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Let Ω = {x ∈ Rn : 0 < xk < 1} be the open unit cube in Rn with boundary Γ, and Γ0 = Γ\Γ∗,
Γ∗ = {(0, x2, . . . , xn) : 0 < xk < 1, k = 2, . . . , n}.

Consider the nonlocal boundary-value problem

n∑
k=1

∂

∂xk

(
ak

∂u

∂xk

)
= −f(x), x ∈ Ω, (1)

u(x) = 0, x ∈ Γ0, (2)

ℓu :=

1∫
0

β(x1)u(x) dx1 = 0, 0 ≤ xk ≤ 1, k = 2, . . . , n, (3)

where β(t) = εtε−1, ε ∈ (0; 1).
Define the operator

Gv = v −Hv,

where H is the weighted Hardy operator associated to conditions (3):

Hv =
1

ρ(x1)

x1∫
0

β(t)v(t, x2, . . . , xn) dt, ρ(x1) =

x1∫
0

β(t) dt = xε1.

By L2(Ω, ρ) we denote the weighted Lebesgue space of all real-valued functions u(x) on Ω with
the inner product and the norm

(u, v)ρ =

∫
Ω

ρ(x1)u(x)v(x) dx, ∥u∥ρ = (u, u)1/2ρ .

The weighted Sobolev space W 1
2 (Ω, ρ) is usually defined as a linear set of all functions u(x) ∈

L2(Ω, ρ), whose distributional derivatives ∂u/∂xk, k = 1, 2, . . . , n are in L2(Ω, ρ). It is a normed
linear space if equipped with the norm

∥u∥W 1
2 (Ω,ρ) =

(
∥u∥2ρ + |u|2W 1

2 (Ω,ρ)

)1/2
, |u|2W 1

2 (Ω,ρ) =

n∑
k=1

∥∥∥ ∂u

∂xk

∥∥∥2
ρ
.
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Define the subspace of space W 1
2 (Ω, ρ) which can be obtained by closing the set

◦
C∞(Ω) =

{
u ∈ C∞(Ω) : suppu ∩ Γ0 = ∅, ℓu = 0, 0 < xk < 1, k = 2, . . . , n

}
with the norm ∥ · ∥W 1

2 (Ω,ρ). Denote it by
◦
W 1

2(Ω, ρ).

Let the right-hand side f(x) in equation (1) be a linear continuous functional on
◦
W 1

2(Ω, ρ) which
can be represented as

f = f0 +

n∑
k=1

∂fk
∂xk

, fk(x) ∈ L2(Ω, ρ), k = 0, 1, 2, . . . , n. (4)

Assume
ν ≤ ak(x) ≤ µ (k = 1, . . . , n),

ν, µ = const > 0, 0 ≤ ∂

∂x1
(akx

1−ε
1 ) ∈ L∞(Ω), (k = 2, . . . , n).

(5)

Definition. We say that the function u ∈
◦
W 1

2(Ω, ρ) is a weak solution of problem (1)–(5) if the
relation

a(u, v) = ⟨f, v⟩, ∀ v ∈
◦
W 1

2(Ω, ρ) (6)

holds, where

a(u, v) =
(
a1

∂u

∂x1
,
∂v

∂x1

)
ρ
+

n∑
k=2

(
ak

∂u

∂xk
, G

∂v

∂xk

)
ρ
,

⟨f, v⟩ = (f0, Gv)ρ −
n∑

k=1

(
fk,

∂

∂xk
Gv

)
ρ
.

Equality (6) formally is obtained from (∆u + f,Gv)ρ = 0 by integration by parts, taking into
account that ( ∂v

∂x1
, Gu

)
ρ
= −

(
v,

∂u

∂x1

)
ρ
,( ∂v

∂xk
, Gu

)
ρ
= −

(
v,G

∂u

∂xk

)
ρ
, k = 2, . . . , n.

Theorem. The problem (1)–(5) has a unique weak solution from
◦
W 1

2(Ω, ρ).


