since, as is easily seen,

m(a; (2k)% — 1,2k 4+ 1)?) = (K* + 4k + 1)/(4k + 2) — 400 for k — +oo.

On the other hand, the integral mean m(a;s;, t;) = 1, if s;,t; € [dok, dok+1], k£ € N, and m(a; s;,t;) <
k2 — k2(t; — 55 — 1) = —K%(t; — s; — 2), if s4,t; € [dop_1,0601], k € N, and, therefore, in this case
m(a; s;,t;) < 0 when ¢; — s; > 2. That is why for the sequence 0 and the function a(-) holds the
equality

lim m(a;s,t) = su lim m(a;sg, tp) =1
83100 (02,1) (Skatk)eg(a§6) k=00 (93 84 E) ’
s~t  (mod ¢)

i.e. the first equality in (7) does not holds.
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